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Abstract. Indomethacin is a common nonsteroidal anti-inflammatory drug, but its glass transition
behaviors remain ambiguous. Here we present a simple theoretical approach to investigate the
molecular mobility of amorphous indomethacin under compression. In our model, the relaxation
of a particle is governed by its nearest-neighbor interactions and long-range cooperative effects
of fluid surroundings. On that basis, the temperature and pressure dependence of the structural
relaxation time is deduced from the thermal expansion process. Additionally, we also consider
correlations between the activated dynamics and the shear response in the deeply supercooled
state. Our numerical calculations agree quantitatively well with previous experimental works.
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I. INTRODUCTION

Indomethacin (IMC) has been intensively studied for decades because of its peculiar prop-
erties [1–3]. This nonselective cyclooxygenase inhibitor is useful for treating joint diseases [4],
headaches [5], and patent ductus arteriosus [6]. In addition, one can apply IMC to design smart
probes for identifying cancer cells [7–9]. However, the commercial form of IMC exhibits poor
aqueous solubility and low bioavailability [10]. Hence, a large dosage of IMC must be delivered
to patients to achieve the therapeutic effect. The event may increase the risk of gastrointestinal tox-
icity [11]. One of the promising strategies to overcome these drawbacks is to prepare IMC in the
amorphous form [12–14]. Unfortunately, the disordered atomic structure is thermodynamically
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unstable. The crystallization readily occurs during manufacturing, storage, or dissolution [12–14].
Consequently, precise knowledge of relaxation processes in IMC is essential for reinforcing its
physical stability.

In experiments, the structural relaxation time, τα , is typically measured by the broadband
dielectric spectroscopy (BDS) technique [14–16]. The global atomic rearrangement causes a
prominent, broad, and asymmetry α-peak on the dielectric loss spectra. From these, one can
capture a dramatic growth of τα upon isobaric cooling or isothermal squeezing [14–16]. When
τα reaches 102 s, amorphous pharmaceutical systems undergo the glass transition and fall out of
equilibrium. In the glassy state, since cooperative motions become frozen, τα is often indirectly
estimated by a master plot construction [14]. Notably, recent BDS studies [17] have revealed that
compression effects can suppress the strong crystallization tendency of IMC. Nevertheless, the
underlying mechanism of these phenomena has remained ambiguous.

Apart from BDS measurements, one can use the Elastically Collective Nonlinear Langevin
Equation (ECNLE) theory to gain insights into the molecular mobility of amorphous drugs [18–
20]. The ECNLE theory considers the α-relaxation as a dynamic coupling between local and
collective activated events [18–20]. On that basis, the thermal response of τα is determined by
analyzing the bulk expansion process [18–20]. At ambient pressure, ECNLE calculations can
provide τα from 10−12 to 102 s, which is far beyond the simulation timescale [18–20]. Recently,
Phan et al. [21, 22] have modified the free energy profile to access the high-pressure regime. The
obtained results for τα of Phan et al. [21, 22] are in good agreement with BDS data. However, the
modified ECNLE model [21, 22] may lead to incorrect predictions of the dynamic fragility.

In this paper, we extend the ECNLE analysis to solve the mentioned limitations. Numerical
calculations are carried out for IMC up to 226 MPa. Besides, correlations between the structural
relaxation time, the fragility index, and the instantaneous shear modulus are comprehensively
discussed. Our theoretical results are quantitatively compared with prior experiments.

II. THEORETICAL BACKGROUND

In the ECNLE theory [18–22], an amorphous drug is described by an effective hard-sphere
fluid having the particle diameter, σ , the particle number density, ρ , and the packing fraction,
Φ = πρσ3/6. Structural properties of the reference system are inferred from the Percus-Yevick
approximation [23]. Specifically, the direct correlation function, C(r), is written in the real-space
by

C(r) = −(1+2Φ)2

(1−Φ)4 +
3Φ(2+Φ)2

2(1−Φ)4
r
σ

(1)

− Φ(1+2Φ)2

2(1−Φ)4

( r
σ

)3
for r ≤ σ ,

C(r) = 0 for r > σ . (2)

Employing the Fourier transform yields

C(k) =
4π

k

∫
σ

0
C(r)sin(kr)rdr, (3)
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S(k) =
1

1−ρC(k)
, (4)

g(r) = 1+
1

2π2ρr

∫
∞

0
[S(k)−1]k sin(kr)dk, (5)

where k is the wavevector, S(k) is the static structure factor, and g(r) is the radial distribution
function.

