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Abstract. It has been known that the broadband of continuum harmonics, a regular periodicity
or a wide smooth range, is essential for generating attosecond pulses. However, the high-order
rescatterings of electrons (HOR) can significantly affect this important part of high-order har-
monic spectra. In the present work, we apply the method suggested in our previous studies to limit
the HOR effect on the continuum harmonics by using up-chirped pulses with frequency increasing
in time to regulate the high-order harmonic generation of an asymmetric molecule such as CO
subjected to a near-infrared laser. To do so, we numerically calculate the high-order harmonic
spectra using the time-dependent wave functions obtained within the framework of the single-
active electron approximation. To analyze and regulate the HOR effect, we use the time-frequency
analysis together with the kinetic energy maps obtained from the equation of electron motion in
the laser electric field. These techniques reveal the high-order harmonic dynamics, especially the
effect of chirped pulse on the manifestation of continuum harmonics. Based on this, we release the
notice on choosing appropriate parameters to obtain the optimal continuum range of harmonics.
Although the detailed analysis is given for the CO molecule, the method suggested is applicable
for other polar molecules.
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1. Introduction

High-order harmonic generation (HHG) [1] is a nonlinear optical phenomenon with many
important applications. Especially its underlying physics can be described by the three-step model
[2, 3] by which an electron is detached from bound states to the continuum region, moves nearly
free, acquires kinetic energy in the laser electric field, and then may recombine with the parent ion.
In the final stage, the electron releases all accumulated energy as high-energy photons, so-called
high-order harmonics. The fact that kinetic energy acquired by the electron is proportional to the
laser parameters as Up ∼ Iλ 2, where I and λ are the laser intensity and wavelength, suggests a
possible way to extend the cutoff up to the keV region by utilizing the long wavelength of the
laser. Consequently, attosecond or even zeptosecond pulses can be produced using near- or mid-
infrared laser pulses [4]. However, when using such a longer wavelength laser, the electron can re-
encounter many times before recombination, creating the sophisticated process due to the arising
contribution of high-order rescatterings (HOR) into the harmonic spectrum [5–7]. In principle,
to optimize the range of continuum harmonics whose benefit is producing attosecond pulse trains
(APT), we should remove the contribution of HOR [6, 8].

Thanks to the development of laser technology, to fulfill the mentioned-above issues, we
can either add an extra field, such as static [9] or vacuum ultraviolet (VUV) [6, 10], or use a
specific laser with the frequency changing in time, i.e., the chirping form used in Ref. [11] as we
figured out in our previous work [8]. In that study, we presented a specific case of an up-chirped
laser with the frequencies increasing with time to demonstrate the possibility of controlling the
HOR. However, we only briefly discussed how the appropriate value of chirp parameters could
be chosen. Therefore, the object of the present paper is to show in detail the effect of the up-
chirped laser on the formation of continuum harmonics of molecule CO and how to optimize
these chirping parameters. We will show the detailed procedure consisting of two steps. The first
is to obtain the dependence of the kinetic energy on the chirping parameters based on the classical
electron trajectories [2], which may guide us in choosing the range of the optimal parameters.
The second is to verify the prediction by examining the “actual” process of CO based on the
HHG spectra calculated with the time-dependent wave functions within the single-active electron
(SAE) approximation. It is worth mentioning that within this framework, we take dynamic core-
electron polarization (DCEP) into account because of its important role in strong-field processes
not only for polar molecules such as CO [12–17], OCS [18] but also for non-polar molecules such
as CO2 [19] and even for atoms such as Ca [20].

The rest of the paper is organized as follows. In Sec. 2, we briefly present the method
of solving the time-dependent Schrödinger equation (TDSE) and calculating an HHG spectrum.
Then, we describe the analysis method based on the time-frequency profile and classical kinetic
energy. Section 3 devotes to our results and discussions. We finish the paper with the conclusion
in Sec. 4.

