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Abstract. In addition to the suppressed absorption in the atomic resonance region, an electro-
magnetically induced transparency (EIT) medium also possesses giant nonlinear dispersion which
significantly affects the optical properties of the medium. In this work, we study the influence of
third-order nonlinear susceptibility on electromagnetically induced grating (EIG) in a three-level
V-type atomic medium. By applying stationary perturbation theory to the density matrix equations
describing the time evolution of the quantum states of the system, we have found density matrix
solutions to the third-order perturbation corresponding to the third-order susceptibility, and found
the transmission function for the probe light. Using the Fourier transform of the transmission func-
tion, we can obtain the intensity distribution function of the EIG diffraction spectrum as a function
of laser parameters and the atomic medium. To see the influence of third-order susceptibility on
EIG diffraction spectrum, we have simulated EIG spectra in two cases with and without third-
order susceptibility. We found that the first-order diffraction efficiency was significantly enhanced
when third-order susceptibility was introduced.
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1. Introduction

Diffraction grating is commonly used as dispersive elements in many optical systems for ap-
plications including spectrometers, switching, tuning and trimming elements in dense wavelength-
division multiplexing, visual display technology, external cavity lasers, etc., [1]. In such applica-
tions, high first-order diffraction efficiency is always desired since it will strongly influence the
final energy delivered by the optical diffraction system. However, for a given grating it is very
difficult to change the high-order diffraction efficiency.

The coherent interaction between the laser fields with the atom can lead to a quantum in-
terference of transition probabilities within the atomic system. As a result, it suppresses (destruc-
tive interference) or enhances (constructive interference) the total transition probability and thus
significantly changes the absorption or transmission property of the atomic medium for a light
field. The constructive interference of transition probabilities can generate electromagnetically
induced transparency (EIT) [2], while the destructive interference can lead to electromagnetically
induced absorption (EIA) [3]. Thus, the basic configuration of the EIT effect is three-level quan-
tum systems that are excited by a probe laser field and a coupling laser field. In the presence of
the coupling beam, the probe beam can be completely transmitted through the atomic medium.
Therefore, if the coupling beam is a standing wave field with nodes and antinodes, it will cause
in space a periodic modulation of the transmitted spectrum of the probe field. This means that the
probe field propagates through the atomic medium just as it passes through a diffraction grating
which is called electromagnetically induced grating (EIG) and the probe field can be diffracted
into the high-order directions [4]. EIG was first proposed in 1998 [4] and experimentally ver-
ified in 1999 [5]. Since then, theoretical and experimental studies of EIG have attracted great
attentions [6–9] due to their potential applications in many fields, such as atoms velocimetry [10],
light storage [11], beam splitting and fanning [12], shaping a biphoton spectrum [13], controlling
multi-wave mixing processes [14], angular Talbot effect [15] and giant Goos-Hänchen shifts [16].
Recently, EIG efficiency has been greatly improved with the support of other external fields such
as microwave field [17] and magnetic field [18] as well as coherence effects such as coherent
population trapping (CPT) [19] and spontaneously generated coherence (SGC) [20].

In addition to dramatic reduction of light absorption in the atomic resonance region, the EIT
medium also possesses a giant Kerr nonlinearity. Indeed, Wang et al., have experimentally demon-
strated that the nonlinearity can be enhanced by millions of times in the presence of EIT [21].
Therefore, the applied studies of EIT medium need to consider the influence of nonlinearity on the
optical response of the atomic medium. For example, the group index can be larger when the Kerr
nonlinearity is included [22, 23]. Likewise, the diffraction efficiency of EIG can be improved in
the presence of Kerr nonlinearity [19, 20, 24]. For instance, in Ref. [24] the authors added a Kerr
field to create a cross-Kerr effect and demonstrated that the higher order diffraction intensity of
the probe beam increases under the Kerr field.