Molecular mobility is investigated in the framework of slow dynamics. In the overdamped
limit, stochastic trajectories of the tagged particle are governed by the nonlinear Langevin equation
as [24, 25]

−ζs
∂ r
∂ t
−

∂Fdyn

∂ r
+δ f = 0, (6)

where r is the scalar displacement, ζs is the short-time friction constant, δ f is the thermal white
noise, and Fdyn is the dynamic free energy derived from nearest-neighbor interactions. The explicit
form of Fdyn is [24, 25]

Fdyn

kBT
=−3ln

r
σ
−
∫ dk

(2π)3 ρC2(k)S(k)
[
1+S−1(k)

]−1
exp
{
−k2r2

6
[
1+S−1(k)

]}
, (7)

where kB is Boltzmann’s constant and T is temperature. The first term in Eq. (7) describes the
ideal fluid state, while the second term represents an entropic trapping potential [24, 25].
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Fig. 1. (Color online) Illustrations of the ECNLE theory for the α-relaxation process.
Each IMC molecule is modeled by an effective hard-sphere.

As shown in Figure 1, Fdyn gives us basic information about local dynamics. In dilute so-
lutions (Φ < 0.43), Fdyn reduces monotonically with increasing r [24, 25]. This tendency reveals
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that fluid particles can diffuse without kinetic constraints. For Φ > 0.43, a finite potential well
emerges from Fdyn [24, 25]. Hence, the tagged particle is dynamically arrested within an inter-
molecular cage. The cage radius, rcage, is determined by the first minimum of g(r) [18–22]. Based
on the free energy profile, one obtains three important length scales, including the localization
length, rL, the barrier position, rB, and the jump distance, ∆r. The local barrier is defined by
FB = Fdyn(rB)−Fdyn(rL).

In the localized state, the instantaneous shear modulus, G∞, can be deduced from the Green-
Kubo formula, which is [26, 27]

G∞ =
kBT
60π2

∫
∞

0
dk
[

k2

S(k)
dS(k)

dk

]2

exp
[
− k2r2

L

3S(k)

]
. (8)

At high densities, since rL� σ , only large wavevectors contribute to G∞. This ultra-local analysis
[28] allows us to compact Eq. (8) by

G∞ =
9

5π

kBT Φ

σr2
L
. (9)

The activated hopping event of the tagged particle requires the rearrangement of its nearest
neighbors [29–31]. Therefore, one can observe a small increase in the cage’s volume. This local
dilation excites a harmonic displacement field, u(r), in the surrounding fluid. Utilizing Lifshitz’s
continuity equation [32] provides

u(r) = ∆re f f

(rcage

r

)2
, r ≥ rcage, (10)

where ∆re f f ≈ 3∆r2/32rcage is the cage expansion amplitude [29–31].
According to Einstein’s glass picture, fluid particles outside the cage vibrate with the same

harmonic force constant, KL =
(
∂ 2Fdyn/∂ r2

)
r=rL

. Consequently, the strain energy, known as the
collective elastic barrier, is computed by [29–31]

FE =
∫

∞

rcage

1
2

KLu2(r)ρg(r)4πr2dr ≈ 12Φ∆r2
e f f

(rcage

σ

)3
KL, (11)

where g(r)≈ 1 for r ≥ rcage. From Eqs. (9) and (11), one can associate FE with G∞ at the deeply-
supercooled regime by

FE = 20π
∆r2

e f f r
3
cage

σ2 G∞. (12)

Figure 2 shows how FB and FE depend on the packing fraction. Essentially, one can neglect
FE in a range of 0.43 < Φ < 0.55. Nevertheless, in dense systems (Φ > 0.57), FE grows much
faster than its local analog. Entropic barrier profiles cross each other at Φ≈ 0.6. This result affirms
the dominance of collective dynamics in the α-relaxation near kinetic vitrification [29–31].

