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Abstract. Starting with the generalized electromagnetic (and gravi-magnetic) fields of dyons (and
grvito-dyons), the octonion generalization of U(1) x SU(2) gauge theories of dyons (and grvito-
dyons) has been developed in a consistent way. The resemblance between octonion covariant deriv-
ative and the gauge covariant derivative has also been established . Expressing the generalized four
- potential, current and fields of dyons (and gravito - dyons) in terms of split octonion variables,
we have discussed the consistent forms of U(1) abelian and SU(2) non - Abelian gauge theories
for dyons (and gravito - dyons). It is shown that the present formalism reproduces the theory of
electric (gravitational) charge (mass) in the absence of magnetic (Heavisidean) charge (mass) on
dyons (gravito - dyons) or vice versa.

I. INTRODUCTION

According to the celebrated Hurwitz theorem [1] there exists four - division al-
gebra’s [2] consisting of R(real numbers), C (complex numbers), Q (quaternion) and O
(octonions). All four algebra’s are alternative with totally anti symmetric associators.
A detailed introduction on the various aspects and applications of Exceptional, Jordan,
Division, Clifford and noncommutative as well as non associative algebras has recently
been discussed by Castro [3] by extending the octonionic geometry (gravity) developed
long ago by Marques-Oliveira [4]. On the other hand, some authors [4-12] have discussed
the possibility of octonion Dirac equation, and octonion wave equation. Supersymmetric
Yang-Mills and Superstring theories in critical spacetime dimensions d = 3, 4, 6,and 10
attracted [13—15] much attention regarding their relevance to four division algebras. Their
respective dimensions 1, 2, 4 and 8 equal d — 2 physical modes are associated respectively
with four - division algebra’s consisting of R(real numbers), C (complex numbers), Q
(quaternion) and O (octonions) corresponding to various transverse degrees of freedoms
in critical space-time dimensions.

Now, the question of existence of monopole [16-19] and dyons [20-22] has become
a challenging new frontier and the object of more interest in high energy physics. Dirac
showed [16] that the quantum mechanics of an electrically charged particle of charge e
and a magnetically charged particle of charge g is consistent only if eg = 27 n, n being an
integer. Schwinger-Zwanziger [20,21] generalized this condition to allow for the possibility
of particles (dyons) that carry both electric and magnetic charge. A quantum mechanical
theory can have two particles of electric and magnetic charges (e1, g1) and (e2, g2) only if



202 OCTONIONIC EXTENSION OF U(1) x SU(2) GAUGE ANALYTICITY OF DYONS

e1g9o — eag1 = 2w n. The fresh interests in this subject have been enhanced by ’t Hooft -
Polyakov [17,18] with the idea that the classical solutions having the properties of magnetic
monopoles may be found in Yang - Mills gauge theories. Julia and Zee [22] extended
the 't Hooft-Polyakov theory [17,18] of monopoles and constructed the theory of non
Abelian dyons. The quantum mechanical excitation of fundamental monopoles include
dyons which are automatically arisen from the semi-classical quantization of global charge
rotation degree of freedom of monopoles. In view of the explanation of CP-violation in
terms of non-zero vacuum angle of world [23], the monopoles are necessary dyons and Dirac
quantization condition permits dyons to have analogous electric charge. Accordingly, a
self consistent and manifestly covariant theory has alredy been discussed [24,25] for the
generalized electromagnetic fields of dyons and accordingly the the quaternionic [26,27]
and octonionic [8-10] forms of generalized fields of dyons are developed in unique, simple,
compact and consistent manner.

Likewise, the postulation of Heavisidian an monopole [28,29] immediately follows
the structural symmetry [30,31] between generalized gravito-Heavisidian and generalized
electromagnetic fields of dyons. Avoiding the use of arbitrary string variable, the mani-
festly covariant and consistent theory of gravito - dyons has also been developed [32-35] in
terms of two four-potentials [36] leading to the structural symmetry between generalized
electromagnetic fields of dyons and generalized gravito-Heavisidian fields of gravito-dyons.
Extending this recently, a consistent theory for the dynamics of four charges (masses)
(namely electric, magnetic, gravitational, Heavisidian) have also been formulated [37] in
simple, compact and consistent manner.

