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Abstract. We investigate the edge effects of the optical analogue of the quantum relativistic Dirac
solitons in binary waveguide arrays with Kerr nonlinearity when one tail of the Dirac soliton is
truncated. We show that if the outermost waveguide of the binary waveguide array hosts the in-
tense component of the truncated Dirac soliton, then Dirac soliton will be repeatedly bent towards
the binary waveguide array edge. In the contrast, if the outermost waveguide of the binary waveg-
uide array hosts the weak component of the truncated Dirac soliton, then Dirac soliton will be
pushed away from the binary waveguide array edge. To the best of our knowledge, these unique
features have not been found in any other systems.
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I. INTRODUCTION

Waveguide arrays (WAs) have attracted great attention because they can be used to simu-
late the evolution of a non-relativistic quantum mechanical particle in a periodic potential [1, 2].
Many fundamental phenomena in non-relativistic classical and quantum mechanics such as Bloch
oscillations [3, 4] and Zener tunneling [5, 6] have been investigated by using WAs. Recently, it
was shown that several important nonlinear phenomena usually associated to fiber optics (such as
the emission of resonant radiation from solitons and soliton self-wavenumber shift) can also take
place in WAs, but in the spatial domain rather than in the temporal domain [7, 8]; and the super-
continuum in both frequency and wave number domains can be generated in nonlinear WAs [9].
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Binary waveguide arrays (BWAs) have also been intensively used to mimic relativistic phe-
nomena typical of quantum field theory, such as Klein tunneling [10, 11], Zitterbewegung (trem-
bling motion of a free Dirac electron) [12,13], and fermion pair production [14], which all emerge
from the properties of the Dirac equation [15]. Quite recently, it has been shown in Ref. [16]that
at the interface of two BWAs one can create the optical analogue of a special state, known in the
quantum field theory as a Jackiw-Rebbi (JR) solution [17]. The JR state is well known for predict-
ing the charge fractionalisation phenomenon which is fundamental to the fractional quantum Hall
effect [18]. The JR state is also well known for the topological nature of its zero-energy solution
and can be interpreted as a precursor to topological insulators which have attracted much interest
recently [19, 20]. Topological photonics can potentially play a crucial role in the development of
robust and practical optical circuits for unidirectional transport of light [21, 22].

The discrete gap solitons in BWAs in the classical context have been investigated earlier
both numerically [23–28] and experimentally [29]. Recently, the explicit suggestion to use BWAs
to simulate a quantum nonlinear Dirac equation has been put forward for the first time in Ref. [30]
where the gap solitons in BWAs have been shown to be connected to Dirac solitons (DSs) in a non-
linear extension of the relativistic one-dimensional (1D) Dirac equation describing the dynamics
of a freely moving relativistic particle. Other soliton solutions have been found for the nonlinear
1D Dirac equation [31], but with a different kind of nonlinearity, in the context of quantum field
theory. The 1D DS stability, its dynamics and different scenarios of soliton interaction have been
systematically investigated in Ref. [32]. The formation and dynamics of two-dimensional DSs
in square binary waveguide lattices have been investigated in Ref. [33]. The higher-order Dirac
solitons in BWAs have been studied in Ref. [34]. In Ref. [16] it has been shown that one can ef-
fectively generate Jackiw-Rebbi states starting from Dirac solitons. Although there is currently no
evidence for fundamental quantum nonlinearities, nonlinear versions of the Dirac equation have
been studied since a long time. One of the earlier extensions was investigated by Heisenberg [35]
in the context of field theory and was motivated by the question of mass. In the quantum me-
chanical context, nonlinear Dirac equations have been used as effective theories in atomic, nuclear
and gravitational physics [36–39]. To this regard, BWAs can offer a unique platform to simulate
nonlinear extensions of the Dirac equation when light with high light intensities are used. One
of these possibilities is to use BWAs as a classical simulator of the Dirac equation to mimic the
two-body Dirac model, i.e. the Dirac equation for two interacting relativistic particles, which has
attracted interest of researchers since the early days of quantum mechanics [40, 41].

In this paper we investigate the unique edge effects of Dirac solitons in BWAs where one
tail of the DS is truncated. We show that if the outermost waveguide of the BWA hosts the intense
component of the truncated DS, then DS will be repeatedly bent towards the BWA edge. In the
contrast, if the outermost waveguide of the BWA hosts the weak component of the truncated DS,
then DS will be pushed away from the BWA edge. To the best of our knowledge, these unique
features have not been found in any other systems.