Recall that τα is defined as the average time for the tagged particle to escape from its cage.
Adopting the modified Kramers’ theory yields [29–31]

τα = τs

[
1+

2π√
KLKB

kBT
σ2 exp

(
FB +FE

kBT

)]
, (13)
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where KB =−
(
∂ 2Fdyn/∂ r2

)
r=rB

is the absolute curvature at the barrier position, and τs is the short
relaxation timescale. The analytical expression of τs is [29–31]

τs = τEg2(σ)

{
1+

σ3

36πΦ

∫
∞

0
dk

k2 [S(k)−1]2

S(k)+b(k)

}
, (14)

b−1(k) = 1− j0(kσ)+2 j2(kσ), (15)

where τE ≈ 10−13 s is the Enskog timescale, g(σ) is the contact value of the radial distribution
function, and jn(x) is the spherical Bessel function of order n.

Non-Arrhenius behaviors of τα are reflected in the dynamic fragility, which is [14]

m =

[
∂ log10 τα

∂ (Tg/T )

]
T=Tg

, (16)

where Tg is the glass transition temperature. By using the fragility index, one can classify amor-
phous drugs into three main categories: ”strong” (m ≤ 30), ”intermediate” (0 < m < 30), and
”fragile” (m≥ 100) [14].

Fig. 2. (Color online) Effects of the packing fraction on entropic barriers (mainframe)
and the structural relaxation time (inset) inferred from the ECNLE theory.

As depicted in the inset of Figure 2, the ECNLE theory gives us a universal correlation be-
tween the α-relaxation and the packing fraction over 14 decades [29]. Thus, a chemical mapping,
Φ = f (P,T ), is required to compare our coarse-grained calculations with experiments [30, 31].
Schweizer et al. [30, 31] have constructed f (0,T ) by equating the Percus-Yevick compressibility
(S(k = 0)) to its experimental counterpart. The strategy has been successfully applied to ther-
mal liquids [30] and polymer melts [31]. Unfortunately, numerous amorphous drugs have no
equation-of-state data for Schweizer’s mapping [30, 31]. To handle this issue, Phan et al. [18–22]
have proposed an alternative form of f (0,T ) via the thermal expansion process. In the present
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work, we extend Phan’s mapping [18–22] to appropriately take into account compression effects.
The f (P,T ) function is written by

Φ = f (P,T ) = Φ0 {1−β (P) [T −T0(P)]} , (17)

where P is hydrostatic pressure, Φ0 is the initial packing fraction, β is the bulk thermal expansivity,
and T0 is the characteristic temperature. Remarkably, in most cases, the original Schweizer’s
mapping [30,31] can be well fitted by Eq. (17) with Φ0 = 0.5 [27]. We keep utilizing this common
value to consider the glassy dynamics of IMC.

Material-specific details (e.g., molar mass and particle size) are encoded in T0 [18–22].
Since Eq. (13) indicates τα = 102 s at Φ = Φg = 0.611, we can directly link T0 to Tg by

T0 = Tg +
Φg−Φ0

βΦ0
. (18)

For simplicity, Tg is taken from experiments. The obtained results are often described by

Tg = k1

(
1+

k2

k3
P
)1/k2

, (19)

where k1, k2, and k3 are Andersson’s parameters [33]. On that basis, the pressure dependence of β

is supposed to be [34–36]

β = β0

(
1+

k2

k3
P
)−1

, (20)

where β0 = 12×10−4 K−1 is employed to all organic materials [18–22].

III. RESULTS AND DISCUSSION
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Fig. 3. (Color online) Effects of temperature on the structural relaxation time of IMC at
various pressures. Filled points are BDS data in Ref. [17], and solid lines correspond to
our ECNLE calculations.
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Figure 3 shows how log10 τα of IMC depends on 1000/T at different pressures. Ander-
sson’s parameters used for theoretical calculations are k1 = 315 K, k2 = 3.14, and k3 = 1238
MPa [17]. Notably, a large value of k1k−1

3 = 0.254 K.MPa−1 suggests that IMC should be viewed
as a typical van der Waals liquid [37–43]. From these, we can capture a significant slowing down
of molecular dynamics upon isobaric cooling. The ECNLE analysis is in excellent agreement
with recent BDS measurements [17]. Consequently, our findings would be useful for the tableting
process of amorphous drugs.
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Fig. 4. (Color online) The dynamic fragility of IMC versus pressure given by the ECNLE
theory and BDS experiments [17].