Keeping all these facts in mind and starting with the generalized electromagnetic
(and gravi-magnetic) fields of dyons (and gravito-dyons), in the present paper, we have
made an attempt to develop the octonion generalization of U(1) x SU(2) gauge theories
of dyons (and gravito-dyons) in a consistent way. The resemblance between octonion
covariant derivative and the gauge covariant derivative has also been established. Octonion
gauge formalism describes the U(1) Abelian and SU(2) non - Abelian gauge structure of
dyons (and gravito-dyons). Expressing the generalized four - potential, current and fields
of dyons (and gravito - dyons) in terms of split octonion variables, we have discussed the
consistent forms of U(1) Abelian and SU(2) non - Abelian gauge theories for dyons (and
gravito - dyons).The existence of gravitational analogue of magnetic monopoles describes
the extension of octonion gauge formalism to gravito-dyons whereas imaginary units are
shown to be responsible to incorporate the curvature in gravitational fields. It is also
discussed that, in octonion gauge formalism, the SL(2,C) gauge group of gravitation and
SU(2) gauge groups of Yang - Mill’s gauge theory play the similar role in a symmetrical
manner. Finally, it is concluded that the octonion gauge formalism reproduces the theory
of electric (gravitational) charge (mass) in the absence of magnetic (Heavisidian) charge
(mass) on dyons (gravito - dyons) or vice versa.

II. DYONIC FIELDS

Starting with the idea of Cabibbo and Ferrari [36] of two four - potentials, a gauge
invariant and Lorentz covariant quantum field theory of fields associated with dyons has
been developed [24-27] in purely group theoretical manner by assuming the generalized
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charge (¢), generalized current {.J,,} and generalized four- potential {V,,} as complex quan-
tities with their real and imaginary parts as electric and magnetic constituents i.e.

g=e¢—ig; (1)
{Ju} =Lt — o {ku}s (2)
(Vb ={Au} =i {Bu}; (3)

_>
where (i = v/—1), e is the electric charge, g is magnetic charge,{j.} = (pe, je) is the
electric four - current with p. and je as its scalar and vector constituents, {k,} = (pm, jm)
is the magnetic four - current with p,,, and jm as its scalar and vector constituents, {A,} =

(e, Z) is electric four - potential with ¢, and Z as its scalar and vector constituents,

and {B,} = (¢4, B) is magnetic four - potential with ¢, and § as its scalar and vector
counter parts. Two four - potentials are required [24,25,36] for the removal of arbitrary
string variables in Dirac theory [16]of monopoles ( or dyons) to symmetrize the following
generalized Dirac Maxwell’s (GDM) equations of dyons

VE =
V- H =pui

v p- 2 5
?ﬁ*@ (4)

ot’
where for brevity we have used the physical constants as unity with natural units ¢ =
h =1 along with the flat metric (+, —, —, —). E and Hin equations (4) are respectively

described as the generalized electric and magnetic fields of dyons defined in terms of the
components of two four - potentials as

GIECESE P )
- 33 _ Vg, +V x 4. (5)

Generalized Dirac Maxwell’s (GDM) equatlons (4) are invariant not only under Lorentz
and conformal transformations but are also invariant under the following duality transfor-
mations between electric £ and magnetic H quantities i.e.

E =& cos v + H sin v,
H =H cos — Esind; (6)

where £ = (e, B, Pes ]:), Qe, Z) and H = <g, ﬁ, pm,ﬂ, Oms ?) For a particular value of

¥ = 7§, equations (6) reduces to

Er—H H+— €. (7)
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Similar to equation ( 1) the generalized vector field associated with dyons is defined as
_>
4 = E—iH 8)

which reduces the four different Generalized Dirac Maxwell’s (GDM) equations (4) to the
following two differential equations as

6)@) = Jo;

