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Abstract. We present a theoretical approach to investigate how gold core-shell nanoparticles dis-
persed in water thermally respond to near-infrared-regime laser illumination. First, the absorp-
tion cross section of gold nanostructures is calculated using Mie theory. Second, we determine
the absorbed power density when the solution is exposed by the laser light. Here, the solution
of nanostructures is assumed to be uniform and homogenous. Third, we analytically solve the
transient bioheat equation to calculate time-dependent temperature increase. Our theoretical cal-
culations quantitatively agree with previous experiments without any adjustable parameter. This
approach would provide a reliable tool to understand photothermal effects in unexplored struc-
tures.

Keywords: photothermal effects, gold nanoshells, NIR, Mie theory.

Classification numbers: 78.20.nb, 78.67.Bf.

©2020 Vietnam Academy of Science and Technology

http://dx.doi.org/10.15625/0868-3166/30/4/15152
mailto:dtnga@iop.vast.ac.vn


364 DO THI NGA et al.

I. INTRODUCTION

Photothermal effects of gold nanoshells have been recently investigated due to their appli-
cations in a wide range of fields [1–6]. Core-shell nanoparticles are composed of two different ma-
terials to exploit their advantageous features and shift surface plasmon resonance in near-infrared
regime, where water absorbs a very small amount of optical energy. Then, one can maximize the
energy harvesting of gold nanostructures from incident laser light to heat up the solution. When
injected into biological samples, gold nanostructures can locally and selectively heat and eradicate
unhealthy cells without damaging healthy counterparts [7, 8].

Moreover, the photo-induced heat generation of gold nanoparticles leads to acoustic waves
and significantly enhances a new depth optoacoustic imaging [9, 10]. An increase of efficiency
of the surface plasmon absorption generates the enhancement of the ultrasonic emission of the
contrast. Therefore, the resolution of this image is significantly increased and can be applied for
non-invasive diagnostic techniques. Gold nanoparticles can also penetrate cell membranes [7, 8]
and are one of the most promising drug delivery vehicles.

However, applications of gold nanoshells are strongly dependent on particle sizes. For
example, effective drug delivery [11–13] requires sub-100-nm nanoparticles. However, when the
diameter of gold nanoparticles is greater than 100 nm, it is hard to penetrate membranes and these
large particles can be adsorbed on blood vessels and biological organs [12]. Thus, investigating
optical properties and photothermal effects of nanoparticles in different sizes is essential for real
applications.

In this paper, we show a simple but comprehensive model to calculate the spatial and tem-
poral temperature under laser exposure of gold-nanoshell aqueous solutions. Finite-size and struc-
tural effects of nanostructures on the absorbed optical energy are studied. To verify our theoretical
approach, we compare numerical results with experimental data. Finally, we discuss limitations
of this approach and possibilities to develop.

II. MIE THEORY FOR GOLD CORE-SHELL NANOSTRUCTURE

The absorption, scattering, and extinction cross sections of core-shell nanospheres have
been theoretically calculated using Mie theory [3, 14–19]. It is well-known that theoretical cal-
culations provide a quantitatively good agreement with experiments [15–17, 19]. These cross
sections are
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where Rc and Rs are the inner and outer radius of the core-shell nanostructure, respectively, and
Vn and Un are determinants, jn(x) is the spherical Bessel function of the first kind, yn(x) is the
spherical Neumann function, Ψ(x) = x jn(x) and ξn(x) = xyn(x) are the Riccati-Bessel functions.
One can obtain analytical expressions of UT E

n and V T E
n by replacing the dielectric function with the

permeability in Eq.(2). The dielectric functions of the core and shell of the core-shell nanoparticles
are εc and εs, respectively. The dielectric constant of surrounding (water) medium is εm ≈ 1.77.
The wavenumber is ki = 2π

√
εi/λ with i = s,c, and m with λ being the wavelength of incident

light.
In our work, we study the optical spectra of silica-gold nanoshells. The dielectric constant

of silica is εc ≈ 2.13 [20]. In order to simplify calculations, we choose the Lorentz-Drude model
with many oscillators to describe the dielectric function of gold (εs or εAu) [21], which is

εAu = εs = 1−
f ω2

p

ω2− iωΓ0
+

5

∑
j=1

f jω
2
p

ω2
j −ω2 + iωΓ j

, (3)

where ωp is the gold plasma frequency, Γ0 and Γ j are the gold damping parameters, and f0 and f j
are the gold oscillator strengths. Values of these parameters are taken from Ref. [21]. In several
experimental studies [3, 15, 19], the shell thickness is approximately 20 nm and the finite-size
effect on the optical spectrum becomes important. Hereafter, we fix the thickness Rs−Rc = 20 nm
to be consistent with Ref. [3,15,19]. This finite-size effect is encoded to our dielectric function by
changing the damping parameter Γ0 ≡ Γ0 +BvF/(Rs−Rc), where vF is the gold Fermi velocity
and B is a parameter responsible for the scattering processes. An increase of B not only shifts
a position of the plasmonic resonance, but also broadens optical sepectra. The broadening of
optical spectra contains information of the size distribution of nanostructures in experiments. For
silica-gold core-shell nanoparticles, the parameter B is fixed at 1.5 [17, 22].

