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Abstract. We present a comparative study of optical bistability (OB) in three-level atomic config-
urations, including Λ-, cascade-, and V- types under the conditions of electromagnetically induced
transparency (EIT). In the steady regime, the input-output intensity relations for the OB in each
configuration have been derived in analytical form. The model allows one to construct a clear
picture on how the threshold intensity, and other characteristics of the OB are continuously modi-
fied with respects to controllable parameters of the laser fields, cooperation parameter, and other
physical parameters of atomic system. The results showed that the threshold intensity of OB in
Λ-type system is much less than the other ones and the threshold intensity of OB in V-type system
is the largest one. The analytical result is convenient to choose excitation configuration for exper-
imental observations and related applications in photonic devices.
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I. INTRODUCTION

The OB is an interesting topic in nonlinear optics because of its potential applications in
photonic devices, such as all-optical switches, memory elements, and all-optical logic gates and so
on. In the early years of the OB research for atomic media, a great interest was focused on using
two-level atomic systems [1–3]. The saturated absorption and intensity-dependent refractive index
are attributed to two different mechanisms for absorptive OB and dispersive OB, respectively. It
was shown that, the OB behavior occurs only in a certain domain of input intensity values; the
threshold intensity as well as the width of OB is not controllable [2, 3].

In recent years, the advent of the EIT [4] has provided a medium with zero absorption [4–7]
and giant Kerr nonlinearity [8–10]. Indeed, thanks to such controllable optical properties of the
EIT medium, both threshold intensity and width of OB can be simply controlled and reduced sig-
nificantly. Basic configurations for the OB using the EIT medium are three-level atomic systems,
including the Λ-, cascade- and V-type configurations. In each configuration, the EIT efficiency
is different, in which the Λ configuration is the best, whereas the V configuration is the worst.
Therefore, the OB behaviors in each configuration are also different. Although properties of the
three-level OB were studied numerically [11–20], numerical results do not show a continuous
change in the input-output intensity versus laser parameters. Moreover, a comparison among the
OB configurations is needed to choose an appropriate excitation configuration for experimental
realizations.

In this work, an input-output intensity relation of OB is derived in analytical form for three-
level atomic media consisting of the Λ-, cascade- and V-type configurations under the steady-
regime. Influences of intensity and frequency of the laser fields and cooperation parameter of
atomic medium on the OB are studied. Intensity thresholds of OB in three-level configurations are
compared.

II. MODEL OF ATOMIC OPTICAL BISTABILITY

We consider a medium of length L containing Nthree-level atoms placed in a unidirectional
ring cavity as shown in Fig. 1. For simplicity, we assume both mirrors M3 and M4 are perfect
reflective whereas both mirrors M1 and M2 are the same, each has a reflectivity R and transitiv-
ity T , with R+T = 1. The three possible coupling configurations of three-level atomic system
illustrated in Fig. 2, which includes Λ-, cascade- and V-type schemes. The strong coupling laser
(Ec) with frequency ωc couples the transition |2〉 ↔ |3〉 (for Λ and cascade schemes) or |1〉 ↔ |3〉
(for V scheme) and the week probe laser (Ep) with frequency ωp applies the transition |1〉 ↔ |2〉.
In the ring cavity configuration, only probe beam Ep is circulated in the ring cavity but nor the
coupling beam Ec

The total electromagnetic field can be written as

E = Epe−iωpt +Ece−iωct + c.c., (1)

Propagation of probe laser field in the medium is governed by Maxwell’s wave equation in
the slowly varying envelop approximation as [2]:

∂Ep

∂ t
+ c

∂Ep

∂ z
= i

ωp

2ε0
P(ωp), (2)
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Fig. 1. Configuration of unidirectional ring cavity contains three-level atoms

Fig. 2. Three-level excitation schemes: (a) Λ, (b) cascade, and (c) V.

where c and ε are the speed of light and permittivity of free space, respectively; P(ωp) is the
slowly oscillating term of the induced polarization in the transition |1〉 ↔ |2〉 given by

P(ωp) = Nd21ρ21, (3)

where d21 denotes the electric dipole moment and ρ21 is the corresponding density matrix element.
Substituting Eq. (3) into Eq. (2), we have

∂Ep

∂ z
= i

Nωpd21

2cε0
ρ21. (4)
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For a perfectly tuned ring cavity, in the steady state limit, the boundary conditions imposed be-
tween the incident and transmitted probe fields are [2]:

Ep(L) = ET
p /
√

T , (5)

Ep(0) =
√

T ET
p +REp(L). (6)