In this work, we study the formation of the diffraction pattern of EIG in a three-level V-type
atomic system in the presence of self-Kerr nonlinearity. Unlike the work [24], here we consider
the self-Kerr effect of the probe field itself without introducing the additional Kerr field. The
influence of the intensity and frequency of the laser fields on the diffraction pattern of EIG were
also investigated.
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2. Theoretical model

Figure 1(a) shows a three-level V-type atomic system excited by probe and coupling fields,
in which, the transition |1>↔|2> is driven by a weak probe field Ep with an angular frequency ωp,
while the transition |1>↔|3> is coupled by a strong coupling field Ec with an angular frequency ωc.
Spontaneous decay rates from levels |2> and |3> to level |1> are Γ21 and Γ31, respectively, while Γ32
is the relaxation rate between the excited states |2> and |3> by collisions. We denote ∆p = ωp - ω21
and ∆c = ωc - ω31 are the frequency detunings of the probe and coupling fields from the atomic
transition frequencies, respectively. The Rabi frequencies of the probe and coupling fields are
respectively given by Ωp = d21Ep/h̄ and Ωc = d31Ec/h̄ with dmn being the electric-dipole matrix
element associated with the transition from the state |m> to the state |n>.

We assume that the probe field is travelling wave propagating along the z-direction and
is represented by εp =

1
2 Epe−iωpt+ikpz + c.c., where Ep is assumed to be unchanged along the x-

direction and the wave vector with is the wavelength of the probe laser field. Meanwhile, the
coupling field is the standing wave and is expressed by εc =

1
2 Ec sin(kcxx)e−iωct+ikczz + c.c., where

Ec is taken as the constant amplitude factor, and the wave vector kp = 2π/λp with λp can be
written as kcx =

2π sinφ

λc
≡ π

Λ
and Λ = λc

2sinφ
, λc is the wavelength of the coupling field and φ is the

angle made by the direction of the coupling field to the direction of the probe field propagating
towards the z-axis. Where, Λ denotes the separation between two consecutive nodes, or antinodes.
By changing the angle φ the value of Λ can be varied. Fig. 1(b) shows the probe and coupling
laser propagations through the atomic medium.

Fig. 1. (a) The excited scheme of three-level V-type atomic system. (b) Orientations of
probe and coupling laser fields propagating through the atomic medium.

The time evolution of atomic states in laser fields which are represented by the density
matrix ρ is obeyed by the following Liouville equation [25]:

ρ̇ =− i
h̄
[H,ρ]+Γρ, (1)
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where the term Γρ presents the relaxation mechanisms of system. Total Hamiltonian H is the sum
of the unperturbed atomic Hamiltonian Hat and the interaction Hamiltonian Hint, is given by [4]:

H =
3

∑
n=1

h̄ωn |n⟩⟨n|+Ωpe−iωpt+ikpz |1⟩⟨2|+Ω0c sin
(

πx
Λ

)
e−iωct+ikczz |1⟩⟨3|+ c.c, (2)

where, Ωp = d21Ep/h̄ and Ω0c = d31Ec/h̄ are Rabi frequencies induced by the probe and coupling
laser fields, respectively.

Using electric-dipole and rotating-wave approximations, the density matrix equations rep-
resenting the atomic population and coherence are expressed as [3]:

ρ̇11 =Γ21ρ22 +Γ31ρ33 +
i
2

Ωp(ρ21 −ρ12)+
i
2

Ωc(ρ31 −ρ13), (3)

ρ̇22 =−Γ21ρ22 −Γ23ρ33 +
i
2

Ωp(ρ12 −ρ21), (4)

ρ̇33 =−Γ31ρ33 +Γ23ρ22 +
i
2

Ωc sin
(

πx
Λ

)
(ρ13 −ρ31), (5)

ρ̇31 =(i∆c − γ31)ρ31 −
i
2

Ωpρ32 +
i
2

Ωc sin
(

πx
Λ

)
(ρ11 −ρ33), (6)

ρ̇23 =[i(∆c −∆p)− γ23]ρ23 +
i
2

Ωpρ13 −
i
2

Ωc sin
(

πx
Λ

)
ρ21, (7)