%
9
Vx@ = —z'aif—i : )

where Jy and 7 are the temporal and spatial parts of generalized four - current {J,} =
(Jo, 7) (2) of dyons. Similarly the generalized electromagnetic field tensor G, of dyons
is defined [24-26] as
Guu = F;W*Z.F;LV (10)
where
F,uzz = Ly _H/LV; F,uz/ :H/.I,V—'I—E,ul/; (11)
and
Euw = Ay —Avys Huw = Buy — By
- 1 ~ 1
B, = 5e,mAA"A; H, = 56/“,0)\3“)‘; (12)

where the symbol (~) denotes the dual, E,, and H,,of equation (12) are the electro-
magnetic field tensors respectively associated with the dynamics of electric and magnetic
charges related to four - potential {A,} and {B,} and €, is the four index Levi-Civita
symbol. Generalized electric and magnetic fields (5) may readily be obtained from the
electromagnetic field tensors F),, and F),, as

Foa =B 1“7‘L117:<€al)c]-7[C (V&,b,C:1,2,3);

Foo =H"  Fy=cuw.E° (Va,b,c=1,2,3). (13)
Classical Abelian Lorentz invariant generalized Maxwell’s equations associated with dyons
may then be written as

v,y — E,Lw,uzj,u;
vy o Hw/,u:ku- (14)

Using equations (2,10,11) and (14), we may write the covariant form of Generalized Dirac

Maxwell’s (GDM) of dyons as

~—

G;u/,u = Ju- (15)
The present model of dyon and the the field equations may also be derived [24,25] for
minimum action principle of Lagrangian applied for generalized electromagnetic fields of
dyons and accordingly the Lorentz force equation of motion for dyons be obtained as
2
d°z,
dr?

1 [ v
= i(qG;y + q*Gw/) = (eF;w + gF;w) U (16)



SHALINI DANGWAL, P. S. BISHT, AND O. P. S. NEGI 205

where m is the mass of particle, {z,} is displacement four vector, 7 is proper time, (x)
denotes the complex conjugation and {u"} is the particle four velocity. Equation (16) also
reduces to the dual invariant Loretz force equation of motion for dyons as

d2
m%:e(ﬁ—kﬁxﬁ)—i—g(ﬁ—ﬁxﬁ) (17)
where W is the velocity of a particle and other symbols are alredy described above.

III. OCTONIONS

An octonion is defined as,
§=7
O =0eq+ Y _ 0Ojej,  (0p,0; €R) (18)
j=1
where e; are octonion unit elements and satisfy the following multiplication rules;
€0€o = €0;
€j€0 = €0€5 = €5
ejer = *5]']@60 + fjklel (Vj, k,1=1,2,3,4,5,6, 7); (19)
where §j;, is the usual Kronecker delta symbol and fji (which was regarded as the
Levi - Civita tensor for quaternions) is fully anti symmetric tensor with fj; = +1 for

(k1) = (123), (516), (624), (435), (471), (673), (672). The above multiplication table di-
rectly follows that the algebra of octonion O is not associative i.e.

ejlexer) # (ejen)er. (20)
The commutation rules for octonion basis elements are given by,
lejiex] = 2fjmer; {ej,ex} = —20apeo (21)
and the associator
{ej,en, e} = (ejer)er — ej(exer) = —0jner + dpiej + (€jki€mnp — EklpEjpn)en- (22)

Octonion conjugate is defined as,

O = 0Opey — Oje; (23)
and
0 =0, 0P=PO. (24)
The norm N of the octonion is defined as,
N(0) =00 =00 = (0§ + XO7)eo (25)
while the inverse is defined as,
= N((QO); 00! =010 =1.¢. (26)

The norm given by equation (25) is non - degenerate and positively defined (over R) and
therefore every element X € O has the unique inverse element X! € O . For the split
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octonion algebra the following new basis is considered [3,9,38-40] on the complex field
(instead of real field) i.e.

1

1
T— 5(61 +ieq); wul= 5(61 —iey);
1 . , 1 )
ug = =(ezx+ies), us= =(ea—ies);
2 2
1 . .
u3 = 5(63 +ieg); uz = 5(63 —ieg);
1 . 1 )
uy = 5(60 +ie7);  uy = 5(60 —ier); (27)

where i = y/—1 is assumed to commute with e4(A = 1,2,3,...7) octonion units. The split
octonion basis elements satisfy the following multiplication rules;

Uiuj = €jRUL; ufu; = —€ipuk(i, g,k =1,2,3)

wiu; = —djuo; wiug = 0; ujug = up

wju; = —0jup;  uiug = up; ujug =0

wow; = ui; uju; =0; wou; =0

uguf = ugud =uo; uwit = uoul = ufug = 0. (28)

