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THE BULK METRIC IN THE THEORY WITH TWO EXTRA DIMENSIONS
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Abstract. The metric of a warped space-time with two extra dimensions is established by means of the Einstein equa-
tions in six dimensions and the compactification of two extra dimensions on a square. It is shown that at every among
two fixed points our manifold reduces to the five-dimensional Randall - Sundrum space-time and the hierarchy problem
could be solved.
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I. INTRODUCTION

The first idea of extra dimensions, as it is well known, have been proposed by Kaluza -
Klein in the 1920s to unify electromagnetism and gravity [1]. The expansion of space-time di-
mensions beyond the four is one of most interesting fields of modern theoretical physics.

Besides the extended models of Standard Model (SM), the extra dimensions have been con-
sidered as the ways to investigate both old and open problems of particle physics and Cosmology,
in the new physics beyond the SM to unify gravity with gauge interactions. Extra dimensions
provide the solutions of hierarchy problem in the 5D Randall-Sundrum space-time [2], or in more
extra dimensions [3]; the explanation of dark matter [4,5], neutrino physics in the 6D Universal
Extra Dimensions (UED) model [6-9] ; the expective proposal for GUT based on String Theories
with 10D or 11D [10,12]. Extra dimensional theories can lead to really significant physical con-
sequences.

Starting from two following important observations

1) Solving the mass hierarchy problem by means of the wrap factor attaching to the four -
dimensional metric is very successful [2,13];

2) The proton stability is explained within the framework of a theory with two extra dimen-
sions [14,15 ],
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we assume that the geometry of our theory is a 6D Riemann manifold, whose metric is expressed
as
ds?® = eiQf(xf”%)gm,dx“de — dx? — da? (1)
We focus on configurations where symmetry in the brane direction is maximum
ds? =G spdxtdx® = e_zfgu,,dx“dx” + gmndx™dz"
:e*Qfnga:“da:" + e?Pdzdz.

2

where g, = diag(1, —1, -1, —1) is the 4- dimensional tensor metric. The coordinates are A =

xt, x5, % with u, v = 0,1, 2, 3 labelling the brane directions, and m,n = 5,6 (or z = 2° 4 iz)
being coordinates for the two dimensions transverse to the branes.

ds?® =G ggdax?dx®
=G datdz” + (Gus + G5M)d:c“dx5 + (Gus + Gﬁu)alx“d:c6 3)
+ Greda’dx® + Gesdabdx® + Gssdz®dz® + Gegdx®da®

where
G = e 2@20)g - Grs = —1;Ggs = —1; Gs6 = Gz = 0; 4)
The six dimensional metric reads
ds®> = e_zf(%’xﬁ)gw,dx“dx” — dw% — dx%, 5)

where 0 < x5, x¢ < L.
To extend the field equation in 6 - dimensional space-time, we start from the Einstein’s
equation

1

R, — iRgW + Agu = 81GT ). (6)

The general 6 - dimensional action takes the form
S = Sgrav + Shz'd + Svis; (7)

where

Sgrav :/d4l'/d{£5dl’6\/ —G[—A -+ 2M4R] (8)
Shid = / d'z / drs5dxeN/—ghid[Lhia — Vhid) )]
Svis = /d4$/d$5d$6\/ _gvis[Lvis - Vms] (10)

In the classical case, the particle excitation is absent, ie. Lp;q = Lyis = 0

S :/d4£ﬁ/dl‘5d1’6\/z|:(—l\—|— 2M*R)
— V= GuisVoisO (x5 — L)6(x6 — L) — \/=GniaVhiad(x5)6(6)

an
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The 6 - dimensional Einstein’s Equation is derived from 6.5 = 0.
1
V=G (RAB - QGABR> yT7 [A\/ GGag

+ Vais V= 9o 84050 (25 — 1) () (12
+ Viiav/—gnidgpms 04050 (25)8 (x6) |,
where the (3 + 1) - dimensional space-time is connected with the (4 4 2) - dimensional by
g}fj( x) =Gap (x,x5 = L,xg = L),

(13)
gl (z) =G ap (2,25 = 0,26 = 0).

Our aim is to determine the analytical expression for f(xs,xs) so that above metric is a
solution of FEinstein’s equation extended in six dimensions. It is shown that this metric could
be reduced to the RS space-time in the cases of compactifications on two dimensional sphere
(S%/Z52) or on a square (T2 /Z,). We also obtained the physical consequences when the 6D met-
ric is considered by the 4D effective theory. Similarly in the case of RS space-time, the hierarchy
problem is solved due to the Planck mass.

This paper is organized as follows. In Sec. II the Einstein equations extended in 6D space-
time are derived from the 6D Riemann manifold. These equations with two extra dimension have
been solved in the cylindrical coordinate system. Sec. III is devoted to investigate the hierarchy
problems. The discussions and conclusions are given in Sec. IV.