The second term in the right-hand side of Eq. (6) denotes the feedback from the mirror,
which is essential for the creation of OB. That is, if R = 0 then no OB occurs

By normalizing the incident and transmitted probe field as

Y =
d21E I

p

h̄
√

T
X =

d21ET
p

h̄
√

T
(7)

the input-output intensity relation for the probe field becomes:

Y = X− iCρ21, (8)

where

C =
NωpLd2

21
2cε0h̄T

(9)

is the cooperation parameter of the three-level atomic medium inside the ring cavity. From Eq. (8)
we see that transmitted field depends on the incident probe field and the coherence term ρ21 which
are calculated from the Liouville equation as [20]:

ρ̇ =− i
h̄
[H,ρ]+Λρ, (10)

where H is the total Hamiltonian and Λρ represents the decay part.

III. ANALYSIS OF OPTICAL BISTABILITY BEHAVIOR

III.1. Λ-type system
Firstly, we consider a Λ-type scheme as shown in Fig. 2a. The Rabi frequencies for the

probe and coupling lasers are defined by

ρ̇11 =Γ31ρ33 +Γ21ρ22 +
i
2

Ωp(ρ21−ρ12), (11)

ρ̇22 =− (Γ23 +Γ21)ρ22 +
i
2

Ωp(ρ12−ρ21)+
i
2

Ωc(ρ32−ρ23), (12)

ρ̇33 =−Γ31ρ33 +Γ23ρ22−
i
2

Ωc(ρ
−
32ρ23), (13)

ρ̇21 =γ̄21ρ21 +
i
2

Ωp(ρ11−ρ22)+
i
2

Ωcρ31, (14)

ρ̇23 =γ̄23ρ23 +
i
2

Ωc(ρ33−ρ22)+
i
2

Ωpρ13, (15)

ρ̇31 =γ̄31ρ31−
i
2

Ωpρ32 +
i
2

Ωcρ21. (16)
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The above equations are constrained by ρ11 + ρ22 + ρ33 = 1 and ρki = ρ∗ik. Here, γ̄21 =
i∆p− γ21, γ̄23 = i∆c− γ23 and γ̄31 = i(∆p−∆c)− γ31; γ ik is represented with the decay rates Γik

from state |i〉 to | j〉 as γik =
1
2

(
∑

E j<Ei

Γi j + ∑
El<Ek

Γkl

)
Now, we solve the density matrix equations from Eq. (11) to Eq. (16) in the steady regime

to determine the coherence term ρ21. From Eqs. (12), (13) and (16), we derive (ρ33− ρ22) as
following:

ρ33−ρ22 =
i[(Γ23−Γ31)Ω

2
p +(Γ21 +Γ31)Ω

2
c ]

2Γ31(Γ21 +Γ23)Ωp
(ρ12−ρ21)−

(Γ21 +Γ31)Ωc

Γ31(Γ21 +Γ23)Ωp
(γ̄13ρ13 + γ̄31ρ31).

(17)
Substituting Eqs. (17) into Eq. (15) and after several calculations and rearrangements, we

obtained: [
8Γ31(Γ21 +Γ23)γ̄23γ̄13 +2Γ31(Γ21 +Γ23)Ω

2
p−2(Γ21 +Γ31)γ̄13Ω

2
c
]

ρ13

=2(Γ21 +Γ31) γ̄31Ω
2
cρ31 +4iΓ31(Γ21 +Γ23)γ̄23Ωcρ12

+ iΩc
[
(Γ23−Γ31)Ω

2
p +(Γ21 +Γ31)Ω

2
c
]
(ρ21−ρ12).

(18)

We set

A =Ωc[(Γ23−Γ31)Ω
2
p +(Γ21 +Γ31)Ω

2
c ],

A31 =2(Γ21 +Γ31)γ̄31Ω
2
c ,

A23 =4Γ31(Γ21 +Γ23)γ̄23Ωc

A123 =8Γ31(Γ21 +Γ23)γ̄23γ̄13 +2Γ31(Γ21 +Γ23)Ω
2
p−2(Γ21 +Γ31)γ̄13Ω

2
c .