ρ̇21 =(i∆p − γ21)ρ21 −
i
2

Ωc sin
(

πx
Λ

)
ρ23 +

i
2

Ωp(ρ11 −ρ33), (8)

ρnm =ρ
∗
mn (9)

ρ11+ρ22 +ρ33 = 1. (10)

Here γmn is the dephasing rate of atomic coherence ρmn which is related to the spontaneous decay
rate γmn as follows:

γmn =
1
2
(Σk<mΓmk +Σl<nΓnl) . (11)

In order to investigate the linear and nonlinear optical properties of the medium, we need
to derive the expressions for the linear and nonlinear susceptibilities by finding the solution for
density matrix elements up to third-order perturbation (under the steady-state condition) via an
iterative technique. That is, the density matrix elements can be expanded as [21]:

ρmn = ρ
(0)
mn +ρ

(1)
mn + · · ·ρ(n)

mn . (12)

Assuming that initially, the population is in the ground state |1>, ρ
(0)
11 ≈ 1, while ρ

(0)
22 ≈ ρ

(0)
33 ≈ 0.

In the weak-field approximation of the probe light, we find the solution for the density matrix ρ21
from Eqs. (3), in the first-order perturbation as

ρ
(1)
21 =

i
2 Ωp(ρ

(0)
11 −ρ

(0)
22 )

γ21 − i∆p +
(Ωc/2)2sin2( πx

Λ )
γ23−i(∆p−∆c)

≈
iΩp

2F
(13)

where

F = γ21 − i∆p +
(Ωc/2)2sin2 (πx

Λ

)
γ23 − i(∆p −∆c)

(14)
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In a similar way, we can be found the expression for ρ21 in third-order as

ρ
(3)
21 =

Ω2
p

2Γ21

iΩp

F

[
1
F
+

1
F∗

]
. (15)

Finally, the density matrix element ρ21 up to third-order can be obtained as

ρ21 = ρ
(1)
21 +ρ

(3)
21 =

−iΩp

2F
+

iΩp

2F
Ω2

p

Γ21

(
1
F
+

1
F∗

)
. (16)

Here F⋆ is the complex conjugation of F .
The probe susceptibility chi is proportional to ρ21 as follows

χ = 2
Nd21

ε0Ep
ρ21 ≡

Nd21

ε0Ep

[
iΩp

2F
−

iΩp

2F
Ω2

p

Γ21

(
1
F
+

1
F∗

)]
. (17)

Here N is the atomic number density in the medium and ε0 is vacuum permittivity.
On the other hand, the probe susceptibility can be presented in an alternative form as

χ = χ
(1)+3E2

pχ
(3). (18)

From Eqs. (17) and (18) we can extract the first-order susceptibility and the third-order suscepti-
bility as follows

χ
(1) =

Nd2
21

ε0h̄

(
A

A2 +B2 + i
B

A2 +B2

)
, (19)

χ
(3) =− Nd4

21

3ε0h̄3
1

Γ21

B
A2 +B2

(
A

A2 +B2 + i
B

A2 +B2

)
, (20)

where A and B are controllable parameters that determined by

A =−∆p +
(∆p −∆c)

γ2
23 +(∆p −∆c)

2

(
Ωc

2
sin

(
πx
Λ

))2

, (21)

B =γ21 +
γ23

γ2
23 +(∆p −∆c)

2

(
Ωc

2
sin

(
πx
Λ

))2

. (22)

In order to describe the diffraction pattern of the probe field in the medium, we begin with
the Maxwell equation. It is supposed that the probe field is propagating along the z direction
through an atomic sample of length L. In the slowly varying envelope approximation, the Maxwell
equation with the atomic polarization as:

∂εp

∂ z
= i

π

ε0λp
P, (23)

Using the expression of polarization, therefore, Eq. (23) can be written as:

∂εp

∂ z′
= iχεp, (24)
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where z′ = (πNd2
21/2ε0h̄λp)z and z’ can be made dimensionless when z0 = 2ε0h̄λp/πNd2

21 is taken
as the unit for z. If we consider z to be the effective length L traversed by the probe field through
the medium, then the normalized transmission function can be written as [7]:

T (x) = e−Im(χ)LeiRe(χ)L, (25)

where the terms e−Im(χ)L and eiRe(χ)L are associated with absorption and phase modulations, re-
spectively. Because of the existence of the standing wave coupling field, the transmission function
for the probe field is spatially modulated. The Fraunhofer diffraction equation can be obtained by
the Fourier transformation of T(x) [7]:

Ip(θ) =|F(θ)|2 sin2(Mπ sin(θ)R)
M2sin2(π sin(θ)R)

, (26)

F(θ) =

1∫
0

T (x)exp(−2iπx.sin(θ)R)dx, (27)

where R = Λ/Λp, the angle θ is the diffraction angle of the probe field regarding the z direction,
and the parameter M is introduced as the spatial width of the probe beam.

3. Results and discussion

In the graphical examinations, we apply the theoretical model to the 85Rb atom with the
following states |1> = |5S1/2, F = 1>, |2> = |5P3/2, F’ = 2> and |3> = |5P1/2, F’ = 2>. The atomic
parameters are given by: γ21 = 5.6 MHz, γ23 = 6.0 MHz, and d21 = 1.6×10-29 C.m. For simplicity,
all quantities related to frequency are given in units γ which should be in the order of MHz for the
rubidium atom.

In Fig. 2, we simulate the probe absorption of the three-level V-type atomic medium in
the presence and absence of the third-order susceptibility. The laser parameters used in Fig. 2
as ωp = 1γ , ωc = 30γ and ∆p = ∆c = 0. We can observe from Fig. 2 that, with coupling laser
intensity ωc = 30γ , an EIT window with approximately 100% efficiency appears at the resonant
probe frequency ∆p = 0. However, the presence of the third-order susceptibility (χ(3)) causes the
absorption peaks on both sides of the EIT window to be significantly reduced (see solid line).
This can be explained based on expressions (19) and (20) that the third-order susceptibility is of
opposite sign to the first-order susceptibility, so when the third-order susceptibility is included, the
amplitude of the probe absorption (the imaginary part of the total susceptibility) is reduced.

In Fig. 3, we replace the traveling wave coupling field by the standing-wave field and sim-
ulate the transmission function of the probe field |T(x)| with respect to position x (in units of Λ).
The laser parameters used in Fig. 3 as ωp = 1γ , ωc = 30γ , ∆p = ∆c = 0, M = 7, L = 15 and R = 4.
It can be seen that the transmission spectrum of the probe field (cw) varies periodically in space;
at the node positions of the standing-wave field (in this case, x = 0, ±4, ±8) the probe absorption
is maximum (and hence no light signal is transmitted through the atomic medium), whereas at
antinode positions (x = ±2, ±6) the probe light field becomes transparent to the medium (i.e., it
is completely transmitted). Therefore, the probe field propagates through the atomic medium just
as it passes through a diffraction grating and the transmitted probe field can be diffracted.
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Fig. 2. Probe absorption Im(χ) without χ(3) (dashed line) and with χ(3) (solid line) at
the laser parameters as ωp = 1γ , ωc = 30γ and ∆c = ∆p = 0.

Now, we simulate the Fraunhofer diffraction pattern of the probe beam in the case with
and without the third-order susceptibility at the parameters M = 7, L = 15, R = 4, ωp = 1γ ,
ωc = 30γ and ∆p = ∆c = 0, as shown in Fig. 4. It can be observed from Fig. 4 that the zero-
order, first-order and second-order diffractions are localized at sinθ = 0, sinθ = ±0.25 and sinθ =
±0.5, respectively; the most of the light energy is distributed at the central maximum (zero-order
diffraction). In fact, in the EIT spectral domain both absorption and dispersion are zero, so the
Fraunhofer diffraction pattern of the probe beam is formed based on the amplitude modulation of
the transmission function which tends to accumulate energy into the central diffraction maximum.
On the other hand, by comparing the solid and dashed lines in Fig. 4 we see that in the presence
of the third-order susceptibility, the diffraction efficiency is also increased (see solid line) which
is consistent with the absorption spectrum in Fig. 2.

