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Abstract. Within the framework of the macroscopic dielectric continuum model the longitudinal optical (LO) phonon
modes are derived for a cylindrical semiconductor quantum wire made of semiconductor 1 (well material) embedded
in another finite semiconductor 2 (barrier material). The phonon states of modes are given by solving the generalized
Born-Huang equation. It is shown that there may exist four types of longitudinal optical phonon modes according to the
concrete materials forming the wire. The dispersion equations for phonon frequencies with wave-vector components
parallel to the wire are obtained. After having quantized the phonon field we derive the Fröhlich Hamiltonian describing
the electron–LO-phonon interaction. The influence of the thickness of the barrier layer as well as the thin metallic shell
on the phonon frequencies and their interaction with electrons is studied.
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I. INTRODUCTION

The progress in semiconductor nanotechnology has made it possible to fabricate quasi-
one-dimensional wire structures of different semiconductor materials. These semiconductor wire
structures have lateral dimension small relative to the electron thermal de Broglie wavelength
and, therefore, exhibit a number of new, so-called quantum size effects which make the structures
attract much attention due to their potential technological application [1–9].

The electron-phonon interaction in semiconducting low-dimensional systems in general,
and in one-dimensional quantum wires in particular, is of great importance since it is one of
the main mechanisms that govern carrier relaxation in transport phenomena. In the past, sev-
eral workers [10–15] had carried out studies of the electron interaction with longitudinal optical
(LO) phonons in quantum wires considering the modification of the electron energy spectrum and
wave function due to their space localization but assuming the bulk forms for LO phonon modes.
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However, it was shown that the reduced sized scale and dimensionality have great influence lead-
ing to phonon confinement and changes in phonon modes [16–19]. These changes become an
essential part of the description of electron-phonon interaction and affect strongly the transport
properties of electrons in quantum wires.

There exist various theoretical proposals in the literature to treat longitudinal optical vi-
brations in semiconductor nanostructures. Microscopic models [20, 21] have been developed to
describe LO phonons in low-dimensional systems which required the labored numerical calcula-
tion. Macroscopic theories have been successfully employed to investigate optical phonons giving
a proper analytical description for the phonon confinement. These theories are based on con-
tinuum models such as the dielectric continuum (DC) model [22–29], the hydrodynamic (HD)
model [30–32], and the third, so-called hybrid model [33–37]. The DC model requires the ful-
fillment of the electrostatic conditions at the boundaries, whilst the optical phonon modes in the
HD model are determined by the mechanical boundary conditions. It is clear that the DC model
failed to satisfy mechanical boundary conditions and conversely, the HD approach violated the
electromagnetism. The DC model anticipates the existence of the two kinds of optical phonon
modes, confined modes and interface modes, for example, in GaAs/AlAs heterostructures. The
HD model agrees on the form of the interface modes but predicts different symmetry of the elec-
trostatic potential of the confined modes. The hybrid model suggests that the two above outlined
approaches should be combined in a proper way, taking into account simultaneously both me-
chanical and electrostatic boundary conditions. Among these models, the DC approach had been
widely employed due to its simplicity.

To our knowledge, most of works dealing with optical phonons and their interaction with
electrons in a quasi one-dimensional semiconductor wire studied the system in the form of either
a free-standing quantum wire or being enclosed in another infinite material. In the present work,
we consider a quantum wire formed by polar semiconductor material 1 of the shape of a cylinder
of radius R1 which is embedded in barrier polar semiconductor 2 of the form of a hollow cylinder
with inner radius R1 and outer radius R2. We concentrate on the effects of the finite thickness
of the barrier. We will, therefore, apply the DC approach to develop the eigenfunctions of LO
phonons on the basis of the generalized Born-Huang equation and investigate the influence of the
thickness of the barrier layer on the LO phonon dispersion relation and the electrostatic potential
related to LO vibrations. Furthermore, we also consider the quantum wires having an outer thin
metal shell in addition and show that the presence of the metal shell affects considerably not only
the frequencies of LO phonons but the connected electric potential as well.

