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Abstract. Structural prediction of low-energy isomers of carbon twelve-atom clusters is car-
ried out using the recently developed machine-learning potential GAP-20. The GAP-20 agrees
with density-functional theory calculations regarding geometric structures and average C-C bond
lengths for most isomers. However, the GAP-20 substantially lowers the energies of cage-like
structures, resulting in a wrong ground state. A comparison of the cohesive energies with the
density-functional theory points out that the GAP-20 only gives good results for monocyclic rings.
Two multicyclic rings appear as new low-energy isomers, which have yet to be discovered in pre-
vious research.
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1. Introduction

A system of carbon atoms is ubiquitous in daily life. Carbon clusters, for example, are
widely distributed in the atmosphere, crust, and biology, forming a variety of morphologies. For
decades, the synthesis of novel carbon allotropes has attracted inclusive interest. In the 80s, small
carbon molecules in the shape of chains are first observed [1]. By atomic manipulation of oxide
molecules, generation of cyclocarbon is reported [2, 3]. Previous pioneering experiments lead to
the discovery of C60 fullerene, a new form of carbon clusters with icosahedral symmetry [4]. To
open an avenue for elusive carbon-rich materials with exotic properties, a comprehensive under-
standing of carbon clusters’ geometric/electronic structure is essential.
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Based on the vaporization of carbon-rich targets, some experimental techniques such as arc
discharge, laser ablation, or chemical vapor deposition [5–7] have allowed the in-lab synthesis
of carbon clusters, Cn. In addition, mass spectrometry confirms their formation for various n up
to 500, or even at n ≈ 8000 [8–10]. Due to the competition between surface and bulk, carbon
clusters exhibit various structural motifs and geometrical frustration. The energy landscape is
complex, and the number of possible isomers increases rapidly with the number of atoms. Even
with modern probe techniques, obtaining unambiguous structural information from experiments
is often tricky. Therefore, the theoretical investigation, which can be divided into two main cate-
gories, first-principles techniques and molecular dynamics simulation, is needed.

Density-functional theory (DFT) calculations performed by Shi and co-workers predict 20
isomers of C11 (C12) with a global minimum corresponding to a monocyclic ring [11]. Relying on
the coupled cluster method, Manna and Martin have shed light on the stability of some C20 and
C24 isomers, finding that C24 is the smallest fullerene [12]. Employing the diffusion Monte Carlo
approach, Cleland and colleagues examine electron correlation effects, which reordered relative
energies in ring, bowl, and cage isomers of the C20 molecule [13]. However, the demanding
computational costs of such highly predictive frameworks restrict the cluster datasets up to a few
tens of atoms.

On the other hand, molecular dynamics substantially reduces the calculation overheads.
Using Brenner potential, Kosimov and coworkers find that the lowest-energy configurations of Cn
consist of cyclocarbons for 11 ≤ n ≤ 18 and graphitic nanoflakes for 19 ≤ n ≤ 55 [14]. Based on
structures obtained with Brenner potential, Mauney et al. subsequently carry out DFT calculations
and report that the ground-state configurations of Cn are monocyclic rings for 10 ≤ n ≤ 23 and
mostly fullerenes for n ≥ 24 [15]. Since the empirical potentials are often developed for a given
carbon material, their transferability to systems of different morphologies is not guaranteed. For
Cn of up to 200 atoms, Karasulu and colleagues show that empirical potentials generally predict
different stable structures and cohesive energies compared to the DFT data [16].

Machine-learning frameworks have opened an alternative way in the progress of poten-
tial development. Based on an extensive and accurate reference database generated with DFT
calculations, the procedure typically involves training the energies and forces and a subsequent
interpolation to predict new atomic environments. After successful training, quantum-mechanical
accuracy can be achieved with machine learning potential (MLP) at a reduced computational cost.
Developed by Rowe et al., the recent MLP for carbon, named GAP-20, has shown excellent accu-
racy in predicting formation energies and phonon dispersions of numerous carbon allotropes [17].
Qian et al. also find that the GAP-20 accurately models the thermal stabilities, defect energies,
and van der Waals interactions for crystalline and amorphous carbon [18]. Despite being suc-
cessfully applied to various carbon phases, studies on the transferability of the GAP-20 to cluster
morphologies are very limited [16].

