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Abstract. In this paper we present the Einstein equation extended in six-dimensions (6D) from the
SJormalism of codimension-2 brane, which is created by a 4-brane and 4-anti brane moving in the
warped 6D bulk space-time. The system of equations of motion for the dynamical codimension-
2 brane has been derived to describe the cosmological evolution on the probe branes. Some
cosmological consequences are investigated.
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I. INTRODUCTION

Besides the extended models of Standard Model (SM) and Standard Cosmology, the ex-
tra dimensions have been considered as the ways to investigate both old and open problems of
Particle physics and Cosmology, in the new physics beyond the SM to unify gravity with gauge
interactions [1-3]. Particularly, in the brane-world theories, the D-brane inflation in warped com-
pactification has attracted much attention recently [4, 6]. In that case, the inflation is identified
as the separation between a brane and an antibrane, which is described by codimension-2 brane
coupled to bulk metric [7, 8].

In this paper we consider the time and external spatial-dependent dimensions in a warped
six-dimensional bulk. Based on the form of the brane-world energy momentum tensor proposed by
Shiromizu et al. in five dimensions (5D) [9], the theory to the codimension-2 brane was extended
to six dimensions (6D). Here 4-brane and 4-anti brane have been assumed to be an Anti de Sitter
(AdS) space. The Einstein equations in 6D show that the velocities, the curvature and the geometry
of extra space affect the evolution of Universe.
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To describe the motion of two 4-branes moving in 6D Schwarzschild-AdS space, we con-
sider the dynamical codimension-2 brane in a static bulk. The constrain relating of scalar factors
in (1, 3+2) space is directly derived from these equations of motion.

A question which has also attracted recently much attention [10-12] is whether inflation
is triggered by the energy density in the bulk or in the branes. We try discussing dynamics of
inflation in the case where the matter content of the codimension-2 brane dominates that of the
bulk.

This paper is organized as follows. In Sec. II we present the Einstein equation extended in
six dimensions from the formalism of codimension-2 brane. The dynamical codimension-2 brane
in a static bulk have been considered in Sec. III, where the system of equations of motion was
derived. Sec. IV is devoted to discussing some cosmological consequences when the brane and
antibrane energy density dominate that of the bulk. The conclusion is given in Sec. V.

II. FORMALISM
We start from the dynamical bulk metric in six dimensional space - time
ds* = —n?dt* + R*(t,2)dX; + x*(t,2)dzdzZ (1)

where z = y; +iy,, with y;, y» are two extra dimensions, dZi represents the 3 dimensional spatial
section metric.

We assume that the geometry of our theory is the 6D Riemann manifold. Aty; =0ory, =0
this manifold contains two 5D space - time, the 6D metric was compactified and considered by the
4D effective theory.

We impose y; = nsin@, y» = 1 cos ¢, here 1 and ¢ are the polar coordinates of two external
dimensions, which could be compactified on a dimensional sphere (S?/Z%) [11].

Two probe brane and antibrane may be add in the bulk and can be centred around the axis
of symmetry, like as around one of the background codimension - 2 brane.

We focus the cosmological dynamics on the brane and antibrane (located at y; = y, = 0) of
the bulk metric, where the scalar factor R, x of (1,34 2) dimensions depend on both the time and
two extra dimensions, i.e.

d 2
ds* = —n*dt* + R*(t,1,9) <1 rk 5+ 17 (d6? —|—sin29dq)2)> +2°(t,n,9) (dn*+n%d¢*) (2)
—kr
where k = —1, 0, 1 is the curvature corresponding to the hyperbolic, flat and elliptic spaces,
respectively.
We assume that the energy - momentum tensor, which satisfies the Einstein equation
Gun = kg Tun (3)
can be decomposed in two parts corresponding to the bulk and the branes as
T]G/I = T[G/I ’Bulk +T]\1}/I‘bmnes (4)

where the Latin letters denote the 6D indices M,N = 0,1,2,3 (4D) and 5, 6 (for two extra dimen-
sions)

T |pux = diag (—pp, —Pp, —Ps: — P8, —PB, —PB) (5
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Here the energy density pp is a constant, kg is related with the 6D gravitational constant G¢ and
the fundamental scale M) by

kg = 87Ge) = M4 (6)
T,{,” |branes just is the energy - momentum tensor on the codimension - 2 brane
0 . N
T]{]M|brane = gf)dlag(—PhaP»PaPaPaP,O) (7)
and 5
— T . .
T}G/I ‘am‘ibmne = ((pr)dlag(_pbvpapvp7oap) (8)

where p is the pressure in 3D space, pj, is the energy density and p - pressure in the extra brane
and antibrane directions.
The Einstein equations extended in 6D take the form

