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Abstract. The neutrality effects on the phase structure of the linear sigma model with the non-

standard symmetry breaking term is systematically studied by means of the Cornwall-Jackiw-

Tomboulis effective potential. The latter quantity is calculated in the improved Hartree-Fock

approximation which preserves the Goldstone theorem and the thermodynamic consistency. Its

results that in the region µ > mπ, as a function of the temperature T , the pion condensate under-

goes a second order phase transition, as a function of the isospin chemical µ, it undergoes a first

order phase transition. In the region µ < mπ, the pion condensation is always a first order phase

transition.

I. INTRODUCTION

At present it is well known that the phase structure of dense matter and compact
stars is an interesting subject. Until now we are aware of only few points in the T − ρ
plane, namely, the vacuum (T = 0, ρ = 0) and nuclear matter (T = 0, ρ = ρ0 = 0.17 fm−3).
Therefore, there are much experimental and theoretical efforts to get information about
other regions. In recent years experimental studies are carried out through observing the
matter produced in heavy-ion collisions at intermediate energies, in particular, the nu-
clear reactions induced by radioactive beams which offer a new opportunity to consider
the isospin degree of freedom of asymmetric nuclear matter. As a consequence, the theoret-
ical researches of Quantum Chromodynamics (QCD) at finite baryon density and isospin
chemical potential are intensively implemented. It was shown that in the color-flavor-
locked phase kaon condensation occurs at high baryon density and low temperature [1]
and the lattice QCD simulation at finite isospin chemical potential [2–4] proved that there
manifests the Bose-Einstein condensation of charged pions at high isospin density and low
temperature. In [5] the phase diagram for pion condensation in QCD was suggested. In
this connection, investigating simplified models of strongly interacting matter, such as the
Nambu-Jona-Lasinio model [6–10], the linear sigma model [11–13], the chiral perturbation
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theory [14–16] etc., is very important for the understanding of matter states under different
conditions. In our previous work [17] the kaon condensation was considered in the linear
sigma model, where we developed a self-consistent approach involving the renormalization
prescription, the thermodynamic consistency and the preservation of the Goldstone the-
orem. Besides, in [18], making use of this method we considered the phase structure of
linear sigma model in the non-standard case of explicitly symmetry breaking basing on the
Cornwall-Jackiw-Tomboulis (CJT) effective potential, but there was no electric neutrality
constraint.

In this paper, we considered the neutrality effects on the phase structure of the linear
sigma model with the non-standard symmetry breaking term by means of the Cornwall-
Jackiw-Tomboulis effective potential. The paper is structured as follows. In Section II,
the calculation of renormalized CJT effective potential in [18] are resumed. In Section
III the neutrality effects on the phase structure are numerically studied. The numerical
computation is realized with the aid of Mathematica [20]. The conclusion and discussion
are given in Section IV.

II. RENORMALIZED CJT EFFECTIVE POTENTIAL

The Lagrangian of the linear sigma model at finite isospin chemical potential reads

LLSM =
1

2

[
(∂ασ)

2 + (∂α~π)
2 + 2iµ(π1∂0π2 − π2∂0π1)

]
− V,

V = −
m2

2
(σ2 + ~π2)−

µ2

2
(π2

1 + π2
2) +

λ2

4
(σ2 + ~π2)2. (1)

According to [21] there are two types of explicit symmetry breaking

L
(1)
SB = cσ, (2)

and

L
(2)
SB = b~π2. (3)

As we know, (2) is the standard case, which has been the research subject in most articles
exploring the physical properties of the linear sigma model. To our understanding, the
study of non-standard case justified by (3) is so far still absent and the goal of present
paper is to remedy this gap. Therefore the Lagrangian we shall deal with is

L = LLSM + L
(2)
SB, (4)

with

m2 =
m2

σ

2
> 0, λ2 =

m2
σ

2f2
π

> 0, b =
m2

π

2
, (5)

in which mσ,mπ are respectively the masses of sigma and pion mesons in vacuum, and fπ
is the pion decay constant in vacuum.

As was shown in [21] the field operators σ and πi, (i = 1, 2, 3) develop the following
expectation values in the ground state

〈σ〉 = u = fπ, 〈πi〉 = v = 0,
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for µ < mπ and

〈σ〉 = u = 0, 〈π1〉 = v 6= 0, 〈π2,3〉 = 0,

for µ > mπ.
In the tree approximation u and v are determined from the minimization of the

potential energy of (4), namely, they fulfill the equations
[
−m2 + λ2(u2 + v2)

]
u = 0, (6)

[
−µ2 −m2 + λ2(u2 + v2) +m2

π

]
v = 0, (7)

which yield

u = fπ, v = 0,

for µ < mπ and

u = 0, v2 =
m2 + µ2 −m2

π

λ2
,

for µ > mπ.
Realizing the shifts on field operators

σ → u+ σ, π1 → v + π1, π2,3 → π2,3, (8)

and then inserting (8) into (4) it is derived the interaction Lagrangian

LI =
[
m2u− λ2u(u2 + v2)

