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Abstract. Within the Cornwall - Jackiw - Tomboulis (CJT) approach a general formalism is established
for the study of asymmetric nuclear matter (ANM) described by the Nambu-Jona-Lasinio (NJL) model.
Restricting to the double-bubble approximation (DBA)we determine the bulk properties of ANM, in par-
ticular, the density dependence of the nuclear symmetry energy, which is in good agreement with data of
recent analyses.

I. INTRODUCTION

It is known that one of the most important thrusts of modern nuclear physics is the use of
high energy heavy-ion reactions for studying the properties of excited nuclear matter and finding
the evidence of nuclear phase transition between different thermodynamical states at finite temper-
ature and density. Numerous experimental analyses indicate that there is dramatic change in the
reaction mechanism for excited energy per nucleon in the interval E∗/A ∼ 2− 5MeV, consistently
corresponding to a first or second order liquid-gas phase transition of nuclear matter [1], [2]. In
parallel to experiments, a lot of theoretical papers has been published [3], [4], [5], among them,
perhaps, the research based on simplified models of strongly interacting nucleons is of great interest
for understanding nuclear matter under different conditions.

In this respect, this paper aims at considering nuclear phase transition in the NJL model.
Here we use the CJT effective action formalism and the numerical calculation is carried out in the
HF approximation. The rest of this paper is organized as follows. In Sect.II we derive the CJT
effective potential and then establish the expression for binding energy per nucleon. The numerical
computation is performed in Sect.III. After fixing the model parameters we determine the density
dependence of Nuclear Symmetry Energy. The Sect.IV is devoted to conclusions and outlook.

II. CJT EFFECTIVE POTENTIAL

Let us begin with the nuclear matter modeled by the Lagrangian density:

£ = ψ̄(i∂̂ −M)ψ +
Gσ

2
(ψ̄ψ)2 − Gω

2
(ψ̄γµψ)2 +

Gρ

2
(ψ̄~τγµψ)2. (1)



118 TRAN HUU PHAT et al.

Here ψ(x) is the nucleon field, M the nucleon mass, ~τ denotes the isospin matrices, and Gσ,ω,ρ are
coupling constants.

By bosonization

σ̌ =
gσ

m2
σ

ψ̄ψ, ω̌µ =
gω

m2
ω

ψ̄γµψ, ~̌ρµ =
gρ

m2
ρ

ψ̄~τγµψ

(1) takes the form

£ = ψ̄(i∂̂ −M)ψ + gσψ̄σ̌ψ − gωψ̄γ
µω̌µψ + gρψ̄γ

µ~τ .~̌ρµψ

−m
2
σ

2
σ̌2 +

m2
ω

2
ω̌µω̌µ −

m2
ρ

2
~̌ρµ~̌ρµ,

in which Gσ,ω,ρ = g2
σ,ω,ρ/m

2
σ,ω,ρ.

According to [6, 7] we obtain the expression for the CJT effective action

V =
m2

σ

2
σ2 − m2

ω

2
ω2 +

m2
ρ

2
ρ2

− i

∫
d4q

(2π)4
tr

[
lnS−1

0 (q)Sp(q)−Sp−1
0 (q;σ, ω, ρ)Sp(q) + 1

]
− i

∫
d4q

(2π)4
tr

[
lnS−1

0 (q)Sn(q)−Sn−1
0 (q;σ, ω, ρ)Sn(q) + 1

]
+

i

2

∫
d4q

(2π)4
tr

[
lnC−1

0 C(q)− C−1
0 C(q) + 1

]
+

i

2

∫
d4q

(2π)4
tr

[
lnDµν −1

0 Dµν(q)−Dµν −1
0 Dµν(q) + 1

]
+

i

2

∫
d4q

(2π)4
tr

[
lnR33µν−1

0 R33µν(q)−R33µν−1
0 R33µν(q)+1

]
− i

2
gσ

∫
d4q

(2π)4
d4k

(2π)4
tr
{
[Sp(q)Γp(q, k−q)Sp(k) + Sn(q)Γn(q, k−q)Sn(k)]C(k−q)

}
+

i

2
gω

∫
d4q

(2π)4
d4k

(2π)4
tr
{
γµ[Sp(q)Γpν(q, k−q)Sp(k) + Sn(q)Γnν(q, k−q)Sn(k)]Dµν(k−q)