(8 (%) () o] o o) (2 (2

R// R// %// %// 7 R 7 x R X
3 Ze ) (A A0 ) 3R SEA A2
<R+R><x+x nR nx+ Ry KoPs

Rt (Ba B 2o
R x R R x x

R\' (2 (B () %\ ok (10)
Hiz) T 3) 2R (G T ) =

LA L/ S

nR ny R%

By using the conditions (7) and (8), we derive the equations on the brane and antibrane,
respectively

2
R 7 Ry AN AN LA
3_ 423243 (( = 1 2 —
R+x R ) "\®) "\®] TR

an
AR _ny Ry  Raxn_ o,
S0R ny 3(Rx+Rx — Kb
2
R % R RN (Ry) | (Re\ &
(12)



280 PHAN HONG LIEN

It shows that the evolution of Universe depends on the velocities a(t) = %, b(t) = %,
c(t) = %; on the curvature and the geometry of extra space. However, these equations can not

be integrated analytically.

III. DYNAMICAL CODIMENSION - 2 BRANE IN A STATIC BULK

We consider the motion of codimension 2 brane as the separation between a brane and
antibrane moving in 6D Schwarzschild - AdS (SAdSe) space, whose metric is given by

2
ds® = —h(z)di + %dz,i +h Y (2)dzdz. (13)

We focus on configuration, where the symmetry in the brane and antibrane directions are
maximum, and dzdZ = dn?* +n*d¢>, z = |n|. So we have

2
n Ms
h(n) :k+§d2,%—%. (14)
In the Schwarzschild coordinates, the metric (13) reads

2

ds? = ~h(n)dr* + L d=% + b (m)dn®. (15)
where )
d

dy2 = ot r* (d6* +sin0°d*) + (1 — kr*)n’d¢* (16)

Comparing (16) with the metric (1) yields

2
n= VA R="T5 g =/ 1(n). (17)

Applying Israel junction conditions [12] for two moving branes

1
K] = -3 <T164—4Th%> (18)
where T = TMNgMN ; hﬁ’,l is the induced on each 4-branes. Similarly to the case of five dimensions
(5D) for z =n(t), one have got [13]

W=2iy (3

_\/ﬁ =—Ks <4Pb—P> ; (19)
o) )

VRN K (20)

n 4
The Friedmann - type equation in six dimensions takes the form
. ) 4 4 i
i) n K, K, kK 5
2n+3(n> :—Sépb2+§6ppb—3?—ﬁ (21)

The last term in (21) corresponds to energy - momentum tensor in the codimension -
2 brane.
Since 8(p) =0, §(¢ — ) = 0 in the bulk, then

K Tnn = Ko Top = Ke e, 22)
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where Ag is the 6D bulk cosmological constant.
The L size of SAdS¢ space is determined from

10

KeAs = -5 (23)

To describle the motion of codimension - 2 brane as two 4-branes living in a 6D space -
time, we consider the metric (1), where the position of codimension - 2 brane at any bulk time ¢ is
noted by z = 1(¢). The proper time in each brane is defined by

n* ()i — x* (t,n (1)) n? =1, (24)
n* (1) =02y (t,n(t) 9% =1, (25)

o dt e dn 4 do
where 7 = -, =1 0=
The metric on the brane takes the form

ds* = —dt* + R*(t,m)dX3 + x*(t,n)dn? (26)
Similarly, on the antibrane it reads
ds”® = —dt® + R2(t,n)d23 + 022 (t,n)d > 27)
The extrinsic curvature tensor on codimension 2 brane is given by [14]
KM = hb Vg = W5 Vil (28)
where n and n’ are unitary vector fields normal to the brane and antibrane world - sheet
hyn = gun — nunn Wy = gun —n'un'y. (29)

We introduce the unitary velocity vectors corresponding to these branes

MM = {i7070’0?n70}? (30)
u™ =1{i,0,0,0,0,7}. 31)
Due to the conditions
gunnnN =1, guyn™n™ =0, (32)
g =1, gunn™n™ =0 (33)

the componets of unit vector fields are determined
ny = —{nx1,0,0,0,nyi,0}, (34)

nM:_{nlxnn707070>07n%ni}' (35)
By using the metric (25), (26) for the brane and the antibrane, we can find the components

of the extrinsix curvature (see Appendix A).
Applying the Darmoris - Israel condition

kv = — k¢ T, (36)
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where the energy - momentum tensor 7j;y on each brane is defined by (18) and was given in (7),
(8), we obtain the system of equation of motion of codimension - 2 brane

X’ —xi V1+x0?
VI+xn? n

¥ dnpn K2 R
(i =0 2 G~ ndyz) ) == 3w+ )+, BT

dnR v

;;7 1+xzn2:—§6(Pb+p—ﬁ) (38)
1/d d -
X(;’u}%) T+ 2207 = =2 (py =3 (0= ) (39)

In the case of a 4-brane, this approach leads to result equivalent to that obtained for static
brane in a dynamical bulk [15].