The paper is organized as follows. In Sections II, as a starting point, we give the theoretical
background of DSs in BWAs. Then, in Section III, we investigate the edge effects of DSs in
BWAs. In Section IV, we study in detail the first touching distance of the DSs in the case where
they are bent towards the BWA edge. Finally, in Section V we summarize our results and finish
with concluding remarks.
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II. THEORETICAL BACKGROUND OF DIRAC SOLITONS IN BWAs

Light propagation in a binary array of Kerr nonlinear waveguides can be described, in the
continuous-wave regime, by the following dimensionless coupled-mode equation (CME) [23]:

i
dan(z)

dz
=−c [an+1(z)+an−1(z)]+(−1)n

σan− γ|an(z)|2an(z), (1)

where an is the electric field amplitude in the nth waveguide, z is the longitudinal spatial coor-
dinate, 2σ and care the propagation mismatch and the coupling coe?ient between two adjacent
waveguides of the array, respectively, and γ is the nonlinear coe?ient of the waveguides. In the
dimensionless form, in general, one can normalize variables in the above equation such that both
γ and c are equal to unity. However, throughout this work we will keep these parameters explicitly
in Eq. (1). The form of the analytical fundamental DS solution to the CME investigated in [30] is
following:
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It was demonstrated in Ref. [30] that with the found soliton solution in the form of Eq. (2),
Eq. (1) can be converted into the nonlinear relativistic 1D Dirac equation. This analytical funda-
mental DS solution in BWAs is a one-parameter family where one parameter such as soliton peak
amplitude or width can be arbitrary, provided that the soliton width is large enough (the beam
width parameter n0 ≥ 3.5, see Ref. [30] for more details). The fundamental DS solution in the
form of Eq. (2) is valid in the case when γ and σ are positive. However, with this solution one can
easily construct other Dirac soliton solutions for any sign of each parameter γ and σ [30].

To be specific, let us suppose that the waveguide positions of the BWA n∈ [−N1, . . .0, . . .N2]
with −N1 and N2 being two edges of the BWA. We also fix the center of the DS in the form of
Eq. (2) at the waveguide position with n = 0. The DS solution in the form of Eq. (2) is only valid if
the DS is localized exclusively well inside the BWA and is much far away from both edges of the
BWA. This condition is easily satisfied if N1 and N2 are much larger than the DS width parameter
n0. In this case, the edges of the BWA do not play any role in DS dynamics. So far, all DSs have
been investigated under this condition [30, 32–34]. If the DS in the form of Eq. (2) is launched
into the system and its location is well inside the BWAs, then it will propagate longitudinally
along BWAs without any distortion of its shape (see Fig. 2(a) in Ref. [30] for more details). It is
important to emphasize that the DS in the form of Eq. (2) has two components: one weak and the
other intense. These components are located adjacent to each other. To be specific, we suppose
that the weak component of the DS is localized in odd waveguides, i.e., a2n+1is weak, whereas the
intense component is localized in even waveguides, i.e., a2n is intense (see Fig. 1(a) and Fig. 2(c)
in Ref. [30] for more details).

III. EDGE EFFECTS OF TRUNCATED DIRAC SOLITONS IN BWAs

In the rest of this work, we will explore the situation where some portion of one tail of the
DS is truncated at the edge of BWAs with N1, i.e., N1 is comparable with n0, whereas the other tail
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of the DS is much far away from the other edge of the BWA, i.e., n0� N2. We fix the DS width
parameter n0 = 5, and N2 = 200, whereas N1 will be varied.

Technically, the truncating process can be implemented, for instance, by placing two iden-
tical BWAs closely one after another. The full structure of the DS is generated in the 1st BWA.
The output of the beam from the 1st BWA is coupled into the input of the 2nd BWA. However,
the 2nd BWA can be shifted transversally so that only some part of the DS coming out from the
1st BWA is coupled into the 2nd BWA, and the rest of the DS is truncated. Another way to trun-
cate DSs can be done with just one BWA, whose one corner is removed so that at the beginning
the waveguide position n ∈ [−N2, . . .0, . . .N2], but after some propagation the waveguide position
n ∈ [−N1, . . .0, . . .N2]. In both cases, the input center of the full DS can be shifted transversally
so that one can tune the edge of the truncated DS later.