2. Theoretical methods

2.1. Numerical method of calculating high-order harmonic spectra

In the HHG process, the electron wave packet is stretched by the laser electric field and
consequently separated into bound and continuum parts resulting in an electric dipole. Because the
laser field is periodical, the dipole is time-dependent that why the acceleration dipole
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a(t) = ∂ 2
t 〈Ψ(r, t)|r|Ψ(r, t)〉 exists and causes the high-order harmonic generation. For a given

frequency ω , the intensity of HHG emitted along the direction ê can be obtained by the following
formula [21]

Sê(ω) ∝ |ê ·a(ω)|2, (1)
where a(ω) is the Fourier transform of the time-dependent acceleration dipole of the electron
as a(ω) =

∫
a(t)eiωtdt. When taking the inverse Fourier transform of a(ω) over a large range

of harmonic orders [ωi,ω f ], especially a large range of continuum harmonics, we can attain the
attosecond pulse trains as

IAPT(t) =
∣∣∣∣∫ ω f

ωi

a(ω)eiωtdω

∣∣∣∣2. (2)

To calculate the HHG by formula (1), we use the electron wave function obtained by di-
rectly solving the time-dependent Schrödinger equation. Based on the assumption that only the
active electron responses under subjection to the laser pulse, and to save the computational cost,
we restrict the nuclei at the equilibrium position in the z axis and thereby construct the SAE po-
tential VSAE(r) for CO using the potential model approach [22]. The Schrödinger equation is then
for one electron only. Its construction and the solving method were given in detail in our previous
studies [8, 15]; therefore, we present here only the main points of the method.

The time-dependent Schrödinger equation describing the electronic wave function reads

i
∂

∂ t
Ψ(r, t) = H(r, t)Ψ(r, t), (3)

where Ψ(r, t) is the active-electron wave function, and the Hamiltonian has the form H(r, t) =
−∇2/2+VSAE(r)+E(t) · r+VP(r, t). It should be noticed that for polar molecules such as CO,
the polarization potential induced by the laser field is essential [12, 13] and is expressed as

VP(r, t) =−
α̂cE(t) · r

r3 . (4)

Here, α̂c is the core electrons’ total polarizability, whose components are taken from Ref. [14].
The laser electric field E(t) is linearly polarized in the yz plane and makes an orientation angle θ

with the molecular axis aligned along the z axis.
The temporal profile of the electric field for the chirped pulse is given as

E(t) = E0 f (t)sin(ω0t +δ (t)+φ), (5)

with E0,ω0, and f (t) being respectively the laser pulse’s peak amplitude, frequency, and envelope
function. The phase between the envelope and the carrier wave is called the carrier-envelop phase,
chosen in this work by φ = π/2. The time-dependent term is δ (t) =−βc tanh[(t− t0)/τ0] as given
in Ref. [11], with βc, τ0, and t0 being respectively the sweeping range, the steepness of the chirping
function, and the position where the sweep is centered. With this, the change of these parameters
can break the symmetry of the temporal profile of the laser pulse. To highlight the effect of the
chirped laser on forming the continuum range obtained generally by few-cycle pulses, we use the
multicycle laser, widely modeled by the trapezoidal envelope shape as

f (t) =


t

ton
for 0≤ t < ton,

1, for ton ≤ t ≤ toff,

− (t−τ)
(τ−toff)

, for toff < t ≤ τ

(6)
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with τ being the pulse duration. Here, the turn-on and turn-off instants are defined by the equations
ton = nonT0 and toff = (non + nc)T0 with T0 = 2π/ω0 being the optical cycle of the driving pulse.
The turn-on number and constant part are used in this work as non = 2 and nc = 3.

To solve the time-dependent Schrödinger equation (3), we expand the electronic wave
function as a linear combination of eigenfunctions Φm

n (r) of the field-free Hamiltonian H0(r) =
−∇2/2+VSAE(r) as

Ψ(r, t) =
+∞

∑
m=−∞

+∞

∑
n=1

Cm
n (t)Φ

m
n (r). (7)

In turn, the wave functions Φm
n (r) are expanded in terms of the B-spline functions [23] and the

spherical harmonics. Plugging the wave function (7) into the time-dependent Schrödinger equation
(3), we obtain equations for the time-dependent coefficients Cm

n (t) which can be resolved by the
forth-order Runge-Kutta method [15]. The solving procedure and the simulation parameters can
be found in detail in Refs. [8, 15].