Figure 1 shows the theoretical absorption spectra calculated using Mie theory at Rc = 10,
20, 30, 40, 50, and 60 nm. Increasing the silica core size leads to an increase of the absorption
cross section and a red-shift of the plasmonic resonance. These peaks are located at λmax ≈ 541
nm and 782 nm for Rc = 10 nm and 60 nm, respectively. As shown in Fig. 2, increasing the core
size Rc leads to a growth of the plasmonic resonance position λmax. The linear guide-to-the-eye
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Fig. 1. (Color online) Theoretical absorption cross section of silica-gold nanoshells as a
function of wavelength at different sizes of silica core. The gold thickness is fixed at
20 nm.
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Fig. 2. (Color online) Position of surface plasmon resonance (SPR) as a function of ra-
dius of the silica core radius. The solid and dotted lines are our full calculations and a
guide-to-the-eye line, respectively.

line is found to be λmax ≈ 484.44+4.8Rc. This linearity of the guide-to-the-eye line is consistent
with prior works [14, 23, 24]. To exploit photothermal effects of gold nanoshells in biological
applications, the core radius is greater than 40 nm.
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When Rc ≥ 40 nm, one can see a shoulder in the optical spectrum of gold nanoshell.
This emergence is attributed to the contribution of higher-order multipoles (for example, dipole-
multipole and multipole-multipole interactions) to the absorption process [14]. For smaller nanos-
tructures, the role of the silica core is screened and the composite can be considered as a solid
gold nanosphere. Electromagnetic fields penetrating into the gold layer can be coupled in the sil-
ica core. However, the plasmonic coupling is decoupled when the core size is large or the dielectric
region is sufficiently large to decouple the interference of electric fields in the metal shell.

III. PLASMONIC PHOTOTHERMAL HEATING

In biological applications of photothermal effects, near-infrared laser light is preferred since
it can penetrate into water and biological tissue without large energy loss to excite surface plasmon
resonances of metal nanostructures. To be consistent with prior experiments [25], in our calcula-
tions, we choose the 808 nm laser light. It is important to note that this laser light has been widely
used in other studies [3, 15, 19].

Plasmonic nanostructures absorb optical energy of incident light and thermally dissipate
into the solution. Thus, the temperature of the solution is increased under laser illumination. To
model physically the heating process, we have three assumptions: (1) 100 % of the absorbed
energy can be converted to the heat; (2) plasmonic particles in the solution moves freely and
randomly; (3) to solve analytically the heat transfer equation in the easy manner, we adopt spher-
ical coordinates for the equation, and this solution with a volume V is described as an effective
spherical solution of radius R. Thus, R = (3V/4π)1/3.

Under the laser light irradiation, the heating process is mainly governed by two tightly inter-
correlated mechanisms: light-to-heat conversion of particles and thermal convection in medium.
By adopting the Pennes bioheat transfer equation [15, 26] in spherical coordinates, we have the
time-dependent temperature increase ∆T (r, t) expressed by
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where k and κ = k/(ρc) are the thermal conductivity and thermal diffusivity of the medium,
respectively. ρ = 1000 kg/m3 is the mass density, c = 4200 J/(kg.K) is the specific heat, and τ

is the perfusion time constant. A = NQabsI0 is the heat source density calculated by summing
all absorbed energy of each plasmonic nanoparticles. Here, N is the density number of particles
in experimental samples and I0 is the laser intensity. The sum of the absorbed energy of each
nanoshell implies that there is no plasmonic coupling or aggregation among nanostructures.

Since the heat source generation is only confined within the effective spherical region and
there is no nanoparticle to absorb and generate heat outside this area, thus, one can rewrite Eq. (4)
to be
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Solving analytically Eq.(5) requires the continuous boundary conditions. These are con-
tinuities of the spatial temperature increase and its spatial derivatives at r = R. The temperature
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∆T (r = 0, t) of the theoretical spherical domain is supposed to be the temperature experimentally
probed by thermocouples/thermalsensor [15, 26]. The measured temporal temperature is
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IV. NUMERICAL RESULTS AND DISCUSSIONS

To validate our approach, theoretical calculations are compared to prior experiments [25],
which investigated photothermal effects of gold nanoshells having Rc = 60 nm and Rs = 80 nm
dispersed in water. In these experiments, the volume of the solution is V = 260 µl, the laser
intensity is I0 = 2 W/cm2.