II. LO-PHONON MODES

Let us consider a more realistic model of a semiconductor circular wire, made of a polar
material (denoted by 1), of radius R1 surrounded by another material (denoted by 2) filling up a
hollow cylinder with inner radius R1 and outer radius R2. The outmost environment is vacuum.
We assume the wire is of large length L, take the z axis along the wire, denote the radial distance
as r and the azimuthal angle as ϕ . We work in the frame of the dielectric continuum model to
derive the various phonon modes and their interaction Hamiltonian with electrons for the quantum
wire.

We denote by ~u(~x, t) the relative atomic displacement of the two atoms of a unit cell at
a lattice node ~x which is considered to be continuously varying. Assuming the medium to be
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elastically isotropic, the displacement~u is coupled to the electric field ~E by the equation

~̈u(~x, t) =−ω
2
jT~u(~x, t)− v2

jL
~∇(~∇ ·~u(~x, t))− v2

jT
~∇× (~∇×~u(~x, t))+

ε j∞ e∗j
M j

~E(~x, t). (1)

where ω jT and v jT , v jL are the limiting bulk transverse optical frequency and certain velocities,
respectively, of material j, j = 1,2, for ~x in material j. This is the generalized Born-Huang
equation in which parameters v jL and v jT are introduced to account for the spatial dispersion of
the vibrations. The quantity e∗j is referred to as a dynamic, or Callan, effective charge,

e∗j = ω jL

√
1

4π

M j

N j

(
1

ε j∞
− 1

ε j0

)
. (2)

Here M j and N j mean the reduced mass of the two atoms of a unit cell and the density of unit cells
of material j, respectively. ω jL is the bulk longitudinal optical frequency related to ω jT via the
Lyddane-Sachs-Teller relation. ε j∞ and ε j0 are the high-frequency and static dielectric constant of
material j. We use ε0 to denote the dielectric constant of vacuum.

Equation (1) is supplemented by the familiar source-free Maxwell equations, one of which
is the equation for the electric displacement ~D ≡ ~E +4π~P,

div~D = 0 , (3)

and the equation connecting the polarization field ~P with the electric field ~E and the mechanical
displacement field~u,

~P(~x, t) = ω jT [M jN j(ε j0− ε j∞)/(4π)]1/2~u(~x, t)+ [(ε j∞−1)/(4π)]~E(~x, t) . (4)

For LO vibrations the electric displacement field ~D vanishes, ~D = 0. Thus, after simple mathe-
matical manipulation, the equation for the time Fourier transform ~u(~x) of the displacement field
~u(~x, t) can be written as

[ω2
jL−ω

2]~u(~x)+ v2
jL∆~u(~x) = 0 . (5)

We adopt the Born-von Karman boundary condition in the z direction, i.e., we demand
~u(~x) = ~u(~x+ L~ez), where ~ez means a unit vector parallel to z. Exploiting the translational and
rotational symmetry of the wire we can write the eigenfunctions of Eq.(5) in the form

~uνmq(~x) =~uνmq(r)ei(mϕ+qz) . (6)

Here the wave number q and the integer number m characterize irreducible representations of the
corresponding symmetry groups. The index ν corresponds different phonon types and branches
for given q and m as shown in the forthcoming.

Since the displacement ~uνmq(~x) conforms to the equation ~∇×~uνmq(~x) = 0 for longitudinal
vibrations, it may be expressed as a gradient of a scalar function

~uνmq(~x) = ~∇
{

ψνmq(r)ei(mϕ+qz)
}

, (7)

which in turn, from Eq. (5), obeys the following equation[ d2

dr2 +
1
r

d
dr

+

(
ω2

jL−ω2

v2
jL

−q2− m2

r2

)]
ψνmq(r) = 0 , (8)
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with j = 1 or 2 for r < R1 or R1 < r < R2, respectively. The solutions of Eq. (8) involve Bessel
and modified Bessel functions of various kinds depending on whether the wave number

k j =

√√√√ω2
jL−ω2

v2
jL

−q2 (9)

is real or imaginary. For imaginary k j we put k j = iκ j with κ j = |k j|. It is straightforward to show
that solutions can be written in the form