2.2. Time-frequency analysis

The calculated high-order harmonic spectra only give us the harmonic intensity at a given
frequency ω but not the information of the instants when the harmonics are emitted. Therefore,
we can not analyze the electron dynamics contributed to the HHG based only on the harmonics
spectra. Nevertheless, a time-frequency map can be retrieved using the synchrosqueezed transform
(SST) of the acceleration dipole [24] as

S(t,Ω) =
∫

V (t,η)
1
ε

h

(∣∣Ω−ω f (t,η)
∣∣

ε

)
dη , (8)

where ε > 0 and small enough (ε = 0.05 in this study), η is a positive real variable, V (t,η) is a
window function of the acceleration dipole in the time domain, for which there are several options
to choose. In the present study, as in the previous, we use the Gabor transform [25, 26]

V (t,η) =
∫ 1√

2πσ
e−

(t′−t)2

2σ2 a(t ′)e−iη(t ′−t)dt ′, (9)

with σ = (3ω0)
−1 and h(x) = e−x2

/
√

π . Also, the instantaneous frequency function ω f (t,η) in
Eq. (8) is given as

ω f (t,η) =

{
− i∂tV (t,η)

V (t,η) , if V (t,η) 6= 0,

∞, if V (t,η) = 0.
(10)

2.3. Simulation of classical electron motion

To classify the electron trajectories into the order of rescattering, we need information about
the ionization and recombination instants: ti and tr. For this purpose, we simulate the classical
electron trajectories following the approach proposed in the work [2]; thereby, the kinetic energy
of a returning electron is obtained by solving the one-dimensional classical equation of motion
with the assumption that the electron sets free at ti at the origin z(ti) = 0 with initial velocity
ż(ti) = 0.

The recombination instant tr can be estimated by finding the solutions of equation z(t) = 0.
As a result, the kinetic energy at the moment of recombination Ek =

1
2 ż2(tr) for every pair of in-

stants (ti, tr) can determine the kinetic energy map. We note that there are several trajectories with
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the same Ek, classified as long and short trajectories corresponding to different pairs of instants
(ti, tr). Besides, the equation z(t) = 0 can have multiple solutions labeled by increasing order
corresponding to the order of electron return, i.e., the first-, second-, ..., and so on. From the
second-order to higher-order returns, one usually calls them as high-order returns.

The time-frequency analysis given in Subsec. 2.2, together with the kinetic energy map
obtained by classical simulation mentioned above, can reveal which electron returns contributed
to each harmonic order that helps us analyze the effect of HOR on the continuum harmonics.
We notice that there are some models in which the initial conditions of the electron are sampled
randomly or generated as a distribution such as the classical trajectories Monte Carlo [27, 28]
for a better quantitative description. However, in this work, the kinetic energy maps from the
conventional model [2] are suitable for our purpose.

3. Results and discussions

In this section, we consider the harmonic spectra emitted from the CO molecules sub-
jected to the near-infrared multicycle chirped pulses with wavelength of 1200 nm correspond-
ing to ω0 = 0.038a.u., the pulse duration τ = 7T0 ≈ 28 fs, and the laser pulse’s peak amplitude
E0 = 0.05 a.u. corresponding to intensity of 0.88×1014 W/cm2. As mentioned above, the chirped
pulse is characterized by the time-dependent chirping function

δ (t) =−βc tanh[(t− t0)/τ0]

with the parameters: βc - the sweeping range, τ0 - the steepness, and t0 - the position where the
sweep is centered. We aim to specify these chirping parameters to get the optimal continuum
range of harmonics.
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Fig. 1. (a) Temporal profile of the chirped pulse and (b) the classical
kinetic energy of the first-order returns as a function of ionization
(blue asterisks) and recombination instants (open black circles). For
the sake of comparison, in panel (a), the laser with chirp-free is also
plotted by the dotted black line.