}
− i

4
gρ

∫
d4q

(2π)4
d4k

(2π)4
tr
{
γµ[Sp(q)Γp3ν(q, k−q)Sp(k)− Sn(q)Γn3ν(q, k−q)Sn(k)]R33µν(k−q)

}
,

(2)

where Γ, Γµ and Γ3µ are the effective vertices taking into account all higher loops contributions;

iS−1
0 (k) = k̂ −M,

iSp −1
0 (k;σ, ω, ρ) = iS−1

0 (k) + gσσ − gωγ
0ω +

gρ

2
γ0ρ,

iSn −1
0 (k;σ, ω, ρ) = iS−1

0 (k) + gσσ − gωγ
0ω − gρ

2
γ0ρ,

iC−1
0 = −m2

σ,

iD−1
0 µν = gµνm

2
ω,

iR−1
0 33µν = −δ33gµνm

2
ρ,
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S, C, Dµν and R33µν are the propagators of nucleon, sigma, omega and rho mesons, respectively;
σ, ω and ρ are expectation values of the sigma, omega and rho fields in the ground state of ANM,

σ =
〈
σ̌
〉

= const.,
〈
ω̌
〉

= ωδ0µ,
〈
ρ̌
〉

= ρδ3aδ0µ.

The ground state corresponds to the solution of

δV

δφ
= 0, (3)

δV

δG
= 0. (4)

(3) is the gap equation and (4) is the Schwinger-Dyson (SD) equation for propagators G.
In this paper, we restrict ourselves to the double-bubble approximation (DBA), in which

Mσ = mσ, Mω = mω, Mρ = mρ. Then, after some algebra we get the expression for V

V (M∗, µ, T ) =
m2

σ

2
σ2 − m2

ω

2
ω2 +

m2
ρ

2
ρ2 +

1
π2

∫ ∞

0

q2dq
[
T ln(np∗−

q np∗+
q ) + T ln(nn∗−

q nn∗+
q )

]
+

Gσ − 2Gω −Gρ/2
8π4

[∫ ∞

0

q2dq (np∗−
q − np∗+

q )
]2

+
Gσ − 2Gω +Gρ/2

8π4

[∫ ∞

0

q2dq (nn∗−
q − nn∗+

q )
]2

+
Gσ + 4Gω −Gρ

8π4

[∫ ∞

0

q2dq
Mp∗

Ep∗
q

(np∗−
q + np∗+

q )
]2

+
Gσ + 4Gω +Gρ

8π4

[∫ ∞

0

q2dq
Mn∗

En∗
q

(nn∗−
q + nn∗+

q )
]2

. (5)

Here na∗
k , a = {p, n} are the Fermi distribution function

na∗±
k =

1
e(E

a∗
k ±µa∗)/T + 1

,

in which

E∗ak =
√
k∗2 +Ma∗2,

µp∗ = µp − 1
π2

[
Gω +

Gρ

4

] ∫ ∞

0

q2dq
(
nn∗−

q − nn∗+
q

)
− 1

4π2

[
−Gσ + 6Gω −

Gρ

2

] ∫ ∞

0

q2dq
(
np∗−

q − np∗+
q

)
, (6)

µn∗ = µn − 1
π2

[
Gω +

Gρ

4

] ∫ ∞

0

q2dq
(
np∗−

q − np∗+
q

)
− 1

4π2

[
−Gσ + 6Gω − 3

Gρ

2

] ∫ ∞

0

q2dq
(
nn∗−

q − nn∗+
q

)
, (7)

Mp∗ = M + Σp
s = M − 1

π2
Gσ

∫ ∞

0

q2dq
Mn∗

En∗
q

(
nn∗−

q + nn∗+
q

)
− 1

4π2

[
5Gσ + 4Gω +Gρ

] ∫ ∞

0

q2dq
Mp∗

Ep∗
q

(
np∗−

q + np∗+
q

)
, (8)



120 TRAN HUU PHAT et al.

Mn∗ =M + Σn
s = M − 1

π2
Gσ

∫ ∞

0

q2dq
Mp∗

Ep∗
q

(
np∗−

q + np∗+
q

)
− 1

4π2

[
5Gσ + 4Gω −Gρ

] ∫ ∞

0

q2dq
Mn∗

En∗
q

(
nn∗−

q + nn∗+
q

)
. (9)