Figure 4 shows compression effects on the dynamic fragility of IMC. When P = 0.1 MPa,
the ECNLE theory predicts m = 90.1. Thus, IMC is regarded as an ”intermediate” glass-forming
liquid [14]. Similar to other polymers and van der Waals systems [41–44], IMC becomes ”stronger”
at elevated pressure. By combining Eqs. (16) and (17), we obtain

m = βTgΦ0

(
∂ log10 τα

∂Φ

)
Φ=Φg

∝
1(

1+
k2

k3
P
) k2−1

k2

. (21)

Since k2 > 1, Eq. (21) clearly explains why m reduces continuously with compression. The linear
relation m ∝ βTg has been confirmed by many literatures [41–44]. Overall, ECNLE results are
slightly smaller than BDS data [17]. This discrepancy may be due to the ignorance of hydrogen
bonds [14]. However, the maximum error for m is only 12 % in a range of 0 to 226 MPa. The
value validates our theoretical approach and the chosen chemical mapping.

In the deeply supercooled state, the α-relaxation depends crucially on mechanical prop-
erties [45–47]. Conventionally, one can use Dyre’s shoving parameter, X , to clarify correlations
between the activated dynamics and the shear response [45–47]. The definition of X is [45–47]

X =
G∞(P,T )Tg

G∞(P,Tg)T
. (22)
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Applying the ultra-local analysis (Eq. (9)) [28] and an exponential law rL = 30σ exp(−12.2Φ)
[24] provides

X =
Φexp(24.4Φ)

Φg exp(24.4Φg)
. (23)

Numerical calculations based on Eqs. (17) and (23) are presented in Figure 5. For IMC, one can
realize a dramatic growth of Dyre’s shoving parameter with decreasing temperature (or increas-
ing pressure). Physically, the shrinkage of free volume upon cooling (or squeezing) enhances the
cohesive energy among IMC molecules. Therefore, this amorphous drug becomes more rigid and
achieves higher values of X . ECNLE predictions are quantitatively consistent with prior experi-
ments utilizing Brillouin light scattering spectroscopy [48].
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Fig. 5. (Color online) Dyre’s shoving parameter of IMC as a function of inverse normal-
ized temperature at different pressures. Solid lines and filled points represent ECNLE
calculations and experimental data [48], respectively.

It is conspicuous that X exhibits non-Arrhenius behaviors under isobaric conditions. The
thermal sensitivity of X is characterized by

mX =

[
∂X

∂ (Tg/T )

]
T=Tg

. (24)

From Eqs. (17), (23), and (24), mX drops quickly by a factor of 1.36 between 0.1 and 260 MPa.
Remarkably, Figure 6 shows a linear connection between mX and m. Our ECNLE theory yields
m = 18.5mX , which is quite close to Dyre’s empirical rule m = 16mX [45–47]. Near the glass
transition, the collective barrier overwhelms its local counterpart in the α-relaxation process [29–
31]. Furthermore, Eq. (12) indicates that the elastic work is proportional to the instantaneous shear
modulus. Thus, we acquire log10 τα ∝ X and m ∝ mX at T ≈ Tg. In general, precise knowledge
of τα and X can suggest a way of capturing molecular mobility via mechanical measurements
[49, 50].
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Fig. 6. (Color online) Correlations between mX and m obtained from the ECNLE theory.

IV. CONCLUSIONS

We have extended the ECNLE theory to consider the molecular mobility of IMC up to 226
MPa. Compression effects have been embedded in a chemical mapping from real IMC molecules
to a hard-sphere fluid. This physical perspective allows us to determine the structural relaxation
time, the dynamic fragility, and the shoving parameter at various thermodynamic conditions. At
kinetic vitrification, we have found an important relation of m ∝ βTg ∝ mX . Our numerical cal-
culations are in good accordance with previous experiments. Hence, the obtained results would
improve understanding of the physical stability of IMC. Moreover, it is possible to develop our
analytical approach to investigate the glassy dynamics in co-amorphous drugs.
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