In the first step, we
use the same parameters as in
Ref. [11], where βc = 6.25,
τ0 = 200a.u., and t0 = τ0/7, to
get the general picture of the
chirping effect on the multiple
rescatterings. As a result, the
laser profile and the classical
energy maps of the first-order
returns of an electron moving in
the chirped pulse are shown in
Fig. 1. We can see that the dif-
ference between results for the
chirp-free and chirped pulses
only occurs in the first three
optical cycles, i.e., at the ion-
ization instants I1, I2, I3 and at
the corresponding recombina-
tion instants R1,R2,R3 denoted
in Fig. 1(b). We can also see in Fig. 1(b) that the excursion time of the electron in the chirped
pulse (in the first three cycles) is greater than that in the chirp-free case (in the remaining cycles).
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Because of this, the figure shows greater kinetic energies at R1,R2,R3. This circumstance means
that the chirped pulse indeed can extend the cutoff in HHG spectra. However, we need further
additional analysis to know its effect on the continuum harmonics. Here, the electron excursion
time means the time interval between ionization and recombination events shown in Fig. 1(b).

From the above results, we have three electron trajectories corresponding to three pairs of
instants: (I1,R1), (I2,R2), and (I3,R3), which have the greater kinetic energies at the recombina-
tion instants. To realize the contribution of these electron trajectories to the high-order harmonic
generation, we show the high harmonic spectrum and its time-frequency profile for CO molecules
in the chirped laser pulse in Fig. 2, presented for two opposite orientation angles, θ = 0˚ and
θ = 180˚.

Two essential facts in Fig. 2 help us further define the continuum harmonics range from the
time-frequency map. The first is the extension of the cutoff due to the chirping effect. Indeed,
the cutoff is extended to the 67th-order at orientation θ = 0˚ [Fig. 2(a)] and the 73rd-order at
θ = 180˚ [Fig. 2(b)]. These cutoffs corresponding to the laws Ip +3.42Up and Ip +3.81Up agree
with the classical kinetic energies at R3 and R2, as shown in Fig. 1(b). This cutoff extension can be
understood from the SST map in Fig. 2, which shows that the cutoff of the 67th-order in Fig. 2(a)
is from electron return at the point R3 (with highest intensity1), while the cutoff of the 73rd-order
in Fig. 2(b) is from the point R2 (with highest intensity1). Therefore, we conclude that the cutoff
extension originates from the slight change in the chirped pulse’s temporal profile, which raises
a considerable difference in the kinetic energy of returning electron. This conclusion suggests a
way to extend the cutoff by varying the chirped pulse parameters.
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Fig. 2. Harmonic spectra and time-frequency profiles for the CO molecule subjected to
the chirped laser pulse shown in Fig. 1(a) with two orientations 0˚ (a) and 180˚ (b). For the
sake of comparison, the first-order, second-order and third-order returns of the classical
kinetic energy maps are also superimposed.

The second fact is the different cutoffs for the two opposite orientations. This distinction
originates from the asymmetry nature of the polar molecules and the symmetry-breaking of the
temporal profile of chirped pulse [8]. Indeed, at orientation θ = 0˚, the bursts around the odd

1the highest among three bursts R1,R2,R3
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points: R3 (tr = 3.2T0), R5 (tr = 4.2T0), R7 (tr = 5.2T0) predominate, while at orientation θ = 180˚,
the bursts around even points R2 (tr = 2.65T0), R4 (tr = 3.7T0), R6 (tr = 4.7T0) take over as shown
in the SST spectra in Fig. 2. Moreover, one can see from Fig. 2(b) for orientation θ = 180˚
that the maximum harmonic orders from the second- and third-order returns are smaller than the
second-highest photon energies of the enhanced first-order returns at the point R3. Consequently,
the continuum range is then defined by the highest and the second-highest photon energies, i.e.,
from point R2 to point R3, corresponding to the harmonics 67th to 73rd. All these points belong to
the first-order returns, meaning the continuum harmonics are obtained by eliminating high-order
rescatterings using the chirped pulse. It brings us to the next investigation, examining how the
appropriate parameters of the chirped pulse can affect the formation of continuum ranges.