Giinaydin and Giirsey [38,39] pointed out that the automorphism group of octonion
algebra is the 14— dimensional exceptional G2 group that admits a SU(3) subgroup
leaves imaginary octonion unit ey invariant (or equivalently the idempotents ug and ug).
This SU(3)cwas identified as color group acting on quark and anti-quark triplets. From
split octonian algebra multiplication rule (28), it is clear that the octonion units u; and
uf(i = 1,2, 3) transform respectively like a triplet and anti triplet accordingly associated
with colour and anti colour triplets of SU(3) group. Let us introduce a convenient real-

ization for the basis elements (ug, u;, uf, u}) in terms of Pauli spin matrices [3,9, 38-40]

as
_ 0 0. « |1 01
o= do01|° "T]o o0l
o 0 0] « |0 —e .
u; = [61 0}, ui[() 0 }(11,2,3) (29)
where 1, e, ea, e3 are quaternion units satisfying the multiplication rule e;e; = —d;; +
€ijkek- As such, for an arbitrary split octonion O we have [3,9,38-40],

a —7 } (30)

O = aug + bug + zu; + yiu; = [7 b

which is a realization via the 2 x 2 Zorn’s vector matrices [ % b ] where a and b are

scalars and 7 and 7 are three vectors. The product of two octonions in terms of 2 x 2
Zorn’s vector matrix realization is then defined as

a T c ac+ 7V ad +d7 — Y x U

[7 b } [7 d ] = [cmbﬁ_mﬁ bd+ 7 -l ] (31)
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and (x) denotes the usual vector product, e;(i = 1,2,3) with e; X e; = ;e and e;je; =
—0j;. Then we can relate the split octonions to the vector matrices given by equation (29).
Octonion conjugation of equation (30) is defined as,

- b T
O =buj+ aupg — zu; — yiu; = [ _7 a } . (32)
The norm of an octonion A is thus defined as,

O 0 =00 =(ab+7-Y)-1 (33)

where 1 is the identity element of the algebra given by 1 = 1u6 + 1ug. Despite the fact
that the octonions are non associative the Zorn vector matrix product (31) satisfies the
cyclic trace property [3]

Trace [P- Q] =Trace|Q-P];
Trace [(P-Q)-R] =Trace[P-(Q-R)] =Trace [P-Q-R]
=Trace [R-P-Q] ==Trace [Q-R-P] (34)

where P, Q, and R are three octonions written in terms of Zorn vector matrix realizations.

IV. OCTONION GAUGE ANALYSIS

For octonion gauge theory, we may consider octonionic or O— transformation like
equation (30). Let us define an unitary octonion [4] as

py —7
U =poug + qouo + piuj + giu; = [ 7 @ ] (35)
and its conjugate octonion as
— w P
U = qougp + pouo — piv; — qiu; = [ e ] : (36)

These are the bi-modular representation of a quaternion transformations subjected by two
fold quaternionic U (1) x SU(2) transformations so that it satisfies the unitarity condition
U ' =0 and

i=3
TU=UU=U"'"U=UU" = (pogo+ Y _pigi) =1 (37)
i=1
where 1 is 4 x 4 identiy (unit) matrix and quaternion basis elements ey = 1 and e =

—+v/—10; (Vj =1,2,3) are described in terms of 2 x 2 unit and Pauli-spin c— matrices.
Thus, we may write the octonion unitary gauge transformation as

U = exp(—aju; — Bjuj) (38)

where ajand B; are real parameters and v/—1 is included in u; and uj. Equation (38)
thus follows the SU(2) x SU(2) connection of octonion gauge transformation. The Q-
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transformation of an octonion W is defined [4] as

v = %[(U\P)U_l +U(wU ] =UveUt (39)
which reduces to following unitary transformations of a matter field spinor v as
Y = Ur. (40)
As such, the covariant derivative or O-derivative of an octonion K is defined [4] as
K, =Ku+ [SuK] (41)

whereS, is the octonion affinity namely it is the object that makes K, transform like an
octonion underQ— transformations i.e.