Therefore, Eq. (18) becomes

ρ31 =
i(AA123 +A13A−A32A123)ρ21 + i(A13A23−AA123−A13A)ρ12

A123A321−A13A31
. (19)

Substituting Eq. (19) into Eq. (15), we found the solution of the matrix element ρ21 under
the initial condition ρ

(0)
11 ≈ 1, ρ

(0)
22 ≈ ρ

(0)
33 ≈ 0 as follow:

ρ21 =



[
2γ̄12(A321A123−A31A13)

−Ωc(AA321 +A31A−A23A321)
]

×iΩp(A123A321−A13A31)


Ωc(A13A23−AA123−A13A) − iΩp(A321A123−A31A13)

Ωc(A31A32−AA321−A31A)−



[
2γ̄12(A321A123−A31A13)

−Ωc(AA321 +A31A−A23A321)
]

×
[
2γ̄21(A123A321−A13A31)

−Ωc(AA123 +A13A−A32A123)
]


Ωc(A13A23−AA123−A13A)

. (20)
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where Ak ji and γ̄ ji are the complex conjugation of Ai jk and γ̄i j, respectively. According to expres-
sions (10) and (20), we can analyze the bistable behavior of medium which continuously modifies
with respects to controllable parameters of the coupling laser, namely, frequency detuning and
intensity. The result can generally be applied to atomic and molecular systems having spectro-
scopic structure similar to that presented in Fig.2a. Here, we applied to the case of 85Rb atomic
vapor with the states |1〉, |2〉 and |3〉 are chosen as 5S1/2(F = 2), 5S1/2(F′ = 3) and 5P3/2(F” = 3),
respectively. The corresponding decay rates of 85Rb atom are Γ21 = Γ23 = 6MHz = 6γ [21]. The
advantage of Λ configuration is the decoherence rate between states |3〉 and |1〉which is very small
γ31 = 0.03γ , therefore the EIT effect is the best [20].

We plot the OB versus the frequency probe detuning ∆p when fixed the parameters of the
coupling laser at [when the parameters of the coupling laser are fixed at] ∆c = 0 and Ωc = 2γ . The
surface plot of output-input fields versus ∆p is represented in Fig. 3a. For a detail, we plot input-
output intensity fields at several values of ∆p, as in Fig. 3(b). From Fig. 3, one can find [sees] that
decreasing the frequency detuning leads to a decrease of the switching thresholds of OB because
the Kerr nonlinearity of atomic medium is significantly enhanced in the resonant atomic vicinity
under EIT conditions [7].

Input intensity [Y] Input intensity [Y]

Fig. 3. (a) Surface plots of input-output fields versus frequency detuning ∆p at fixed
values Ωc = 2γ ,∆c = 0, and C = 40γ . (b) represents particular case of Fig. 3(a) that
illustrates dependence of switching thresholds on frequency detuning.

The influence of coupling laser intensity Ωc on the OB behavior of system is displayed in
Fig. 4. Here, values of frequency detuning of probe and coupling field are fixed at ∆p = 2γ and
∆c = 0, respectively. It is easily seen that both the switching thresholds and width of OB are de-
creased when increasing the Rabi frequencyΩc. A qualitative explanation for this phenomenon as
[is as] follows: an increase in Rabi frequency reduces the absorption and simultaneously enhances
Kerr nonlinearity which makes the cavity field easier to reach saturation.
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Fig. 4. (a) Surface plots of input-output fields versus the Rabi-frequency Ωc at fixed
values: ∆p = 2γ ,∆c = 0, and C = 40γ . (b) represents particular case of Fig. 4(a) that
illustrates dependence of switching thresholds on intensity of coupling field.

Fig. 5. (a) Surface plots of input-output intensity relation versus the frequency detun-
ing ∆cat fixed values: ∆p = 2γ ,Ωc = 2γ , and C = 40γ . (b) represents particular case of
Fig. 5(a) that illustrates dependence of switching thresholds on the frequency detuning of
coupling field.

The influence of the coupling frequency detuning on OB behavior is plotted in Fig. 5. Here,
other parameters are chosen as ∆p = 2γ and Ωc = 2γ . The result in Fig. 5 shows that one may
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reduce both the threshold intensity and width of OB by tuning the coupling frequency detuning
nearer resonance with the atomic frequency. The reason for this reduction is due to a sensitive
dependence of Kerr nonlinearity on the coupling frequency detuning [7].

The influence of cooperation parameter C on the OB is displayed in Fig. 6. Here, we fixed
the parameters of probe and coupling laser at ∆p = 2γ and ∆c = 0, and Ωc = 2γ , respectively. It is
clearly see [seen] that an increase in cooperative parameter leads to increasing the width and the
threshold intensity of OB curve. Such behaviors are attributed to C which is proportional to atomic
density via C = NωpLd2

21/2cε0h̄T . Physically, an increase in C leads to an increase in absorption
for the probe light, thus lowering the upper OB branch (output) and requiring higher switching
threshold intensity.