In Fig. 1(a) we show the propagation of a truncated DS in a BWA where the outermost
waveguide of the BWA truncated edge has position n =−N1 =−10. This waveguide at the edge
(n =−10) hosts the DS intense component as clearly shown in Fig. 1(c) where we plot the input
profile of the truncated DS investigated in Fig. 1(a). In Fig. 1(b) we show the propagation of a
truncated DS in a BWA where the outermost waveguide of the BWA truncated edge has position
n = −N1 = −9. This waveguide at the edge (n = −9) hosts the DS weak component as clearly
shown in Fig. 1(d) where we plot the input profile of the truncated DS investigated in Fig. 1(b). As
clearly seen in Fig. 1(a) and Fig. 1(b), the dynamics of the truncated DS dramatically depends on
its edge where it is truncated. If the edge of the BWA hosts the intense component of the truncated
DS as in the case of Fig. 1(a) and Fig. 1(c), then, at the beginning, this truncated DS is bent towards
the near edge of the BWA and touches it after reaching the propagation distance z= L f = 57. After
the first touching of the truncated DS with the BWA edge, the truncated DS bounces off the BWA
edge and moves towards the center region of the BWA. However, this DS movement towards the
BWA center does not last forever and is stopped after some propagation, and then the truncated DS
is bent towards the BWA edge again and again in a cyclic fashion. As a result, the truncated DS in
Fig. 1(a) is trapped in the proximity of the BWA edge which the truncated DS is close to. On the
contrary, if the edge of the BWA hosts the weak component of the truncated DS as in the case of
Fig. 1(b) and Fig. 1(d), then the truncated DS is quickly pushed away from the BWA edge so that
the truncated DS moves further and further from the BWA edge as clearly shown in Fig. 1(b).

In Fig. 1 the truncated edge of the DS is located at the waveguide with position n =−N1 =
−10 (Fig. 1(a) and Fig. 1(c)) and at the waveguide with position n = −N1 = −9 (Fig. 1(b) and
Fig. 1(d)). So, in Fig. 1 a considerable portion of the DS is truncated. Now in Fig. 2 we will
explore the situation where only a small portion of the DS tail is truncated, i.e., the truncated edge
of the DS is quite far away from the DS center. We see that main features in Fig. 1 are reproduced
in Fig. 2. In Fig. 2(a) we show the propagation of a truncated DS in a BWA where the DS is
truncated at the waveguide with position n =−N1 =−24. Like in Fig. 1(a), this waveguide at the
edge (n =−24) also hosts the DS intense component. As a result, the main feature in Fig. 1(a) is
reproduced in Fig. 2(a). Indeed, the truncated DS in Fig. 2(a) is first bent towards the near edge
of the BWA, then touches this edge, then bounces off this edge, and is bent towards this edge of
the BWA again and again. However, the first touching distance of the truncated DS with the BWA
edge in Fig. 2(a) is z = L f = 851 which is much longer than the first touching distance (L f = 57)
of the truncated DS in Fig. 1(a). This is expected, because only a small portion of the DS tail in
Fig. 2(a) is truncated, whereas a considerable portion of the DS tail in Fig. 1(a) is truncated.
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Fig. 1. (a) Propagation of a truncated DS in a BWA where the outermost waveguide at
the BWA truncated edge (n =−N1 =−10) hosts the intense component of the truncated
DS. (b) Propagation of a truncated DS in a BWA where the outermost waveguide at the
BWA truncated edge (n = −N1 = −9) hosts the weak component of the truncated DS.
(c) Input profile of the truncated DS shown in (a). (d) Input profile of the truncated DS
shown in (b). Parameters: coupling coe?ient c = 1, nonlinear coe?ient γ = 1, propagation
mismatch for the whole BWA σ = -1.2, DS width parameter n0 = 5.

In Fig. 2(b) we show the propagation of a truncated DS in a BWA where the DS is truncated
at the waveguide with position n = −N1 = −23. Like in Fig. 1(b), this waveguide at the edge
(n = −23) also hosts the DS weak component. As a result, the main feature in Fig. 1(b) is also
reproduced in Fig. 2(b). Indeed, like in Fig. 1(b), the truncated DS in Fig. 2(b) is pushed away
from the BWA edge so that the truncated DS moves further and further from the BWA edge as
clearly shown in Fig. 2(b). The main difference between features in Fig. 1(b) and Fig. 2(b) is that
the truncated DS in Fig. 2(b) is pushed away from the BWA edge in a much weaker manner so that
after the propagation distance z = 1500 the center of the DS is transversally shifted only by about
15 waveguides, whereas in Fig. 1(b) the DS center is transversally shifted by about 50 waveguides
after z = 300. This is also expected, because only a small portion of the DS tail in Fig. 2(b) is
truncated, whereas a considerable portion of the DS tail in Fig. 1(b) is truncated.
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Fig. 2. (a) Propagation of a truncated DS in a BWA where the outermost waveguide at
the BWA truncated edge (n =−N1 =−24) hosts the intense component of the truncated
DS. (b) Propagation of a truncated DS in a BWA where the outermost waveguide at the
BWA truncated edge (n = −N1 = −23) hosts the weak component of the truncated DS.
All other parameters are exactly the same as in Fig. 1.