Table 1. Energy difference ∆Ek between the highest kinetic energy Ek max and the second-highest one
of the returning electron with different chirping parameters. Units of ∆Ek and Ek max are of Up.

t0/τ0
βc = 6 βc = 8 βc = 10 βc = 12

Ek max ∆Ek Ek max ∆Ek Ek max ∆Ek Ek max ∆Ek
0.1 4.21 0.50 5.54 1.17 5.64 1.69 4.75 1.06
0.2 4.58 0.73 4.75 1.06 6.99 2.81 5.39 1.57
0.3 5.15 1.11 5.33 1.50 4.51 0.87 6.52 2.51
0.4 6.08 1.78 6.25 2.24 4.99 1.24 9.21 4.94
0.5 7.87 3.20 7.99 3.73 5.79 1.87 4.65 0.98
0.6 5.20 1.37 7.38 2.76 7.32 3.18 5.22 1.42
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Fig. 3. Dependence of the energy difference
between the highest and the second-highest
kinetic energies of returning electron on the
chirped pulse parameters βc and t0.

We now go to the second step by changing
chirped pulse parameters in the ranges: βc from 6
to 12, and t0 from 0.1τ0 to 0.6τ0, while τ0 is kept to
200 a.u. as in Ref. [11] to get the optimal contin-
uum harmonics range. Correspondingly, the tem-
poral profile of the laser is modified, resulting in
the change of the kinetic energy of returning elec-
trons. With the guidance of classical prediction, we
can narrow down considerably the cases of chirped
pulse parameters needed for the quantum investi-
gation. Indeed, we use the classical simulation for
each set of the parameters to examine the differ-
ence between the highest and the second-highest
kinetic energies of returning electrons, ∆Ek. The
results are presented in Table 1 and demonstrated
in Fig. 3 for clearer visualization. Here, differently
from Refs. [11, 29], we are interested in the con-
tinuum range instead of the highest kinetic energy
Ek max by themselves. Interestingly, Table 1 shows
that the ∆Ek is maximum when Ek is also maximum
for each given value of βc. Particularly, with the variation of chirping parameters, the greatest
value of ∆Ek is 4.94Up, corresponding to Ek max = 9.21Up at βc = 12 and t0 = 0.4τ0.
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Fig. 4. HHG spectra at orientations θ = 0˚ (a) and θ = 180˚ (b) for the four sets of
chirped pulse parameters which are bold in Table 1. For clarity, the spectra except for
βc = 6 and t0 = 0.5τ0 are shifted vertically with factors shown in the legends.

Based on the classical results, we calculate harmonic spectra only for 4 cases of chirped
pulse parameters indicated by bold numbers in Table 1. Obtained results are presented in Fig. 4.
The HHG spectra for orientation θ = 0˚ in Fig. 4(a) show that the greatest cutoff is at the 88th
order, corresponding to Ek = 4.77Up and belonging to the parameters βc = 6, t0 = 0.5τ0. Inter-
estingly, it is not the case of Ek max = 9.21Up belonging to the parameters βc = 12, t0 = 0.4τ0 as
predicted by the classical calculation. That is why we need the quantum calculation to justify the
classical prediction. Furthermore, it is worth emphasizing that based on the classical calculation,
this cutoff results from the recombination event at tr ≈ 2.59T0 corresponding to the ionization in-
stant ti ≈ 1.78T0, not from ti ≈ 0.52T0 which results in Ek max = 7.87Up. However, the continuum
ranges for these cases are still quite short and just around the cutoff regions, with the greatest
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bandwidth of about 1.0Up, i.e., from the harmonics 72 to 88. The generated pulses synthesized
by Eq. (2) from these continuum ranges are presented in Fig. 5. The results show that except for
βc = 12 with the twin pulse, the generated pulses are a single pulse whose bandwidth and inten-
sity are respectively shorter and higher with larger harmonic range. It has been known that in
multicycle lasers, a train of twin pulses is generated from the long and short electron trajectories,
while a train of single pulses indicates only one kind of electron trajectory existing [8]. Especially,
these results show that the single attosecond pulse, usually achieved by few-cycle lasers, can be
produced with multicycle pulses when using the chirping technique.
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Fig. 5. Generated attosecond pulses obtained from the continuum regions of the HHG
spectra of orientation θ = 0˚ in Fig. 4(a).