Starting from (5) we establish successively the expressions for the thermodynamical potential Ω,
the energy density ε and the binding energy per nucleon εbind.:

a/ Ω = V − Vvac, (10)
with Vvac = V (M,ρ = 0, T = 0).

b/ ε = Ω + µpρp + µnρn, (11)
c/ εbind. = −M + ε/ρB (12)

with

ρB = ρp + ρn =
1

3π2
(k3

Fp
+ k3

Fn
) (13)

is baryon density, and ρp and ρn are proton and neutron densities, respectively. It is obvious that
all necessary information on dynamics of our system are provided by the formulae (5)-(9).

III. NUMERICAL COMPUTATIONS

At T = 0 Eqs.(5)-(9) are respectively reduced to

V (M∗, µ, 0) =
1

8π4
Gσ

[
Mp∗

(
µp∗

√
µp∗2−Mp∗2−Mp∗2 ln

∣∣∣∣µp∗+
√
µp∗2−Mp∗2

Mp∗

∣∣∣∣)
+Mn∗

(
µn∗

√
µn∗2−Mn∗2−Mn∗2 ln

∣∣∣∣µn∗+
√
µn∗2−Mn∗2

Mn∗

∣∣∣∣)]2

+
1

18π4
Gω

(
k3

Fp
+ k3

Fn

)2 − 1
72π4

Gρ

(
k3

Fp
− k3

Fn

)2

− 1
72π4

(Gσ−2Gω)
(
k6

Fp
+ k6

Fn

)
+

1
72π4

Gρ

2
(
k6

Fp
− k6

Fn

)
+

1
8π2

[
µp∗(2µp∗2−Mp∗2)

√
µp∗2−Mp∗2−Mp∗4 ln

∣∣∣∣µp∗+
√
µp∗2−Mp∗2

Mp∗

∣∣∣∣
+µn∗(2µn∗2−Mn∗2)

√
µn∗2−Mn∗2−Mn∗4 ln

∣∣∣∣µn∗+
√
µn∗2−Mn∗2

Mn∗

∣∣∣∣]
− 1

32π4

(
Gσ+4Gω+Gρ

)[
Mp∗

(
µp∗

√
µp∗2−Mp∗2−Mp∗2 ln

∣∣∣∣µp∗+
√
µp∗2−Mp∗2

Mp∗

∣∣∣∣)]2

− 1
32π4

(
Gσ+4Gω−Gρ

)[
Mn∗

(
µn∗

√
µn∗2−Mn∗2−Mn∗2 ln

∣∣∣∣µn∗+
√
µn∗2−Mn∗2

Mn∗

∣∣∣∣)]2

−µρB . (14)
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µp∗ = µp− 1
4π2

[
6Gω−Gσ−

Gρ

2

]
(µp∗2−Mp∗2)3/2

3

− 1
π2

[
Gω+

Gρ

4

]
(µn∗2−Mn∗2)3/2

3
, (15)

µn∗ = µn− 1
4π2

[
6Gω−Gσ−3

Gρ

2

]
(µn∗2−Mn∗2)3/2

3

− 1
π2

[
Gω+

Gρ

4

]
(µp∗2−Mp∗2)3/2

3
, (16)

Mp∗ = M− 1
8π2

[
5Gσ+4Gω+Gρ

]
Mp∗

(
µp∗

√
µp∗2−Mp∗2−Mp∗2 ln

∣∣∣∣µp∗+
√
µp∗2−Mp∗2

Mp∗

∣∣∣∣)
− 1

2π2
GσM

n∗
(
µn∗

√
µn∗2−Mn∗2−Mn∗2 ln

∣∣∣∣µn∗+
√
µn∗2−Mn∗2

Mn∗

∣∣∣∣), (17)

Mn∗ = M− 1
8π2

[
5Gσ+4Gω−Gρ

]
Mn∗

(
µn∗

√
µn∗2−Mn∗2−Mn∗2 ln

∣∣∣∣µn∗+
√
µn∗2−Mn∗2

Mn∗

∣∣∣∣)
− 1

2π2
GσM

p∗
(
µp∗

√
µp∗2−Mp∗2−Mp∗2 ln

∣∣∣∣µp∗+
√
µp∗2−Mp∗2

Mp∗

∣∣∣∣), (18)

The masses of nucleon and mesons are chosen to be M = 939 MeV, mσ = 550 MeV,
mω = 783 MeV and mρ = 770 MeV.