II. THE SIX - DIMENSIONAL SOLUTION OF EINSTEIN’S EQUATION
IN THE CYLINDRICAL SYMMETRY

We impose two external variables in the cylindrical coordinates system

2% = pcosf;2® = psin6; (14)

where 0 < p <r.,— <0 <, f(x5,26) = f(p,0).
This leads to the following metric

ds® = e_Qf("”e)gw,dx“dacV —dp? — p?db*. (15)

We determine the bulk metric which is the solution of 6 - dimensional Einstein’s equation

Vae (RAB - GABR) A [AVEGG

+ VaisV/=Guisghn 04050 (p — 1)8(0 — T) + Vaiav/—ghiagps 04655(p)5(6) |,
where
g}i’f( ) 1% (@ p=re,0=m),

=G
gﬁlz/d( M) =Gy (2, p = 0,0 = 0),

amn
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ds? :GABd:UAde
=G dztdz” + 2G,,,dr"da? + 2G drtda® (18)
(G + Gop)pdpdd + G pdp® + Gopdh?.
Here G 9 = Gy, = 0,G},, = G9 = 0 in zero mode.
ds® = Gudatdz” + Gppdp® + Godt?, (19)
where
G = gw,e_2f(p’0); Gppdp2 = —dp2; Gpp=—1,Ggg = —rfd¢92; Gy = —rz. (20)

The six - dimensional metric reads

ds® = gw,e_zf(p’e)dx“dx” — dp® — r2db?. (21)
Hence
G ap —diag <672f(p,9)7 _e 2 (00) =2 (p0) _o=2(p0) _q _Tg) : 22)
GAB —diag <e2f(p,9)’ _e2 00 _21(00) _2f(p0) _q _rg) : (23)
gvis ') =Gap(a!,p = Te,0 =7
o (2) (", p ) 24)

~Gpulp = 7,8 = 7) = g I

gﬁf,d(x“) =Gap(z*,p=0,0 =0)
—Gu(p = 0,0 =0) = ge /00
G =detGap = —rge_gf(p’e) = V=G = ree 00 (26)
The affine connections (or Christoffel notation) in 6 - dimensional space-time are defined

(25)

by
1
I'ic ==Gap(d8Gep + 0cGpp — dpGpe),
2 27)
I'pc =Gapl'p se
The nonvanishing Christoffel symbols are (in the linear approximation)
F85 :Fgo = Fif) = I%l = F§5 = ng = Pgs) = Fg3 = —f;(l’a 0),
Fge :Pgo = F%G = Félil = P%G = 1%2 = F§6 = 1%3 = —f;/;(Pa 0),
Lo = = £olp.0)e™ /10,
I} =3, =I5 = —f(p, 0)e 200, (28)

1
IS =— — fo(p,0)e 2P0
TC

1 _
Y =I5 =T§; = pfé(ﬂﬁ)e 21e),
&

The components of the Ricci tensor are defined by

Rap = RgBC = aBFgc + FQCI%D - FgBFgD' (29)
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The elements of the Ricci tensor are
_ 2 1 7 1
Ry =guve™ /) [f o(0,0) + 5 F70(0,0) = 417(p,0) = S (p.0) |,
C C

Rpp =4 (=" 0(p,0) + 17 (p.0)] , (30)
Rog =4 [—f7,(p,0) + & (p.0)] ,
RMP :RPM = R/LG = R@H = RP9 == R@p - O

R=G*Rap=G" Ry +G"R,, + G"Ryy

2 5 1

R4 |2 0.0) + 5 70(0.0) = 5120, = 5 1(0.0)

C C m

Substituting (23) - (31) into the 6D FEinstein’s equations (16), (17), we have

R, 0 0 Gw 0 0

o 7 1 W
ree P 0 Ry 0 J=5| 0 Gp 0 |R
0 0 Rgg 0 0 G99

Guw 0 0
Are27P0 0 Gy, O
0 0 G

+ Vaise M0 g, e 2T 0em R 556 (p — 16)5(0 — 7)

(€29)

(32)

+ Vhid€_4f(070)g,uue_Qf(O’O)5Z5%6(p)5(9) 5

By separating the indices 86 and pp, we obtain the system of equations

6
4f7o(p,0) +10£7(p,0) + 5 1 (0, 0) = — (33)

AMA

4 10
——5F70(0,0) + 5.5 (0 0) + 6177 (p.6) = = (34)

c

AM*
Similarly for indices pv, we have
7 3 7 6
3f P(p7 0) + ﬁf 9(p7 9) - 6f;2<p7 9) - ﬁ éQ(p7 9)
(&

A Vo ) (35)
- + AMAr,

~ 7 8(p—re)d(0 —m) +
It is clearly that when p coordinate is absent, i.e, the sixth dimension disappears, equations
(30) - (32) reduce to the Einstein’s equation in the RS space-time.
Note that the isotropy in the (x5, z6) - plane requires that f does not depend on the angle 0
in the pole coordinate system x5 = pcosf,xg = psinf. In other words, f must be a function of
the proper distance p, i.e.