It is easily to see that the static 4-brane and 4-antibrane (n = 1) = ¥ = 0) are special cases
of codimension 2-brane. Futhermore, it is shown that the contribution of matter on branes (p # 0)
is significantly in the evolution of Universe.

Combine (38) and (39), we derive the relation of scalar factors R(z,n) and x(¢,7m) in a
(1,3 +2) dimensional bulk (see Appendix B)

R=C [nx](Pb+P+ﬁ)/(Pb*3(P*ﬁ)) (40)
where C is an integration constant.
IfR(n)=x(n) = % then the 6D bulk has §* symmetry and a 6D SAdS black hole solu-
tion [16]
IV. SOME COSMOLOGICAL CONSEQUENCES

Let us discuss the consequences when assume that Friedmann - type equation

1 7\ 2 K v k2
22%(2) = 3P PPt A (1)

can be applied to our present universe. The energy density p; is rewritten as a fraction of the
critical density p. which is usually defined by

3H?
pec= 42)
87Z'G(6)
such that
Py = Qp. 43)
and
871G e) kK Ag
H?> = 22O, K D 44
3 P 2 +3 (44)

Equation (41) becomes

. 1 kK x?
2H +5H% = —aAZHZQZ (3+8w) —3?+?6A6 (45)



DYNAMICAL CODIMENSION2 BRANE IN A WARPED SIX DIMENSIONAL SPACE-TIME 283

where
M,H
r==r (46)
M
(6)
2 -1 4
M, = (87Gs)) = 2M5R) (47)
here the crossover distance Rg) between two regimes is [17]
R M, (48)
6) = 532
2M(6)
The left hand side of Eq. (11) can be expressed in terms of acceleration parameter defined
by
2da
q=— <> (49)
3a2 now
so that
(2H +5H%),  =3(1—q)H (50)

Since the cosmological observations constrain |g| to be of the order 1 (Qy0w being of the
order 1) then the present matter content has influence to the dynamic of its geometry if A was
at least of order 1, when sixth dimension radius is of the order the present Hubble radius. A
possible way out is to assume that the bulk term dominated in Eq (41) drive the dynamics of our
universe [18].

Extending directly the investigation in 5D [15], we focus on the case where the matter
content of codimension - 2 brane dominated that of the 6D bulk. The initial conditions in early
Universe suggest [14] that the branes inflation might require almost empty bulk following the
condition

pbulkM(_(s < Pbranes- (51)
The universe dynamics will be dominated by the brane and antibrane energy density rather
than the bulk pressure p = wp,, which satisfies the condition

2

Poulk K AZ(Q’) (52)
6

That means the domination of codimension - 2 brane over bulk energy density might be
imposed on a typical distance scale of order M(26)

pbulkR(()) < Pbranes (53)

If the nature bound p;, < M(36) then

H ~ Mg, py < Mg). (54)

The inflation mass, which must be less than A during inflation in order to fulfil slow - roll
condition, will be less than the fundamental scale M g).
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V. CONCLUSION

In the above sections, we have presented a formalism for the probe codimension-2 brane in
a warped six-dimensional space-time.

The Einstein equations have been extended in 6D, which shows that the cosmological evolu-
tion depends on the velocities, the curvature and the geometry of extra space. The system of equa-
tions of motion of 4-brane and 4-antibrane was derived when we consider dynamical codimension-
2 brane in a static bulk. In the Schwarzschild coordinates, the 6D bulk has S4 symmetry and a
SAdSe black hole solution. Some cosmological consequences was discussed in the case where
codimension-2 brane energy density dominated that of the bulk. This mechanism can drive the
dynamics of Universe. In the case of 6D, the Hubble radius might be less than the fundamental
scale M(g).

It is expected that this formalism could pave the way for better understanding of various
physical phenomena of high energy physics.
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APPENDIX

Appendix A. The components of the extrinsic curvature

. id .
Ko = —nyif] +nyni — ;n + 1% (xdnn —ndyx)

dpnR ——

XR
d 5
dnX -
K¢¢ :TZZ iV, 1+X2n2

Substituting 7, f from Eq. (23) in to Eq. (35), K; is written as
P er A A
T Tt 2212 n %2172 n

Appendix B. The equation of motion of codimension - 2 brane

e
Kir =— ) (3(Pb+P)+ﬁ)

dnR : K2
1 212 — _ 6 _ A
T + %7 2 (po+p—D)

1 /d d , K2 .
- <”n+”x> VItin? == 2 (P =3(p—p))

n\n 4
Division (B.2) by (B.3) yields

dyR  pp+p—p (dnn+dnx>
p)

R pp—3(p— n X
Po+p—
mR=—tTP7P 4y +InC
p»—3(p—p) x

R :C(n%)(Pb+P—ﬁ)/(Pb—3(17—ﬁ))

where C is an integration constant.

. opn
(ﬂnx — % — 10 (xdyn —ndnx)> :
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