As shown above, in Fig. 2 only a small portion of the DS is truncated, whereas in Fig. 1 a
considerable portion of the DS is truncated. Now in Fig. 3 we will investigate the situation where
more than half a DS is truncated at the beginning. In Fig. 3(a) we show the propagation of an
initially truncated DS in a BWA where the DS is truncated at the waveguide with position n=−N1
= 2. Note that the DS center is located at the waveguide with position n = 0 (see Fig. 1(c)), so
more than half of the DS is truncated in Fig. 3(a). Like in Fig. 1(a) and Fig. 2(a), the waveguide at
the edge with position n = 2 in Fig. 3(a) also hosts the intense component of the initially truncated
DS. As a result, the initially truncated DS in Fig. 3(a) is also trapped in the proximity of the BWA
edge where the truncated DS is close to. However, there is a big difference between dynamics of
the initially truncated DS in Fig. 3(a) as compared to Fig. 1(a) and Fig. 2(a). Namely, in Fig. 1(a)
and Fig. 2(a) one can see the distinct touching points of the truncated DS when it bounces off the
BWA edge, whereas in Fig. 3(a) the initially truncated DS does not bounce off the BWA edge, but
always sticks to it.

In Fig. 3(b) we show the propagation of an initially truncated DS in a BWA where the DS
is truncated at the waveguide with position n = −N1 = 3. Like in Fig. 3(a), more than half of the
DS is truncated in Fig. 3(b) at the beginning. Like in Fig. 1(b) and Fig. 2(b), the waveguide at the
edge with position n = 3 in Fig. 3(b) also hosts the weak component of the initially truncated DS.
As a result, the initially truncated DS in Fig. 3(b) is also pushed away from the BWA edge where
the initially truncated DS is close to. However, there is a big difference between dynamics of the
initially truncated DS in Fig. 3(b) as compared to Fig. 1(b) and Fig. 2(b). Namely, in Fig. 1(b) and
Fig. 2(b) one can see that Dirac solitons still can recover their full shapes during propagation, and
are well spatially localized while moving away from the near edge of the BWA. On the contrary,
because much of the DS is initially truncated in Fig. 3(b), so now the initially truncated DS cannot
recover its shape during propagation. Instead, it spreads out continually during propagation. As a
result, the structure of the DS is completely destroyed in Fig. 3(b). In this case, it is not appropriate
anymore to use the term “soliton” for this structure during propagation.



TRAN XUAN TRUONG et al. 211

Fig. 3. (a) Propagation of an initially truncated DS in a BWA where the outermost waveg-
uide at the BWA truncated edge (n =−N1 = 2) hosts the intense component of the trun-
cated DS. (b) Propagation of an initially truncated DS in a BWA where the outermost
waveguide at the BWA truncated edge (n = −N1 = 3) hosts the weak component of the
initially truncated DS. All other parameters are exactly the same as in Fig. 1.

The physical reason why the truncated DS dynamics is so sensitive to the type of the out-
ermost waveguide of the BWA truncated edge can be understood if one takes into account the fact
that the intense component of the DS can be localized only in one type of waveguides in the BWA
with smaller propagation constant (i.e., even waveguides in Eq. (1)), whereas the weak component
of the DS can be localized only in the other type of waveguides in the BWA with larger propa-
gation constant (i.e., odd waveguides in Eq. (1)) (see the last paragraph in page 181 in Ref. [30]
for more details). Once the DS is truncated at one tail, the symmetry in the transverse direction of
the system is broken, as a result, the truncated DS will be shifted transversally. If the outermost
waveguide of the BWA truncated edge has the even position as in Fig. 1(a), Fig. 2(a) and Fig. 3(a),
then this outermost waveguide can support the intense component of the DS, as a result, it is fa-
vorable for the truncated DS to move towards this outermost waveguide, and even concentrate its
energy at this waveguide when it touches the edge. This scenario cannot happen if the outermost
waveguide has an odd position, because in this case this type of waveguides cannot support the
intense component of the DS, as a result, it is more favorable for the truncated DS to move far
away from this type of the BWA edge as in Fig. 1(b), Fig. 2(b) and Fig. 3(b). It is worth men-
tioning that the truncated DS is only physically sensitive to the type of the outermost waveguide
in the BWA truncated edge which is strictly related to its propagation constant represented by the
parameter σ in Eq. (1). In this work, to be specific, and at the same time consistent with both
Eq. (1) and Eq. (2), we fix the even (odd) waveguides with the DS strong (weak) component.
However, the parity of the outermost waveguide position can be mathematically easily changed by
adopting another way of counting the waveguide positions in the BWA, and this will not change
the physical behavior of the system.