ψνmq(r) =
{

AFm(k1r) , r < R1
BFm(k2r)+C Gm(k2r) , R1 < r < R2 ,

(10)

where constants A,B and C are determined from boundary conditions.
If k j is real, Fm(k jr) is a Bessel function of the first kind Jm(k jr) of order m, and Gm(k jr)

is a Bessel function of the second kind (Neumann function) Ym(k jr). When k j is imaginary the
function Fm(k jr) is an order-m modified Bessel function of the first kind (Infeld function) Im(κ jr),
and Gm(k jr) a modified Bessel function of the second kind (MacDonald function) Km(κ jr). The
definitions and conventions of Bessel functions are taken from [38]. Applying Eq. (7) one gets the
corresponding displacement eigenfield

~uνmq(~x) = ei(mϕ+qz)


A
[
k1F

′
m(k1r)~er +

im
r Fm(k1r)~eϕ + iqFm(k1r)~ez

]
, r < R1

k2

[
BF

′
m(k2r)+C G

′
m(k2r)

]
~er +

im
r

[
BFm(k2r)+C Gm(k2r)

]
~eϕ

+iq
[
BFm(k2r)+C Gm(k2r)

]
~ez , R1 < r < R2 .

(11)

The prime at a function means the derivative with respect to the argument of the function. ~er, ~eϕ

and~ez are unit cylindrical vectors. The classification of the longitudinal optical phonon modes is
given in Table 1. The electric field connected with the longitudinal optical vibrations is given by

Table 1. LO-phonon modes of a cylindrical quantum wire

Type of modes k j ψνmq(r)

r < R1 R1 < r < R2

1 real k1, real k2 AJm(k1r) BJm(k2r)+CYm(k2r)
2 real k1, imaginary k2 AJm(k1r) BIm(κ2r)+C Km(κ2r)
3 imaginary k1, real k2 AIm(κ1r) BJm(k2r)+CYm(k2r)
4 imaginary k1, imaginary k2 AIm(κ1r) BIm(κ2r)+C Km(κ2r)

~E(~x) =−4πN je∗j~u(~x) . (12)

In order to obtain the mode frequencies we need specify the matching boundary conditions at the
interfaces between different media. We adopt the conventional electrostatic boundary conditions
which can be stated as follows

• Continuity at the interface of the normal component Dn of the electric displacement
~D.
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• Continuity at the interface of the tangential component Et of the electric field ~E. In
case of existence of an outer metallic shell, the tangential part of the electric field
vanishes at the metal shell.

Applying these above boundary conditions we are able to express two coefficients among A, B
and C in Eq. (11) in terms of the third one which in turn will be determined from normalization.
We also deduce the following dispersion relations for phonons of different types in considered
quantum wires

• Phonons of type 1

ε1∞k1J
′
m(k1R1)

{
ε0qK

′
m(qR2)

[
Jm(k2R1)Ym(k2R2)−Ym(k2R1)Jm(k2R2)

]
+ε2∞k2Km(qR2)

[
Ym(k2R1)J

′
m(k2R2)− Jm(k2R1)Y

′
m(k2R2)

]}
+ε2∞k2Jm(k1R1)

{
ε0qK

′
m(qR2)

[
Y
′

m(k2R1)Jm(k2R2)− J
′
m(k2R1)Ym(k2R2)

]
+ε2∞k2Km(qR2)

[
J
′
m(k2R1)Y

′
m(k2R2)−Y

′
m(k2R1)J

′
m(k2R2)

]}
= 0.

(13)

• Phonons of type 2

ε1∞k1J
′
m(k1R1)

{
ε0qK

′
m(qR2)

[
Im(k2R1)Km(k2R2)−Km(k2R1)Im(k2R2)

]
+ε2∞k2Km(qR2)

[
Km(k2R1)I

′
m(k2R2)− Im(k2R1)K

′
m(k2R2)

]}
+ε2∞k2Jm(k1R1)

{
ε0qK

′
m(qR2)

[
K
′
m(k2R1)Im(k2R2)− I

′
m(k2R1)Km(k2R2)

]
+ε2∞k2Km(qR2)

[
I
′
m(k2R1)K

′
m(k2R2)−K

′
m(k2R1)I

′
m(k2R2)

]}
= 0.