This study employs the GAP-20 to find low-energy isomers of C12. The current results
reveal that the GAP-20 gives structures similar to the DFT in most cases. The average C-C bond
lengths obtained by the two methods agree well, and the errors are less than 3.5%. The isomer
relative/cohesive energy is inaccurately predicted by the GAP-20, particularly for cage-like struc-
tures. Ring-like isomers tend to be energetically preferable, and cage-like isomers prefer triangles
and squares. Two low-energy rings not discovered in the previous rings are found and discussed.
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2. Computational Procedures

The C12 allotropes are initially obtained by exploring the energy landscape with particle
swarm optimization. Implemented in CALYPSO software [19, 20], this method has proven su-
perior to previous techniques for structural prediction, such as simulated annealing or genetic
algorithms [21]. The swarm attains collective intelligence by continuously updating a population
of new isomers at each iteration/generation, leading to an efficient search. The procedure will
continue until the convergence criterion is reached. In this study, the search is carried out five
times, and the population and iteration/generation numbers in each run are 30 and 200, respec-
tively. For a generated coordinate, geometry optimization is performed with the GAP-20 via the
QUIP module in LAMMPS [22]. Combining the conjugate gradient algorithm and FIRE damped-
dynamics [23] followed by Hessian-free truncated Newton algorithm, the optimization protocol
ensures the energy and force tolerance criteria of 10−12 eV and 10−8 eV/Å, respectively, and the
pressure contribution to the enthalpy is negligible (≤ 10−5 eV).
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Fig. 1. (Color online) Optimized structures of the lowest-energy C12 isomers obtained
by the GAP-20, Gi (left), and the corresponding structures after further optimization with
the DFT, Di (right), with i from 1 to 10.

The obtained structures using LAMMPS are then further optimized by DFT calculations,
as integrated in Quantum ESPRESSO package [24, 25]. The electron-ion interaction is described
by the standard solid state pseudopotential for carbon [26] using the projector-augmented wave
method [27]. Since the dispersion correction gives an insignificant contribution to geometry opti-
mization [28], the electron-electron interaction is treated with the PBE version of the generalized
gradient approximation [29]. Plane-wave basis sets are chosen with a kinetic energy cutoff for
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wavefunctions (charge density) of 612 (4896) eV. The imposed periodic boundary conditions are
in three directions, and the unit cell includes at least 10 Å of vacuum to minimize the spurious
interactions between periodic images of the cluster. Geometry optimization is carried out using
BFGS quasi-newton algorithm until the force components on each atom are below 0.05 eV/Å.

3. Results and Discussion

3.1. Low-energy isomers
To evaluate the structural search performance using current MLP, we show in Figure 1 the

optimized structures of 10 lowest-energy isomers found by the GAP-20, Gi, and their correspond-
ing structures after further optimization by the DFT, Di, with i from 1 to 10. The index i increases
as the total energy of the Gi isomer increases. Various structural types are observed, including
cages (i = 1,4,7,10), monocyclic rings (i = 2,3,9), multicyclic rings (i = 5,6), and others (i = 8).
Cage-like isomers mostly contain hexagons, pentagons, or squares, and some triangles for the G7
and G10 isomers. Monocyclic rings include cumulenic (G2), deformed (G3), and tadpole (G9)
rings, and multicyclic systems consist of two or more three-membered rings.

The structures obtained by the two calculation methods are somewhat similar. Noticeable
structural changes occur for the G3, G7, and G9 configurations. DFT relaxation transforms the
deformed and tadpole rings into hexagonal and polyynic rings (D3 and D9 are the same structure).
From the G7 isomer, two hexagons buckle and rotate about each other, removing all triangles.
Overall, the GAP-20 provides a suitable starting geometry for subsequent DFT optimization.