Regarding the underlying mechanism of the single and twin pulse generation, it can be
clearly explained by using the time-frequency profiles as in previous work [8]. Because the pattern
of the time-frequency profiles for βc = 6,8,10 is similar to Fig. 2, we can use it to explain the
formation of the single pulses in Fig. 5. Indeed, for βc = 6,8,10, the continuum range is also
confined between R2 and R3. One can see that at θ = 0˚, the continuum range is predominant
by the highest orders of R3 with only one kind of electron trajectory [see Fig. 2(a)], it leads to
the generation of the single pulse. In the case of βc = 12, because the laser’s temporal profile is
stretched very much, R1 and R2 are absent; thus, the continuum range is now confined between
R3 and the latter one. At θ = 0˚, the continuum range is dominated by R3, with both the long and
short trajectories, it causes the generation of twin pulse.

For orientation θ = 180˚, the results shown in Fig. 4(b) are the same. Due to the asym-
metric characteristic of polar molecules, the harmonic structure, especially the harmonic reso-
lution [8, 30] for the opposite direction, is quite different, as shown in Fig. 4(b). The reso-
lution difference is due to the difference in the number of interference bursts, as figured out
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in our previous study by analyzing the SST spectra [8]. In this work, we use another way
to show this origin by using the temporal profile of the generated pulses exhibited in Fig. 6.

 0.5

 1

 1.5

 2

 0.1  0.2  0.3  0.4  0.5  0.6

Δ
E

k
 (

u
n

it
s 

o
f 

U
p
)

t0/τ0

βc = 6
βc = 8

βc = 10
βc = 12

Fig. 7. Same as Fig. 3 but ignoring ti < 1.75T0.

As expected, in contrast to the case of ori-
entation θ = 0˚, the temporal profiles except
for βc = 12 are the twin pulses. Except for
βc = 10, the intensity of the generated pulses
is lower than that of orientation θ = 0˚. More-
over, the intensity of the generated pulses at
θ = 180˚ also changes vs. βc more signifi-
cantly than that of θ = 0˚. The reason lies on
the fact that the synthesized pulse of θ = 180˚
is mainly determined by R2 [as demonstrated
in Fig. 2(b)], which correlates strongly to the
ionization events in the turn-on phase of the
laser. Additionally, the chirping effect also ap-
plies in this stage. Meanwhile, at θ = 0˚, the
role is taken over by R3 correlating to instants
that are less affected by the chirping effect.
Therefore, the intensity of θ = 180˚ is more
sensitive to βc than that of θ = 0˚. These anal-
yses suggest that the orientation of the molec-
ular sample is essential to achieving the high efficiency of harmonic generation.
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Up to now, we focus only on the frequency of the continuum range but not on its intensity.
In fact, with the careful investigation of the other cases, we realize that although the ionization
with ti < 1.75T0 gives harmonics with high energy (around the cutoff), the ionization rate is very
low. The reason is that ionization events occur in the turned-on phase of the pulse. Therefore, to
improve the intensity of the continuum range, we should skim these instants. When considering
ti > 1.75T0, the energy difference ∆Ek in Fig. 3 shows that the optimal values are βc = 10 and
t0 = 0.5τ0, as found in Ref. [8].

4. Conclusions

In this work, we have studied the generation of the continuum spectrum of a polar molecule
CO in multicycle near-infrared laser pulses and used the chirped field to eliminate the high-order
rescattering effect on the continuum range. The high-order harmonic spectra are calculated nu-
merically within the single-active electron approximation.

First, we pick a specific value of chirped pulse and analyze the underlying physics using
the time-frequency analysis and the concept of electron trajectories. The results figure out that
with such up-chirped pulses, the high-order returns do not perturb the continuum region of the
high-order harmonic spectrum. Also, the slight change in the chirped pulse parameters can lead to
a significant cutoff extension.

Then, we narrow down the range of chirping parameters to get the optimal continuum range
by using the estimation from the classical simulation and then justify it by numerically solving the
time-dependent Schrödinger equation. We notice that if also interested in the high-order harmonic
generation efficiency, one should ignore the cases in which the highest high-order harmonic energy
results from the ionization instants in the turned-on part of the laser pulse.
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