The numerical calculation therefore is ready to be carried out step by step as follows. We
first fix the coupling constants Gσ and Gω. To this end, Eq.(17) or (18) is solved numerically
for symmetric nuclear matter (Gρ = 0). Its solution is then substituted into the nuclear binding
energy εbind in (12) with V given in (14), ρB given in (13). Two parameters gσ and gω are adjusted
to yield the the binding energy Ebind = −15.8 MeV at normal density ρB = ρ0 = 0.16 fm−3 as is
shown in Fig. 1. The corresponding values for Gσ and Gω are Gσ = 195.6/M2 and Gω = 1.21Gσ.

As to fixing Gρ let us employ the expansion of nuclear symmetry energy (NSE) around ρ0

Esym = a4 +
L

3

(
ρB − ρ0

ρ0

)
+
Ksym

18

(
ρB − ρ0

ρ0

)2

+ ...

with a4 being the bulk symmetry parameter of the Weiszaecker mass formula, experimentally we
know a4 = 30− 35 MeV; L and Ksym related respectively to slope and curvature of NSE at ρ0

L = 3ρ0

(
∂Esym

∂ρB

)
ρB=ρ0

,

Ksym = 9ρ2
0

(
∂2Esym

∂ρ2
B

)
ρB=ρ0

.

Then Gρ is fitted to give a4 = 32 MeV, its value is Gρ = 0.972Gσ. Thus, all of the model
parameters are known. Let us now determine the density dependence of NSE. Carrying out the
numerical computation with the aid of Mathematica [8] we obtain Fig. 2, here, for comparison we
also depict the graphs of the functions E1 = 32(ρB/ρ0)0.7 and E2 = 32(ρB/ρ0)1.1.

It is easily verified that Esym(ρB) with graph given in Fig. 2 can be approximated by the
function

Esym ≈ 32(ρB/ρ0)1.05.
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Fig. 1. The ρB dependence of εbind in symmetric nuclear matter.

Fig. 2. The ρB/ρ0 dependence of Esym (solid line), E1 (dotted line) and E2 (dashed line).

The preceding expression for NSE is clearly in agreement with the analysis of Ref.[9, 10, 11].
To proceed further let us go to the isobaric incompressibility of ANM, which at saturation

density can be expanded around α = 0 to second order in α as [12]

K(α) ≈ K0 +Kasyα
2.
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with Kasy being the isospin-dependent part [13]

Kasy ≈ Ksym − 6L.

Kasy can be extracted from experimental measurements of giant monopole resonances in neutron-
rich nuclei. K0 is incompressibility of symmetric nuclear matter at ρ0.

In the following are given respectively the computed values of parameters directly connected
with NSE:

• The slop parameter L = 105.997 MeV which is consistent with the result of Ref.[14].
• The symmetry pressure Psym = ρ0L/3 = 4.34 107 MeV4 = 0.0286 fm−4 which is very

useful for structure studies of nuclei.
• Kasy = −549.79 MeV. This value is in good agreement with another works [14, 15].
• K0 = 547.56 MeV.

IV. CONCLUSION

Developing the previous work [6] we have carried out in this paper a more realistic study
concerning isospin degree of freedom of ANM. The equation of state of ANM given in (12) is
our principal result. The DBA was used to compute numerically the density dependence of NSE
and other physical quantities of ANM. The obtain results are quite consistent with recent works,
except for K0, which is too large. This is the shortcoming of the present model. It is evident
that EOS of ANM is a fundamental issue for both nuclear physics and astrophysics. It governs
phase transitions in ANM. However, we should bear in mind the fact that phase transitions are
basically non-perturbative phenomena. Therefore, in this research domain we really need a non-
perturbative approach. It is our EOS which was obtained by means of the CJT effective action
formalism, a famous non-perturbative method of quantum field theory, and, as a consequence, it
could be most suitable for the study of phase transitions and other nuclear properties beyond mean
field approximation.
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