Table 1. Point group symmetry PGS, average C-C bond length dC−C (Å), and singlet-
triplet splitting ES−T (eV) of the low-energy C12 isomer found by the GAP-20 Gi, and of
the corresponding DFT optimized structure Di, with i from 1 to 10.

i PGS dC−C ES−T
Gi Di Gi Di Error Di

1 D6h D6h 1.425 1.475 -3.4% 0.172
2 D12h D6h 1.293 1.300 -0.5% -0.085
3 Cs C6h 1.310 1.302 0.6% 0.159
4 D2d C2 1.435 1.483 -3.2% 0.544
5 Cs C2v 1.362 1.361 0.1% 0.601
6 C4v D4h 1.397 1.410 -0.9% 1.196
7 D6d D3d 1.455 1.479 -1.6% 0.496
8 C2v Cs 1.409 1.437 -2.0% -0.445
9 Cs C6h 1.321 1.302 1.5% 0.159
10 Cs Cs 1.422 1.470 -3.3% 0.937

The point-group symmetries and the average C-C bond lengths of the C12 isomers are sum-
marized in Table 1. The average bond lengths obtained by the GAP-20 are very close to those
calculated by the DFT, with errors of less than 3.5%. The absolute errors are the smallest for ring-
like isomers and are the largest for cage-like isomers. The GAP-20 fails to capture the Jahn-Teller
distortion, which causes the G2 cumulene, i.e., same bond lengths, to become the D2 polyyne,
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i.e., alternating bond lengths. The polyynic D2 (D3) without (with) bond-angle alternation ex-
hibits D6h (C6h) symmetry and alternating single bonds of 1.37 Å (1.35 Å) and triple bonds of
1.24 Å (1.26 Å). The existence of polyynic structures without and with bond-angle alternation has
also been observed in experiments for the cyclo[18]carbon [2, 3]. The GAP-20 gives reasonable
average bond length for the monocyclic rings, multicyclic rings, and cages, corresponding to the
sp-, sp2-, and sp3-hybridized molecular carbon allotrope, respectively.
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Fig. 2. Total energies of the low-energy C12 isomers obtained by the GAP-20 and DFT.
Values on the left (right) represents the energies relative to the energy of the G2 (D2)
isomer calculated by the GAP-20 (DFT). Values are connected by lines representing the
structural type: solid, cages; dashed, monocyclic rings; dash-dotted, multicyclic rings;
dotted, others. The number next to a line indicates the isomer index i.

Figure 2 presents the total energies of the C12 isomers relative to the energy of the G2
(D2) configuration calculated by the GAP-20 (DFT). Current MLP generally cannot produce a
correct ordering and an acceptable approximation (≤ 0.05 eV/atom for fullerenes as in Ref. [17])
to isomer energies compared to the DFT results. For small clusters, the formation of cages should
be unfavorable due to strain and curvature. The GAP-20, however, strongly underestimates the
energies of the cage-like isomers (solid lines). The underestimation is the most severe for the G1
configuration, rendering it the ground state. In addition, the MLP faces limitations in describing
the energetics of the deformed and tadpole rings. DFT calculations reveal that the G3 and G9
structures are unstable and will transform to the D3 ground-state configuration (dashed lines). The
finding of the hexagonal and polyynic ring as the lowest-energy structure agrees well with those
in previous studies [11, 30]. We note that the GAP-20 can not obtain the D3 as a stable isomer,
as geometry optimization starting from the D3 will eventually converge to the G2. The energy
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landscapes obtained by the two calculation methods are essentially different for the deformed and
tadpole rings. The performance of the MLP can be improved by adding these configurations to
the database for the re-training procedure. On the contrary, the energy difference is small for
multicyclic rings with several three-membered components (dash-dotted lines), suggesting that
employment of the GAP-20 may be suitable for such cases.