IV. FIRST TOUCHING DISTANCE OF TRUNCATED DIRAC SOLITONS IN BWAs

In the rest of this paper we will investigate in detail the first touching distance Lf of the
truncated DS with the BWA edge which is the closest to the DS. As mentioned above, in order



212 EDGE EFFECTS OF TRUNCATED DIRAC SOLITONS IN BINARY WAVEGUIDE ARRAYS

for the truncated DS to touch the BWA edge, the DS must be truncated at the waveguide position
which hosts its intense component as in the case of Fig. 1(a) and Fig. 2(a). In Fig. 4 we plot the
first touching distance L f as a function of the waveguide position at the truncated edge, i.e., -N1.
As mentioned above, when -N1 =−24 as shown in Fig. 2(a), the first touching distance L f = 851;
whereas when -N1 = −10 as shown in Fig. 1(a), the first touching distance L f = 57. At the right
end of the curve shown in Fig. 4 we stop at the value -N1 = −2, because if -N1= 0, 2, 4,. . . and
further, then more than half of the DS is truncated which will lead to the scenario similar to the one
shown in Fig. 3(a) (with −N1= 2) when the rest part of the truncated DS just always sticks to the
BWA edge, and one cannot observe the distinguished touching points of the truncated DS. In the
contrast, there is no limit for the value of−N1at the left end of the curve. As clearly seen in Fig. 4,
the larger the absolute value of N1, the longer the first touching distance L f of the truncated DS.
Physically, this trend is easily explained, because when -N1 is decreased from -2 to -26 and further,
then less and less portion of the DS is truncated, as a result, the edge effect of the truncated DS
will be less and less pronounced. In the limit case when N1 = N2, the system is totally symmetric,
the BWA is large enough, and the whole DS is quite far away from both BWA edges. In this case,
of course, the DS in the form of Eq. (2) will always propagate parallel to the longitudinal axis of
the BWA as shown in Fig. 2(a) in Ref. [30], and the first touching distance Lf of the DS will be
infinity.

Fig. 4. The first touching distance L f of the truncated DS with the BWA edge as a func-
tion of the waveguide position at the truncated edge of the BWA, i.e., -N1.

V. CONCLUSIONS

In conclusion, we have investigated the edge effects of the Dirac solitons in BWAs when
one tail of the Dirac soliton is truncated at the input. We have numerically demonstrated that the
edge effects of the truncated Dirac soliton dramatically depend on the position where the Dirac
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soliton is initially truncated. Namely, if the outermost waveguide of the BWA hosts the intense
component of the truncated Dirac soliton and if less than half of the Dirac soliton is truncated at
the input, then the Dirac soliton will follow the following cyclic fashion: first, it is bent towards
the BWA edge, then touches it, and later bounces off the BWA edge. Meanwhile, if the outermost
waveguide of the BWA hosts the intense component of the truncated Dirac soliton, but more than
half of the Dirac soliton is truncated at the input, then the rest part of the truncated Dirac soliton
will always stick to the BWA truncated edge. In the contrast, if the outermost waveguide of the
BWA hosts the weak component of the truncated Dirac soliton, then Dirac soliton will be pushed
away from the BWA edge. In the latter case, if less than half of the Dirac soliton is truncated at the
input, then the Dirac soliton can recover its full shape during propagation; whereas if more than
half of the Dirac soliton is truncated at the input, then the Dirac soliton cannot recover its full shape
later. To the best of our knowledge, these unique features of Dirac soliton edge effects in BWAs
have not been found in any other systems. These edge effects of the truncated DS in BWAs are
not only interesting from the fundamental perspective, but also important from the practical point
of view, because one can use them to manipulate, route, or control the DS in potential all-optical
signal processing circuits.
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