K =UKU!
—1.
Klllu =UK), U
U
S, =US, U — % U (42)

Thus it describes SU(2) like octonion transformations. As such , we may write 3, as the
trace free Zorn matrix supposedly an Yang - Mill’s type field i.e.,

0 Le; .
S = —Luwy — Kuiu; = —Kiiei 8; f(E=1,2,3) (43)

where Ly;and K, ;are two different gauge fields associated with two SU(2) type gauge
fields.

V. OCTONION GAUGE ANALYTICITY OF DYONS
Let us define the electric and magnetic gauge potential respectively as
L, = eAy;
K, = gBu. (44)

In order to reformulate the quantum equations of dyons by means of split octonion real-
ization, we write the O - derivative as follows,

OHM =0+ [Su, O (45)
where we have used
09 eA,ie;
Cx _ a, *x a _ wi€q
o = et = 9Bt = —gByei 03
= ea(eA], +gBj) +iears3(eAf, — gB) = —e Re(q*V)}) +ieq3Re(qVy).  (46)
Then we get
O\l =0+ [—eaRe(q* V), O] +ieqys [Re(qV), O]
=0, —eq [Re(q*V““), (9] +i eqrs [Re(quf), O] (47)

where ¢* being the complex conjugate of generalized charge ¢ of dyons and {V/f}plays the
role of gauge potential in internal SU(2) non - Abelian gauge space. The gauge potential
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{V..} and gauge field strength {G, } of dyons may be expressed in terms of split octonion
realization as,

a,,0 * a, * VHEO _V;ea .
V/,L = V/LUO + VM u + VNUO + Vu Uq = V;Lzea Vue() ) (48)
0 a ,a
e’ —FE%e
G = guto + guu + Eﬁyua + Hﬁyua — [ I?INC‘V . % } : (49)
e €
where G, = V), — V.. In equation (47), we have expressed the generalized four-potential

{V..} and generalized field tensor G, of dyons in terms of Abelian U(1) and non - Abelian
SU(2) gauge coupling strengths where the real quaternion unit eq is associated with U(1)
Abelian gauge group and the pure imaginary unit quaternion e,(a = 1,2, 3) is related with
the SU(2) non - Abelian Yang - Mill’s field and it may readily be seen that the gauge
field strength G, is invariant under local and global phase transformations. The non -
Abelian SU(2) Yang - Mill’s gauge field strength may then be expressed as,

Gl =0VE =0V +qteacVIVy (50)

which yields the correct field equation for non - Abelian gauge theory of dyons and gives
rise its extended structure. Hence the O- derivative of generalized field tensor G, given
by (47) of dyons leads to the following field equation;

Guvly = Guow + [Su, Gu] = Ju(uo +uf) + Jj (ua +uy) = Jy; (51)

where
Jo =G, g eadVIGS, (52)
is the non - Abelian SU(2) generalized four - current of dyons. In deriving Eq. (36)
we have used Eq. (32), (34) and (35). Thus the generalized four current of dyons in
split octonion realization leads to the Abelian and non - Abelian nature of current in this
theory.
The O- derivative of generalized four - current

(53)

0 __ Ja,a
Jyu = Ju(uo +up) + jz(ua tuk) = [ Jue Jlue ]

0
Juet  Jye
gives rise to
S =0 (54)
which shows the resemblance with Noetherian current and describes analogues continuity
equation in Abelian gauge theory.

VI. OCTONIONIC EXTENSION FOR GRAVITO - DYONS

Following the idea of Dowker and Roche [19] of dual mass playing the role of mag-
netic charge (Heavisidian monopole), the gravito - dyons may also be defined as the particle
carrying gravitational mass m and dual mass (Heavisidian mass) h having the generalized
mass @ given [30] by,

Q=m-—1ih. (55)
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Analogous to the theory of electromagnetic (dyons), the generalized four - potential of
gravito - dyons may then be expressed as,

{qu} = {mu} —1 {%N} (56)

where {2} is the usual space - time gravitational four-vector potential due to the presence
of gravitational charge (mass) and {8} is the gravito-Heavisidian (gravi-magnetic) four
potential due to the existence of gravito-magnetic monopole. The effective mass of gravito
- dyons is defined [30] as

Mg = m+h. (57)