From the DFT energy picture, forming ring-like structures is energetically favorable for
small clusters. Although previous literature agrees that the monocyclic ring is the ground-state
configuration [15, 16, 31], it is unclear if the D2 polyyene is found. In addition, the energy dif-
ference between the D6h and C6h polyynic structures (D2 and D3) is tiny (∼ 0.16 eV), implying
that they are challenging to differentiate as in experiments of the cyclo[18]carbon. Besides the
ground-state structure, the D1, D4, and D7 isomers correspond to the C40, C36, and C39 struc-
tures observed by Shi et al. [11]. The D5 and D6 configurations with the relative energies of 2.0
and 3.6 eV above the ground-state energy are also two new isomers compared to the previous
work [11]. The small relative energies imply that these isomers may exist in the experiment pro-
cedures. The C12 cages will likely welcome triangles and squares over pentagons or hexagons,
frequently observed in fullerenes. Interestingly, the D10 configuration with one triangle has the
lowest energy among the cages.

To discuss the chemical stability, singlet-triplet splitting (ES−T ), presented in Tab. 1, is an
important feature. Defined as the energy of the triplet state minus that of the singlet state, the
negative (positive) sign in ES−T implies that the triplet (singlet) state is more stable. In general,
the larger the magnitude of the ES−T the smaller the reactivity of the cluster. The splitting can be
determined experimentally using anion photoelectron spectroscopy [32, 33]. It is noted that DFT
does not adequately treat the singlet state for open-shell systems. However, Shirazi et al. have
pointed out that the average error in ES−T is just 3.54 kcal/mol (0.14 eV) compared to the highly
accurate coupled cluster calculation for some carbenes [28]. The use of DFT may still provide
reasonable results. As seen in Tab. 1, monocyclic rings have the smallest ES−T of −0.09 and
0.16 eV, indicating that these isomers are highly reactive and may be hard to be isolated. On the
contrary, the multicyclic ring D6 and cage-like structure D10 have the most significant ES−T of
−1.20 and −0.94 eV, respectively. Given the high energy of the cage-like D10, the D6 may appear
as a kinetically stable isomer under experimental conditions.

3.2. Cohesive energies
Figure 3 presents the cohesive energies of the C12 clusters. The cohesive energy Ec is

computed as

Ec =
Etot −nEre f

n
, (1)

where Etot is the total energy of a cluster, predicted by the DFT or GAP-20, n is equal to 12,
and Ere f is the reference energy of an isolated carbon atom. Ere f equals 0 by construction for the
machine-learned potential. Except for the G7, the differences in DFT energies of the unoptimized
(Gi-DFT) and optimized (Di-DFT) structures are small, implying that local minima in the energy
landscape of the GAP-20 are close to those of the DFT. However, current MLP only gives a good
agreement of Ec for monocyclic rings, even though the G3 and D3 (G9 and D9) structures are
quite different. The differences in Ec are significant for cages and G8 isomer, and the GAP-20
does not give satisfactory results.
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Fig. 3. (Color online) Cohesive energies (eV/atom) of the Gi isomer calculated by the
GAP-20 (Gi-GAP-20 – black solid line) and the DFT (Gi-DFT – red dashed line), and
those of the Di isomer calculated by the DFT (Di-DFT – blue dash-dotted lines).

4. Conclusions

This study evaluates the performance of the GAP-20 for the structural search of C12 clus-
ter isomers. The structures obtained by the GAP-20 and the DFT are relatively similar in most
cases. The computed average C-C bond lengths using the two methods are close to each other,
with less than 3.5% errors. However, the GAP-20 incorrectly describes the relative/cohesive ener-
gies of the isomers. Cage-like structures are strongly stabilized, leading to a wrong ground-state
configuration. Starting from the GAP-20 optimized coordinates, subsequent DFT relaxations find
two multicyclic rings as new low-energy isomers not found in the previous study. In future re-
search, retraining of the GAP-20 will be carried out, and the stabilities of the C12 clusters will be
investigated by performing a thermodynamic study or vibrational analysis.
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