]
σ +

[
m2v + µ2v − λ2v(u2 + v2)− 2bv

]
π1

−λ2(σ2 + ~π2)(uσ + vπ1)−
λ2

4
(σ2 + ~π2)2, (9)

and the inverse propagators

iD−1
0 (k; v, u) =

(
ω2
n − k2 +m2

1 4iµωn

−4iµωn ω2
n − k2 +m2

2

)
, (10)

iG−1
0 (k; v, u) =

(
ω2
n − k2 +m2

3 0
0 ω2

n − k2 +m2
4

)
, (11)

with

m2
1 = µ2 +m2 − λ2u2 − 3λ2v2 −m2

π, m2
3 = m2 − 3λ2u2 − λ2v2,

m2
2 = µ2 +m2 − λ2u2 − λ2v2 −m2

π, m2
4 = m2 − λ2u2 − λ2v2 −m2

π.

Combining (6), (7) and (10) indicates that there appears a gapless mode corresponding to
π2.

Basing on (9), (10) and (11) we dealt with the CJT effective potential in the double-
bubble approximation, which also is called the Hartree-Fock approximation [19]. Hence,
there are two distinct Hartree-Fock approximations: the one that respects the Goldstone
theorem is called the improved Hartree-Fock (IHF) approximation and the other related to
the absence of the Goldstone theorem is called briefly the usual HF approximation. In [18]
we have established the renormalized CJT effective potential in IHF approximation,
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Ṽ CJT
β (u, v;D,G) = −

m2

2
(u2 + v2)−

µ2

2
v2 +

λ2

4
(u2 + v2)2 + bv2

+
1

2

∫

β
tr
{
lnD−1(k) + lnG−1(k) +D−1

0 (k, v)D +G−1
0 (k, v)G − 2.11

}

+
λ2

4
P 2
11 +

λ2

4
P 2
22 +

3λ2

2
P11P22 +

3λ2

4
Q2

11 +
3λ2

4
Q2

22 +
λ2

2
Q11Q22

+
λ2

2
(P11Q11 + P11Q22 + P22Q11 + P22Q22), (12)

which generates the gap equations and the inverse propagators as follows.
- The gap equations

−m2 + λ2(u2 + v2) + Σ̃σ = 0, (13a)

−µ2 −m2 +m2
π + λ2(u2 + v2) + Σ̃π2

= 0. (13b)

-The inverse propagators

D−1(k) =

(
ω2
n + k2 +M2

1 −4µωn

4µωn ω2
n + k2

)
, (14a)

G−1(k) =

(
ω2
n + k2 +M2

3 0
0 ω2

n + k2 +M2
4

)
, (14b)

with
∫

β
f(k) =

1

β

+∞∑

n=−∞

∫
d3k

(2π)3
f(ωn, k), ωn =

2πn

β
, β =

1

T
.

Paa =

∫

β
Daa, Qbb =

∫

β
Gbb.

M2
1 = −µ2 −m2 + 3λ2v2 + λ2u2 +m2

π + Σ̃π1
, (15a)

M2
3 = −m2 + λ2v2 + 3λ2u2 + Σ̃σ, (15b)

M2
4 = −m2 + λ2v2 + λ2u2 +m2

π + Σ̃π3
, (15c)

and

Σ̃π1
= λ2(P11 + 3P22 +Q11 +Q22),

Σ̃π2
= λ2(3P11 + P22 +Q11 +Q22),

Σ̃σ = λ2(3Q11 +Q22 + P11 + P22),

Σ̃π3
= λ2(Q11 + 3Q22 + P11 + P22).

The Goldstone theorem is immediately deduced from Eq. (14a),

detD−1(k) = 0,
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yielding

ωπ2
≈

√
−1 +

8µ2

M2
1 /2 + 8µ2

k as k → 0.

The conventional (one-particle-irreducible) effective potential is straightforwardly
derived by inserting the SD equations (20) into (12),

Vβ(u, v) = −
m2

2
(u2 + v2)−

µ2

2
v2 +

λ2

4
(u2 + v2)2 + bv2

+
1

2

∫

β
tr
{
lnD−1(k) + lnG−1(k)

}
−

λ2

4
(P 2

11 + P 2
22 + 6P11P22)

−
λ2

4
(3Q2

11 + 3Q2
22 + 2Q11Q22)

−
λ2

2
(P11Q11 + P11Q22 + P22Q11 + P22Q22). (16)

Next let us prove the thermodynamic consistency. To this end, we note that the
pressure P is determined by

P = (−Ṽ CJT
β )

∣∣∣∣
at minimum

.

Then the isospin density is found

ρ =
∂P

∂µ
= µ(v2 + P11 + P22). (17)

Eq. (17) expresses exactly the thermodynamic consistency

ρ = µTrD(x, y).