(14)

• Phonons of type 3

ε1∞k1I
′
m(k1R1)

{
ε0qK

′
m(qR2)

[
Jm(k2R1)Ym(k2R2)−Ym(k2R1)Jm(k2R2)

]
+ε2∞k2Km(qR2)

[
Ym(k2R1)J

′
m(k2R2)− Jm(k2R1)Y

′
m(k2R2)

]}
+ε2∞k2Im(k1R1)

{
ε0qK

′
m(qR2)

[
Y
′

m(k2R1)Jm(k2R2)− J
′
m(k2R1)Ym(k2R2)

]
+ε2∞k2Km(qR2)

[
J
′
m(k2R1)Y

′
m(k2R2)−Y

′
m(k2R1)J

′
m(k2R2)

]}
= 0.

(15)

• Phonons of type 4

ε1∞k1I
′
m(k1R1)

{
ε0qK

′
m(qR2)

[
Im(k2R1)Km(k2R2)−Km(k2R1)Im(k2R2)

]
+ε2∞k2Km(qR2)

[
Km(k2R1)I

′
m(k2R2)− Im(k2R1)K

′
m(k2R2)

]}
+ε2∞k2Jm(k1R1)

{
ε0qK

′
m(qR2)

[
K
′
m(k2R1)Im(k2R2)− I

′
m(k2R1)Km(k2R2)

]
+ε2∞k2Km(qR2)

[
I
′
m(k2R1)K

′
m(k2R2)−K

′
m(k2R1)I

′
m(k2R2)

]}
= 0.

(16)

For quantum wires with an outer metallic shell the dispersion relations are somewhat sim-
pler and they read
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• Phonons of type 1

ε1∞k1J
′
m(k1R1){Jm(k2R1)Ym(k2R2)−Ym(k2R1)Jm(k2R2)}

+ε2∞k2Jm(k1R1)
{

Y
′

m(k2R1)Jm(k2R2)− J
′
m(k2R1)Ym(k2R2)

}
= 0 . (17)

• Phonons of type 2

ε1∞k1J
′
m(k1R1){Im(k2R1)Km(k2R2)−Km(k2R1)Im(k2R2)}

+ε2∞k2Jm(k1R1)
{

K
′
m(k2R1)Im(k2R2)− I

′
m(k2R1)Km(k2R2)

}
= 0 . (18)

• Phonons of type 3

ε1∞k1I
′
m(k1R1){Jm(k2R1)Ym(k2R2)−Ym(k2R1)Jm(k2R2)}

+ε2∞k2Im(k1R1)
{

Y
′

m(k2R1)Jm(k2R2)− J
′
m(k2R1)Ym(k2R2)

}
= 0 . (19)

• Phonons of type 4

ε1∞k1I
′
m(k1R1){Im(k2R1)Km(k2R2)−Km(k2R1)Im(k2R2)}

+ε2∞k2Jm(k1R1)
{

K
′
m(k2R1)Im(k2R2)− I

′
m(k2R1)Km(k2R2)

}
= 0 . (20)

Each equation from Eq. (13) to Eq. (20) for given m and q may have some roots for ω which
can be ordered increasing gradually and indexed by integer n. Thus, index ν ≡ (tn) introduced
in Eq. (6) indicates type t of the phonon mode and the nth root of the corresponding dispersion
equation. Different phonon branches of type t are labeled by a couple of indexes (mn).

For illustration we consider a GaAs/AlxGa1−xAs quantum wire with x = 0.3. The pa-
rameters for these chosen materials are: ω1L = 36.2meV, ω2L = 34,5meV, ε1∞ = 10.89, ε2∞ =
10.06, v1L = 4.73m/s, v2L = 4.97m/s, L = 1 µm. Numerical calculations show that there do not
exist phonons of type 3 and type 4 for quantum wires made of the two materials. Fig. 1 describes
the q−dependence of frequencies for four lowest branches of phonons of type 1 and type 2 with
azimuthal index m = 0. The radii of the wire are taken as R1 = 3nm, R2 = 4nm.

It is seen that phonons of type 1 are of low frequencies while the eigenfrequencies of modes
of type 2 are very near the limiting longitudinal optical frequency ω1L. The modes of type 1 can
be called the bulk-like ones since they propagate in both materials. Their related displacement
fields given in Table 1 agree with those of LO confined bulk modes obtained by Enderlein in [24].
The difference is in the fact that the Enderlein’s bulk modes are of two kinds: ones confined in
material 1, the others in material 2. It comes from the assumption that the bulk dispersion curves
of the materials do not overlap, i.e., the materials are of disparate mechanical properties so that
oscillations in one material do not penetrate into the other. Meanwhile, oscillations under our
consideration are supposed to be free of this assumption. This is the case of GaAs/Al0.3Ga0.7As
quantum wires.