In Figs. 5 and 7, we consider the influence of the coupling and probe frequencies on probe
diffraction pattern in the presence of the third-order susceptibility. Specifically, in Fig. 5 the probe
laser frequency was fixed at ∆p = 0 and investigated the variation of the probe diffraction pattern
at different coupling laser frequencies ∆c. Here, we have chosen the coupling detuning ∆c = -15γ

and +15γ , while the probe and coupling laser fields are ωp = 1γ and ωc = 30γ . It shows that
when ∆c = -15γ , the first-order diffraction intensity is enhanced at the angle sinθ = -0.25, while
∆c = +15γ , the first-order diffraction intensity is enhanced at the angle sinθ = +0.25. To explain
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Fig. 3. Transmission function |T(x)| versus transverse position x. Employed common
parameters as ωp = 1γ , ωc = 30γ , ∆c = ∆p = 0, M = 7, L = 15 and R = 4 (φ ≈ 7.3˚).

these phenomena, we plotted the absorption Im(ρ21) and dispersion Re(ρ21) at different coupling
detunings ∆c = 0 (solid line), ∆c = 15γ (dashed line) and ∆c = -15γ (dash-dotted line), as shown
in Fig. 6. We can see from Fig. 6 that by adjusting the coupling or probe frequency around
the corresponding atomic resonance frequency, the position of the EIT window is moved away
from the two-photon resonance position. Namely, the EIT-window position is shifted to the left
when the coupling detuning is negative and it is shifted to the right when the coupling detuning
is positive; the dispersion curves are also shifted accordingly, so that the dispersion amplitude is
increased in the atomic resonance region ∆p = 0. Furthermore, it can be seen that at the two-photon
resonance ∆c = ∆p = 0, the EIT is symmetric, but the symmetry of the EIT no longer remains when
∆c is non-zero. Thus, the increase in dispersion leads to a phase modulation of the transmission
function T(x) that tends to disperse energy into higher-order maxima. Therefore, at ∆c = ±15γ

the phase diffraction pattern is formed in which there is a transfer of probe light energy from
zero-order diffraction to first-order diffraction, as shown in Fig. 5. On the other hand, we can also
easily see from Fig. 5 that in the presence of the third-order susceptibility, the first-order (and zero-
order) diffraction efficiency is significantly larger than the case where the third-order susceptibility
is ignored. Specifically, the first-order diffraction efficiency can be achieved as high as 16% with
the third-order susceptibility, while it is only about 8% without the third-order susceptibility (i.e.,
about 50% larger). It is also a remark that the first-order diffraction plays a very important role in



Nguyen Huy Bang et al. 359

Fig. 4. Diffraction pattern of the probe field without χ(3) (dashed line) and with χ(3)

(solid line) at the laser and medium parameters as ωp = 1γ , ωc = 30γ , ∆c = ∆p = 0,
M = 7, L = 30 and R = 4 (φ ≈ 7.3˚).

applications of diffraction gratings, so it is always desirable to achieve high efficiency of first-order
diffraction.

In Fig. 7, the coupling frequency is fixed at ∆c = 0 and the diffraction pattern is constructed
at different values of ∆p = 10γ , and ∆p = −10γ . From the figure we see that when ∆p = −10γ ,
the first-order diffraction intensity is enhanced at the angle sinθ = +0.25, while ∆p = +10γ , the
first-order diffraction intensity is enhanced at the angle sinθ = −0.25. This phenomenon is also
explained similarly as that in Fig. 5, however, we also note that at ∆p = ∆c = 0 the absorption and
dispersion are almost zero (see solid lines in Fig. 6), while at ∆p =±10γ the dispersion amplitude
is significantly enhanced (absorption also increases but remains within the EIT spectral region).
These lead to a phase modulation of the transmission function, such that the phase diffraction
pattern is formed in which there is a transfer of probe light energy from zero-order diffraction to
first-order diffraction. In this case, we can obtain diffraction efficiencies of 21% and 11% in the
presence and absence of the third-order susceptibility, respectively.