III. ELECTRIC NEUTRALITY AND PHASE STRUCTURE

We know that the pion density ρ consists of the contributions from both charged
pions , π+ and π−. Therefore, in order to neutralize the whole system in broken phase we
must invoke the participation of leptons. For simplicity we consider only the case when
electrons and positrons are present. Then the electric charge density reads

nQ = αρ− (1− α)ρ+ 2
∑

e=+1,−1

e

∫
d3~k

(2π)3
fF (ε

e),

where αρ and (α− 1)ρ denote respectively the contributions of π+ and π− to the conden-
sate; 0 ≤ α ≤ 1; fF is the Fermi distribution

fF (x) =
1

ex/T + 1
,

the excitation energies are

εe =

√
~k2 +m2

e − eµQ,

with µQ and me being electric chemical potential and electron mass, respectively.
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The electric neutrality requires

nQ = 0,

or

αρ− (1− α)ρ+ 2
∑

e=+1,−1

e

∫
d3~k

(2π)3
fF (ε

e)

∣∣∣∣
µQ=µ

= 0. (18)

Eq. (18) is a constraint imposed on T and µ.
We assume that there is no lepton chemical potential and we also assume that

electron mass is negligibly small in what follows.
Before proceeding to the numerical study let us remark that the divergent integrals

are regularized, therefore, in addition to the model parameters, they introduced to the
theory different scale parameter γ0 (see [18]). In order to determine the values of this
scale parameter it is required that

u(T = 0, µ = 0) = fπ. (19)

Taking the pion and sigma masses mπ = 138 MeV, mσ = 500 MeV and the pion decay
constant fπ = 93 MeV then (19) gives γ0 = 487.4 MeV.

At present we are ready to carry out the numerical computation for two different
regions of µ.

III.1. Region µ > mπ

In this region u = 0 and v is given by the gap equation

−µ2 −m2 +m2
π + λ2v2 + Σ̃π2

= 0,

or

v2 =
m2 + µ2 −m2

π

λ2
, (20)

where we define the effective isospin chemical potential µ2 = µ2 − Σ̃π2
.

In Fig. 1 is shown the evolution of pion condensate as function of T . For comparison,
we also present the graph of v(T, µ) at µ = 200 MeV for the case when the system is not
constrained by (18). It is easily seen that the pion condensation is second order phase
transition and the critical temperature is influenced by the electric neutrality constraint.
The evolution of pion condensate against µ is plotted in Fig. 2 for several values of α. The
phase transition is first order everywhere corresponding to µ ≥ mπ.

III.2. Region µ < mπ

In this case v = 0 and the gap equation (13b) turns out to be

−m2 + λ2u2 + Σ̃σ = 0,

or

u2 =
m2 − Σ̃σ

λ2
. (21)

Solving self-consistently Eq. (21) together with the neutrality condition (18) we
obtain the evolution of pion condensate as a function of the temperature in Fig. 3 and the



NEUTRALITY EFFECTS ON THE PHASE STRUCTURE OF... 219

0 50 100 150 200
0.0

0.2

0.4

0.6

0.8

1.0

T@MeVD

vH
T
L�

vH
0L

Fig. 1. The evolution of pion condensate as a function of the temperature nor-
malized to the condensate at zero temperature. The solid line (dashed line) cor-
responds to the case when (18) is included (not included and µ = 200 MeV).
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Fig. 2. The evolution of pion condensate as a function of the isospin chemical
potential. The solid, dashed and dotted lines correspond to α = 0, 1/4, 1/2, re-

spectively.

µ dependence of pion condensate for several of α in Fig. 4. From the figures we recognize
that the phase transition is first order everywhere and moreover, the pion condense at
µ = 0. For this case, the critical temperature is not almost influenced by the electric
neutrality constraint.

IV. CONCLUSION

In this paper the phase structure of the linear sigma model with the non-standard
symmetry breaking term was studied by means of the Cornwall-Jackiw-Tomboulis effective
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Fig. 3. The evolution of chiral condensate as a function of the temperature nor-
malized to the condensate at zero temperature. The solid line (dashed line) cor-
responds to the case when (18) is included (not included with µ = 100 MeV).
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Fig. 4. The evolution of chiral condensate as a function of the isospin chemical
potential. The solid, dashed and dotted lines correspond to α = 0, 1/4, 1/2, re-

spectively.

potential. We investigated in detail the neutrality effects on the phase structure and found
the main results as follows.

1- The electric neutrality constraint was established.
2- It was proved that in the region µ > mπ, as a function of T , the pion condensation

is second order phase transition, whereas, as a function of µ, it become first order.
3- In the region µ < mπ, the pion condensation is always a first order phase transi-

tion.
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In comparison with the case when the electric neutrality constraint is not included
[18], it is clear that the neutrality condition evidently affects the phase transition in the
region µ > mπ.
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