Figure 3 shows theoretical results and experimental data in Ref. [25] for the time-dependent
temperature rise of the gold-nanoshell solution at different concentrations (1.14×109 particles/ml
and 2.28×109 particles/ml). Our Mie calculation gives Qabs = 40800 nm2 at 808 nm to calculate
the heat source power. For clean water, the perfusion time is infinite or very large since the con-
vective heat transfer of water is much smaller than that of solution having biological components
due to a lack of the circulatory system. In other biological systems such as chicken tissues [15],
τ = 200 s. A good agreement between numerical results for τ ≥ 2000 s and experiments verify
the purity of water. A decrease of the perfusion time leads to a faster saturation of the temperature
rise and also reduces the steady-state temperature. This finding indicates an important role of per-
fusion in the heating process in biosystems. Investigating photothermal effects in these systems
without considering the perfusion mechanism causes a significant deviation.

It is important to note that, for τ = ∞, our theoretical curve deviates from experimental
data, particularly when t ≥ 60s. There are several possible reasons for this deviation. First, we
ignore the temperature-induced interfacial change and thermal instability [27]. Second, a tem-
perature increase also modifies parameters in dielectric functions [28, 29]. In Ref. [27, 28], when
∆T ≥ 100 0C, effects of temperature on optical and structural properties become significant. Al-
though our temperature rise is less than 20 0C, the heating process possibly shifts the absorption
spectrum. Third, the thermal conductivity is temperature-dependent [30, 31] but it is assumed to
be unchanged in our model for simplification purpose.

Equation (6) suggests that the steady-state temperature linearly increases with the laser
intensity I0 and the density number of nanoparticles. This analysis is in accordance with experi-
mental findings and other theoretical approaches [3,4,15,32,33]. However, theoretical predictions
can deviate from experiments when the solution of gold nanoshells is very dense since plasmonic
scattering effects become more important and the light-to-heat conversion is not perfect. Note that
the scattering cross section is much less than the absorption counterpart for small particles [14]
and this role is reversed at large particles. In addition, plasmonic couplings between nanostruc-
tures may occur and invalidate our assumptions. From practical point of view, the plasmonic
coupling effects occur in the dense solution of nanostructures and they definitely damage body.
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Fig. 3. (Color online) Theoretical (solid lines) and experimental (open points) tempera-
ture rise for a solution of nanoshells with 20 nm gold thickness on a silica core with a
radius of 60 nm at a concentration of (a) 1.14×109 particles/ml and (b) 2.28×109 parti-
cles/ml to describe experiments in Ref. [25]. The perfusion time ranges from 20 seconds
to infinity. The thermal conductivity is k = 0.6 W/m.K.
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Thus, in most cases, the nanostructure solution is dilute. Revealing underlying mechanisms and
main reasons for this deviation requires systematic future experiments.

Figure 4 shows the time dependence of the temperature increase calculated by our model
for the solution of gold nanoshells having 1.14×109 particles/ml and τ = 2000 s at several values
of the thermal conductivity. The higher thermal conductivity accelerates the heat transfer process
and thus reduces ∆T (r = 0, t). An addition of gold nanoparticles to the solution enhances this con-
ductivity. However, the enhancement is neglectable at dilute solutions and this is one of limitations
in our approach.
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Fig. 4. (Color online) Theoretical temperature rise for a solution of nanoshells with 20
nm gold thickness on a silica core with a radius of 60 nm at different values of the thermal
conductivity. The perfusion time is 2000s. The particle concentration is 2.28×109 parti-
cles/ml.

In Eqs. (4) and (6), one can see that the product κτ plays an important role in the time de-
pendence of the temperature rise. However, since biological tissues are mostly covered by water
(∼ 90 %) [15], the thermal conductivity and thermal diffusitivity of these systems are approxi-
mately equal to those of water [15]. Thus, in photothermal therapy investigations, roles of the
perfusion time become dominant and crucial for predicting an increase of temperature. In addi-
tion, by tuning the perfusion time to obtain the best fit between theory and experiment, we can
determine the value of the perfusion time.
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V. CONCLUSIONS

In summary, we have presented the theoretical approach to calculate the time-dependent
temperature rise of gold nanoshells dispersed in water under laser illumination. We calculate the
absorption cross section of these nanostructures by the scattering Mie theory. The solution of gold
nanoshells is dilute to ignore plasmonic coupling and scattering effects. This assumption allows
us to calculate the absorbed optical energy on a particle and the power source density in the solu-
tion. The absorbed energy of near-infrared light at 808 nm on nanoparticles thermally dissipates
into medium to heat up the system. By solving the Pennes bioheat transfer equation, we obtain
an analytical expression of the temperature rise. The analysis indicates a linear increase of the
steady-state temperature with increasing the laser intensity and nanostructure concentration. The
perfusion effects are very important in the laser-induced heating process in biological systems. Our
calculations quantitatively agree well with various experimental studies. Moreover, photothermal
effects are suppressed at systems having the high thermal conductivity. This approach can be ap-
plied for other various nanostructures and be used to determine the perfusion time of biological
systems. Limitations of this theoretical approach are also discussed.
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