4. Possible experimental realization

In an experiment, we can use the cold 85Rb atom with the associated energy levels indi-
cated in Fig. 8(a). The cold 85Rb atoms can be obtained by a magneto-optical trap (MOT). The
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Fig. 5. The phase diffraction pattern of the probe beam at different coupling detun-
ings [∆c = 0 (solid line), ∆c = 15γ (dashed line) and ∆c = -15γ (dash-dotted line)] with
χ(3) (a) and without χ(3) (b). The laser and medium parameters are used as ωp = 1γ ,
ωc = 30γ , ∆p = 0, M = 7, L = 30 and R = 4 (φ ≈ 7.3˚).

Fig. 6. (a) Probe absorption Im(ρ21) and (b) dispersion Re(ρ21) at different coupling
detunings [∆c = 0 (solid line), ∆c = 15γ (dashed line) and ∆c = -15γ (dash-dotted line)]
with the prensence of χ(3). Other parameters are ωp = 1γ , ωc = 30γ , ∆p = 0.

probe laser operating at the wavelength of 795 nm excites the atom from the ground state 5S1/2
F = 1 to the excited state 5P3/2 F ′ = 2. While the coupling laser operating at the wavelength of
780 nm pumps the atom from the ground state 5S1/2F = 1 to the excited state 5P1/2F ′ = 2. The
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Fig. 7. (a) The phase diffraction pattern of the probe beam at different probe detun-
ings [∆p = 0 (solid line), ∆p = 05γ (dashed line) and ∆p =−10γ (dash-dotted line)] with
χ(3) (a) and without χ(3) (b). The laser and medium parameters are used as ωp = 1γ ,
ωc = 30γ , ∆c = 0, M = 7, L = 30 and R = 4 (φ ≈ 7.3˚).

coupling and probe lasers are both continuous waves and can be provided by two external cavity
diode lasers. The laser intensities can be adjusted by a neutral density filter (ND). We can use a
polarization beam splitter to split the initial coupling beam into two beams, as shown in Fig. 8(b).
The reflected coupling beam can be used for setting an EIT reference signal (not shown in figure).
The transmitted coupling beam is transformed into an elliptical shape by using an anamorphic
prism pair. Then, the two coupling beams with a small angle 2φ are recombined together in the
center of the atoms ensemble to generate the standing-wave field whose period is determined to
be Λ = Λc/(2sinφ), where Λc is the wavelength of coupling laser. The laser frequencies can be
detuned by a laser controller. The output of the probe beam can be imaged onto a CCD camera.

Fig. 8. (a) The three-level V-type scheme of 85Rb atom. (b) Schematic diagram of exper-
imental setup.
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5. Conclusion

In this work, we have investigated the influence of the third-order susceptibility on elec-
tromagnetically induced grating in the three-level V-type atomic system. In the presence of the
third-order susceptibility, the amplitude of the probe absorption is reduced, so that the EIG diffrac-
tion efficiency is also increased. Particularly, by changing the coupling or probe laser frequency
around the atomic resonance frequency, the first-order diffraction efficiency is dramatically in-
creased, i.e., there is a transfer of light energy from zero-order diffraction to first-order diffraction
- this case corresponds to a phase grating. In this case, the first-order diffraction efficiency in
the presence of the third-order susceptibility can be about 50% larger than that in the case of the
third-order susceptibility is ignored. This study is necessary because the giant nonlinearity of the
EIT material cannot be neglected even at very low light intensities, so the simulation results can
be in better agreement with experimental observations.
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