It should be noted that the type-2-mode vibrational amplitudes consist of two components
in the barrier material, one increasing and one decaying with increasing r from the interface of the
well material and the barrier one. If the barrier material fills up the space to infinity, the increasing
component should be removed to ensure finite vibrational amplitudes. In this case the dispersion
and the displacement field of the type-2 phonon modes are consistent with that of guided modes
reported by Constantinou and Ridley in Ref. [30].
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Fig. 1. Dispersion curves of the four lowest branches (mn) of phonons of type 1 (left)
and type 2 (right) with m = 0 for a GaAs/AlGaAs quantum wire of R1 = 3nm, R2 = 4nm
without (solid line) or with (dotted line) a thin outer metallic shell.
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Fig. 2. Dispersion curves of phonons of type 1 (left) and type 2 (right) with m = 0,n = 1
for GaAs/AlGaAs quantum wires of R1 = 3nm and various thickness of the barrier ma-
terial R2−R1: a) 0.02nm, b) 0.2nm, c) 1nm, and d) 30nm. The wires are without a thin
outer metallic shell.

Fig. 1 depicts also the dispersion curves of phonon modes of both two types for quantum
wires having an outer thin metallic shell. It is seen that, in comparison with case of wires without
metallic shells, the eigenfrequencies have an upward shift for modes of type 1 and remain nearly
unchanged for modes of type 2.

In Fig. 2, we plot the wave-vector dispersions of type-1-phonon branch (m = 0, n = 1) for
quantum wires of the same R1 but with various thickness of the barrier material.

As seen from the figure, the thicker barrier lowers the frequencies of phonons but does not
affect their q−dependence. The change is more apparent for modes of type 1.

III. ELECTRON–LO-PHONON INTERACTION

We introduce the electrostatic potential φ(~x) which is associated with the electric field (12)
via

~E(~x) =−~∇φ(~x) . (21)
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It follows from Eqs. (21), (12), and (7) that the potential related to the mode displacement~uνmq(~x)
can be expressed as

φ(~x) = η(r)ei(mϕ+qz) , (22)
η(r) = 4πN je∗j ψνmq(r) .

Following the work by Ridley [39] the mode amplitude can be found by relating the total energy of
the mode in the wire to that of an equivalent simple harmonic oscillator. The electron–LO-phonon
interaction Hamiltonian is then given by the real part of the potential (22) multiplied by the charge
of electron

H =− e
2
(φ(~x)+φ

∗(~x)) . (23)

Electrostatic potentials related to LO-modes are plotted in Fig. 3. The potentials for quantum
wires with and without an outer metallic shell are shown in Fig. 4.
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Fig. 3. Electrostatic potentials of phonon modes (mn) of type 1 (left) and type 2 (right)
for a GaAs/AlGaAs quantum wire of R1 = 3nm, R2 = 4nm without a thin outer metallic
shell. The wave number q is taken so as qR1 = 1.
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It is seen that the metallic shell results in the change of the electrostatic potential which
is more pronounced in the barrier region, especially for phonon modes of type 2. Therefore, one
expects that the electron–LO-phonon interaction will be much affected by the presence of the outer
metallic shell.

IV. CONCLUSION

In this paper, under the dielectric continuum model, the longitudinal optical phonon modes
of various types and their dispersion relations have been deduced for quasi-one-dimensional cylin-
drical quantum wires of core-shell structure. The electrostatic potential associated with the optical
vibrations has also been derived to construct electron–LO-phonon interaction Hamiltonian. Nu-
merical calculations performed for GaAs/AlGaAs quantum wires showed that the mode dispersion
and the related potential are modified by variation of the shell thickness and additionally by the
presence of an outer metallic shell. It leads to the change in electron interactions with LO-phonons
in quantum wires. The effects of finite thickness of the barrier material on electron-phonon scat-
tering and phonon-assisted electron mobility in core-shell quantum wires are of interest and claim
separate papers.
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