f=1fp),

and it satisfies the conditions

f(p - Tc) - f(rc - p)a 5(9) = 5(0 == 7T). (36)
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Eq. (34) becomes

A
12 _
6f, (p) = I

Its solution is

f(p) = kp. (37)
Here the single scale k is related to cosmological constant A by

A
2= 38
AN (38)

or, equivalently A = —24k?M*.
We consider f(p) in the interval (0, r.), it is easily to see that

£(0) = =2 180 o) — 3(p) (39)

Substituting (39) into (35), we obtain
Viis = —24M%*k;  Vig = 24M*E. (40)

The solution for the bulk metric reads
ds? = ef%pgwjdm“dz” —dp? — p?db*. 41)

Generally, the solution - metric of Einstein’s equation in 6 dimensional space-time, takes
the form

ds?® = e*2k|z‘guydm“da¢” — da? — da?. 42)

or ds? = e~ kv $§+””§gwdw“dw” — da? — dad.
It is clearly that (42) will reduce to the RS metric in the following cases:
1, Compactification on a 2 - dimensional sphere (S?/Z5)

x% + x% < rg.
At x¢g = 0 we have —r. < x5 < 7., then the metric (42) will takes the form
ds? = e*%‘d"gwjdm‘“dm” —r2d¢?, (43)

in which x5 = 7.9, -1 < ¢ < 1.

Metric (43) is exactly the RS metric if we identify (43) at @ = 1 with that at # = —1. Hence,
the manifold (42) contains two RS space-time (43) as its submanifolds at x5 = 0 and x¢ = 0.

2, Compactification on a square (T%/Z5) : 0 < x5, 76 < L.

In this case (42) is also to be reduced to (43) at z5 = 0, L and zg = 0, L. As a result, the
manifold (42) contains two RS manifolds at the square summits if we identify the point x5 = 0
with x5 = L and the point at xg = 0 with g = L.
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III. THE PLANCK MASS AND HIERARCHY PROBLEM

We consider scalar field 7'(x) so that its VEV is the compact radius . = const. The local
4 - dimensional metric is given by

Juv = Nuv + h/u/a (44)

where h,,,, is symmetric tensor and very small. It is identified to physical gravitational field A,
of 4 - dimensional effective theory, |h,,| < 1.
The 6 - dimensional metric takes the form

ds? = e 2@y 4 by, ] detde” — dT?(x) — T?(x)d6>. (45)

Note that this metric is locally the same as the ”vacuum” solution.
By substituting metric (45) into the original action (7), the four dimensional effective theory
as follows

Syran — / iz / dT(x) / v/~ [~A +2M°R] (46)
where

V=G =T(z)e *MTWN /=5 g = detg,,

_ 47)
R=eHT@IR @, = e HT@lg

Here R is 4 - dimensional Ricci scalar made out of Juv- in contrast to the six - dimensional
Ricci scalar R, made out of Gap(x,T).
Substituting (47) into (46) the effective action is given by

Seff = / d*z / dT () / redy/—ge HIT@I | A 4 2M462’f|T<93>‘R] . (48)
We focus on the mass term in the 4 - dimensional gravitational action
Sgrav = — / d*r\/—g2M3,R, (49)

where M py is 4 - dimensional Planck mass.
Compare (48) to (49), we derive

s M4 . s
M}, =—-M* [ r.dd / e HKIT@IgT(2) = %’" / dfe= 2T @)1 (50)

—T

With |T'(x)| = r¢|6], it becomes

M*r 1 ™ M
M2 _ 7 el 9 —2kr.0 — (1 _ 72kT‘c7’r) ) 51
Pl 2k ( 2krc) ¢ 0 2k2 € 1)

Similarly in the case of 5 dimensions the result (51) shows that M p; depends only weakly on 7. in
the large k7. limit. By means an adequate value of k the 6 - dimensional mass M * has the same
power with 4 - dimensional Planck mass. That means the hierarchy problem could be solved.
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IV. DISCUSSION AND CONCLUSION

In this paper we built a formalism for the warped six-dimensional space-time with a square
of compactification. In addition to the hierarchy problem that could be solved successfully, the
formalism still encompasses many other features:

1. It allows the existence of chiral fermions [14] in the four - dimensional effective theory.
This property has good prospect for setting up the six-dimensional standard model within a warped
space-time.

2. The implication of the compactification on a square implies that for standard model in
six dimensions the symmetry ensures a lifetime of proton longer than the current experimental
bounds [15], even in the presence of baryon violation at TeV scale and forces the neutrino masses
to be of the Dirac type [9]. It also explains the origin of electroweak symmetry breaking [16], the
number of fermion generation [17] and the breaking of grand unified gauge groups [18].

Hence, it is hopeful that our proposed theory could pave the way for better understanding various
physical phenomena of high energy physics.
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