Fig. 6. (a) Surface plots of input-output intensity relation versus of cooperation parameter
C at fixed values: ∆p = 2γ ,∆c = 0, and Ωc = 2γ . (b) represents particular case of Fig. 6(a)
that illustrates dependence of switching thresholds on cooperation parameter C.

III.2. Cascade-type system
The cascade-type scheme considered here is shown in Fig. 2b. Accordingly, the systematic

density matrix of the cascade-type system is obtained as:

ρ̇11 =Γ21ρ22−
i
2

Ωp(ρ12−ρ21), (21)

ρ̇22 =−Γ21ρ22 +Γ32ρ33−
i
2

Ωp(ρ21−ρ12)−
i
2

Ωc(ρ23−ρ32), (22)

ρ̇33 =−Γ32ρ33−
i
2

Ωc(ρ32−ρ23), (23)
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ρ̇21 =γ̄21ρ21 +
i
2

Ωp(ρ11−ρ22)+
i
2

Ωcρ31, (24)

ρ̇32 =γ̄32ρ32 +
i
2

Ωc(ρ22−ρ33)−
i
2

Ωpρ31, (25)

ρ̇31 =γ̄31ρ31−
i
2

Ωpρ32 +
i
2

Ωcρ21, (26)

where γ̄21 = i∆p−γ21, γ̄32 = i∆c−γ32 and γ̄31 = i(∆p−∆c)−γ31; Ωp = d21Ep/h̄ and Ωc = d32Ec/h̄
are the Rabi frequencies for the probe and coupling laser; ∆p = ωp−ω21 and ∆c = ωc−ω32 are
the frequency detunings of the coupling and probe laser, respectively.

Using a similar approach to that shown in Sec. III.1, we found the solution of the matrix
element ρ21 for the probe field as follows:

ρ21 =



[
2γ̄12(B123B321−B13B31)

−Ωc(BB321 +B31B−B23B321)
]

×iΩp(B321B123−B31B13)


Ωc(B13B23−B13B−BB123)

− iΩp(B123B321−B13B31)

Ωc(B31B32−B31B−BB321)−



[
2γ̄12(B123B321−B13B31)

−Ωc(BB321 +B31B−B23B321)
]

×
[
2γ̄21(B321B123−B31B13)

−Ωc(BB123 +B13B−B32B123)
]


Ωc(B13B23−B13B−BB123)

, (27)

where B321 = 8Γ32Γ21γ̄32γ̄31 + 2Γ32Γ21Ω2
p − 2Γ21γ̄31Ω2

c , B = Ωc[Γ21Ω2
c − Γ32Ω2

p],
B32 = 4Γ32Γ21γ̄32Ωc, B13 = 2Γ21γ̄13Ω2

c , while Bk ji and γ̄ ji are the complex conjugation of Bi jk
and γ̄i j, respectively.

We also apply to the case of 85Rb atomic vapor with the states |1〉, |2〉 and |3〉 are [Authors:
“are” should be deleted] chosen as 5S1/2(F = 2), 5P3/2(F = 3′) and 5D5/2(F = 4?), respectively.
In this case, the decay rates are Γ21 = 6γ and Γ32 = 0.97γ[21], the decoherence rate between states
|3〉 and |1〉 is γ31 = (Γ21 +Γ32)/2 = 3.5γ .

By choosing the parameters Ωc = 40γ , ∆c = 0 and C = 1000γ , the surface plot of the be-
havior of output-input fields versus the frequency detuning of the probe laser is plotted in Fig. 7a.
Similarly, we set ∆p = 20γ , the surface plot of the behavior of output-input fields versus the in-
tensity of the coupling laser is displayed in Fig. 7b. In comparison with the Λ-type system, we
find that occurrence of OB with the values of Rabi frequencyΩc, frequency detuning ∆p as well
as cooperation parameter C which are much larger. This means that the threshold intensity of OB
curve in the cascade-type system is much stronger than that in the Λ-type system. Physical reason
for this phenomenon is because of [due to the fact that] the decaying rate in three-level cascade
system is larger than that in three-level Λ system. However, we can reduce this decaying rate
by choosing the uppermost excited states as the Rydberg states, which have life-time of few µs
(life-time of the state 38D5/2 of Rb atom is 13 µs, see Ref. [22], for example). In this case, one
may reduce the intensity thresholds of OB which can obtain is similar to three-level Λ system.
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Fig. 7. (a) surface plots of input-output intensity relation versus frequency detuning ∆p
as Ωc = 40γ . (b) surface plots of input-output intensity relation versus Rabi frequency Ωc
as ∆p = 20γ . The other parameters are ∆c = 0 and C = 1000γ .