Thus we can express the generalized four - potential of gravito - dyons by means of octo-
nions gauge formalism given by equation (49). Similarly, one can construct the generalized
field tensor of gravito - dyons in terms of split octonion as,

_ g,weo —52,,6“

S = QMV(UO + US) + €Zyua + hf‘wua - o guyeo (58)

a
ny
where &, = U, , — U, ,and (’5/?“, = 8,,%72 — 0,07, + q*eabc’lizmi have the same form
of equation (48-49) for the case of non - Abelian gauge theory of dyons associated with
generalized electromagnetic fields. Defining the generalized current of gravito - dyons as

Ju o= i —ieD (59)

where jLG) is the four - current associated with gravitational mass and EELG) is the four -

_+
current associated with Heavisidian monopole. The generalized vector field ¥ g of gravito
- dyons may be expressed as,

Ve = B-i% (60)

— —
where & is the gravitational field and $) is the Heavisidian field strength defined as follows
in terms of two four - potential components as,

CHNEL I JOE
H = a(fjt?qsh—?xﬁ. (61)

_>
Thus we express the generalized field ¢ in terms of generalized four - current J,, as,

?LZJ—C; = _30

H
Y xdo = —iag’f—i (62)

which is the field equation (generalized Maxwell - Dirac equation) for linear gravito -
Heavisidian fields. The O- forms of different gauge potentials associated with gravito -
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dyons may be expressed as

0 _ a ,a
U, = Y,ug+ %Zuo + Ul + Vol = U,e Ye ] ;

‘Bze“ ‘Bueo

B 0 a,a
A’ —Ate }
)

_ 0 _
W= o+ Wl Wi+ Ay = | G G

B, —PBaed
— a,0 a,*x .
%M - %MUO + %Mu + %MUS + %uua - I %gea %uléO :| ) (63)
As such the O- derivative of generalized field tensor &, leads to,
Qj;w”u = Q5MV7V + [%V? le“/] = _3M(u0 + US) - 3Z(ua + UZ) = _3M (64)

where J,, is the generalized split octonion current associated with gravito - dyons similar
to that of dyons in generalized electromagnetic fields given by equation (53). Hence
like previous case, here the O - derivative of the generalized current vanishes and the
conservation of generalized four - current follows the continuity equation with Abelian
and non - Abelian gauge structures.

VII. CONCLUSION

In Yang Mill’s theory, the gravito-dyons in gravito - Heavisidian fields plays the same
role as that of dyons in electromagnetic fields. As such, the split octonion gauge formalism
demonstrates the structural symmetry between generalized electromagnetic fields of dyons
and that of generalized gravito - Heavisidian fields of gravito - dyons. In case of split
octonions, the automorphism group is described as G2 (an exceptional Lie group). Thus
octonion transformations are isomorphic to the rotation group Os. Under the SU(3)
subgroup of split Gy leaving uy and wufj invariant, the three split octonions (u1, ua, u3)
transform like a isospin triplet (quarks) and the complex conjugate octonions transform
like a unitary anti - triplet (anti quarks) [38,39]. The Abelian and non - Abelian gauge
structures of dyons and gravito - dyons are discussed in terms of split octonion variables
in simple, compact and consistent way. The field equations derived here are invariant
under octonion gauge transformations. From the foregoing analysis one can obtain the
independent theories of electromagnetism and gravitation in the absence of each other.
The justification behind the use of octonions is to obtain the simultaneous structure of
SU(2) x U(1) gauge theory of dyons and gravito - dyons in simple and compact manner.
As such, the well - known SU(2) non - Abelian and U(1) Abelian gauge structure of dyons
and gravito - dyons are reformulated in terms of compact gauge formulation. The O-
derivative may be considered as the partial derivative if we do not incorporate the split
octonion variable. Split octonions are described here in terms of U(1) x SU(2) gauge
group simultaneously to give rise the Abelian (point like) and non - Abelian (extended
structure) of dyons. This gauge group plays the role of U(1) x SU(2) Salam Weinberg
theory of electro - weak interaction in the absence of Heavisidian monopoles. Our enlarged
gauge group SU(2) x U(1) explains the built in duality to reproduce Abelian and non -
Abelian gauge structure of dyons and those for gravito - dyons.
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