III.3. V-type system
In this part, we will analyze the bistable behavior of output field intensity versus input field

intensity in the V-type atomic system, as displayed in Fig. 2c. The density matrix equation for
such atomic system can be derived as follows:

ρ̇11 =Γ31ρ33 +Γ21ρ22 +
i
2

Ωp(ρ21−ρ12)+
i
2

Ωc(ρ31−ρ13), (28)

ρ̇22 =− (Γ21 +Γ23)ρ22 +
i
2

Ωp(ρ12−ρ21), (29)

ρ̇33 =−Γ31ρ33 +Γ23ρ22 +
i
2

Ωc(ρ
−
13ρ31), (30)

ρ̇21 =γ̄21ρ21 +
i
2

Ωp(ρ11−ρ22)−
i
2

Ωcρ23, (31)

ρ̇31 =γ̄31ρ31 +
i
2

Ωc(ρ11−ρ33)−
i
2

Ωpρ32, (32)

ρ̇23 =γ̄23ρ23 +
i
2

Ωpρ13−
i
2

Ωcρ21, (33)

where γ̄21 = i∆p−γ21, γ̄23 = i(∆p−∆c)−γ23 and γ̄31 = i∆c−γ31; Ωp = d21Ep/h̄ and Ωc = d31Ec/h̄
are the Rabi frequencies for the probe and coupling laser; ∆p = ωp−ω21 and ∆c = ωc−ω31 are
the frequency detunings of the coupling and probe laser, respectively.
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Using a similar approach to that shown in Sec. III.1, the solution of the matrix element ρ21
for the probe field can be derived as:

ρ21 =



[
2γ̄12(C123C321−C23C32)

+Ωc(C31C123 +CC123 +CC23)
]

×
[
i(C123C321−C23C32)Ωp

−iΩcC0(C321 +C32)
]


Ωc(CC321+C31C32+CC32)

− i(C123C321−C23C32)Ωp + iΩcC0(C123 +C23)

Ωc(CC123 +C13C23 +CC23)−



[
2γ̄12(C123C321−C23C32)

+Ωc(C31C123 +CC123 +CC23)
]

×
[
2γ̄21(C123C321−C23C32)

+Ωc(C13C321 +CC321 +CC32)
]


Ωc(CC321+C31C32+CC32)

(34)
where: C31 = 4Γ31(Γ21+Γ23)γ̄31Ωc, C23 = 4(Γ21+Γ23)Ω

2
c γ̄23, C = Ωc[(Γ31+2Γ23)Ω

2
p−2(Γ21+

Γ23)Ω
2
c ]C321 = 8Γ31(Γ21+Γ23)γ̄32γ̄31+2Γ31(Γ21+Γ23)Ω

2
p−4(Γ21+Γ23)γ̄32Ω2

c , C0 = 2Γ31(Γ21+
Γ23)ΩpΩc, and Ck ji and γ̄ ji are the complex conjugation of Ci jk and γ̄i j, respectively.

Fig. 8. (a) surface plots of input-output intensity relation versus frequency detuning ∆p
as Ωc = 40γ . (b) surface plots of input-output intensity relation versus Rabi frequency Ωc
as ∆p = 20γ . The other parameters are ∆c = 0 and C = 1000γ .

In this scheme, the states |1〉, |2〉 and |3〉 are chosen as 5S1/2(F = 2), 5P3/2(F ′ = 3) and
5P3/2(F = 2′′) of 85Rb atom, respectively. The decay rates are Γ21 = 6γ and Γ31 = 6γ [21], the
decaying rate between states |2〉 and |3〉 as γ23 = (Γ21 + Γ31) / 2 = 6γ . Fig. 8a shows the surface
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plot of the behavior of output-input fields versus the frequency detuning of the probe laser when
Ωc = 40γ , ∆c = 0 and C = 1000γ . Fig. 8b shows the surface plot of the behavior of output-
input fields versus the intensity of the coupling laser when ∆p = 20γ , ∆c = 0 and C = 1000γ . In
comparison with the cascade-type system, we find that under the same parameters the switching
thresholds here are much larger.

IV. CONCLUSIONS

We have made a comparative study of OB in the three-level configurations under EIT condi-
tion. Due to zero absorption and giant Kerr nonlinearity of the EIT medium, the threshold intensity
and width of the OB is much less than those of the traditional ones. In addition, we found that
threshold intensity of OB in Λ-type system is much less than that in the other ones, whereas that
in V-type system is the strongest. A key reason of low threshold intensity in the three-level Λ-
type system is due to the smallest decaying rate. The analytical results are convenient to study
applications in photonic devices working at low-light intensity.
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