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Abstract. In this work, we present an integrated modeling framework that combines machine
learning and the elastically collective nonlinear langevin equation (ECNLE) theory to investigate
the glass transition dynamics of metallic glass systems. We focus on the Fe42Co6Cr15Mo14CxB21−x
Tm2 alloy family. The glass transition temperatures (Tg) of this alloy family are predicted using
machine learning models trained on experimental datasets. These machine learning-predicted-Tg
values are then used as input to the elastically collective nonlinear langevin equation theory to
compute the temperature dependence of structural relaxation times, dynamic fragility, and diffu-
sion coefficients. Our predictions of Tg and dynamic fragility quantitatively agree with the ex-
perimental data. This shows that the combined machine learning-elastically collective nonlinear
langevin equation approach provides a practical and scalable tool for characterizing the relax-
ation behavior and diffusion dynamics metallic glasses when experimental data remain limited.

Keywords: metallics glasses; relaxation time; diffusion; machine learning.
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1. Introduction

Metallic glasses (MGs) are a unique class of amorphous alloys that are characterized by the
absence of long-range crystalline order yet exhibit outstanding physical and mechanical properties,
such as high strength, excellent corrosion resistance, and unique magnetic and thermal behaviors
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[1, 2]. These exceptional characteristics have attracted considerable attention in both fundamental
research and technological applications, including aerospace, biomedical devices, and electronic
materials [1, 2]. Despite their promising potential, the design and optimization of MGs remain
challenging due to their compositional complexity and the intricate nature of their thermodynamic
and kinetic stability.

A key parameter governing the stability and dynamics of MGs is the glass transition temper-
ature. The Tg defines the transition from a rigid glassy state to a supercooled liquid, thereby influ-
encing important properties such as thermal stability, mechanical performance, and glass-forming
ability [3, 4]. Accurate determination of Tg is thus essential for both theoretical understanding
and practical design of MGs. However, experimental measurements of Tg often require exten-
sive effort and resources. Techniques such as differential scanning calorimetry and broadband
dielectric spectroscopy are time-consuming, and the exploration of large compositional spaces in
multi-component alloys is particularly resource-intensive [1, 2].In addition, the available experi-
mental data are sometimes limited or inconsistent, which further constrains their use for devel-
oping reliable predictive models of MG properties. Molecular dynamics (MD) simulations offer
an alternative method for estimating Tg [5]. However, they require suitable force fields, which
are often not available for complex multi-component systems. Additionally, there is a significant
discrepancy in quenching time scales between simulations and experiments. While experimental
data is typically obtained under standardized cooling rates of 10–20 K/min, MD simulations use
much faster cooling rates of around 1 K/ps. Density functional theory [6] also has limitations as it
is restricted to 0 K calculations and cannot capture glass transition behavior.

Meanwhile, machine learning has provided new opportunities to overcome these limitations
by efficiently and accurately predicting material properties directly from composition. Machine
learning (ML) methods have already been successfully applied to predict a wide range of MG
properties, such as glass-forming ability, elastic moduli, and crystallization temperatures [7–10].
In particular, ML-based models for predicting Tg offer a promising pathway to accelerate the
design of new MGs while minimizing experimental effort [11].

As illustrated in Fig. 1, MD simulations is the relaxation times accessible less than 105 ps,
while the experimental timescale of glass-forming systems span much longer timescales ranging
from milliseconds to hundreds of seconds. This means that the slow structural relaxation dynam-
ics near and below Tg cannot be directly accessed by MD simulations. To bridge this timescale
gap, the elastically collective nonlinear langevin equation (ECNLE) theory has been developed to
describe the temperature and pressure dependence of structural relaxation in various glass-forming
systems [12–23]. A wide range of systems theoretically described by the ECNLE theory include
thermal liquids [17,18], polymers [13], colloidal suspensions [16,21], metallic glasses [20], amor-
phous pharmaceuticals [13–15], and nanocomposites [5, 19]. It captures the interplay between
local cage-scale dynamics and long-range collective elastic effects to provide quantitative under-
standings of key dynamical quantities including structural relaxation times, diffusion coefficients,
and dynamic shear moduli. The ECNLE theory only requires the glass transition temperature as an
input parameter. This means that by combining ML-predicted Tg values with the ECNLE theory,
the data-driven approach can be exploited to investigate the relaxation behavior of metallic glasses
when experimental Tg’s are not available.

In this work, we focus on the Fe42Co6Cr15Mo14CxB21−xTm2 (x = 9,11,13,15,17) alloy
family, a representative Fe-based metallic glass system. Fe-based MGs are of particular interest
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due to their cost-effectiveness, wide applicability, and sensitivity to compositional tuning, espe-
cially with respect to the C/B ratio [24, 25]. To the best of our knowledge, these materials have
not been systematically investigated through theoretical or computational approaches. To advance
the understanding of this alloy family, our study addresses the following several questions: (1)
Can machine learning models accurately predict the glass transition temperature of these alloys?
(2) Can the ECNLE theory provide reliable quantitative insights into their dynamical properties?
(3) What is the effect of carbon doping on the glass transition and dynamical behavior of these
materials? Answering these questions not only deepens the understanding of Fe-based MGs when
experimental data are limited but also provides further validation of the ECNLE framework in
predicting the structural relaxation time.

2. Theoretical background
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Fig. 1. (Color online) Workflow of the ECNLE theory for the structural relaxation time,
diffusion process.

In the ECNLE theory [12–23] amorphous systems describes glass-forming liquids as a
hard-sphere fluid characterized by the particle diameter, d, density number, ρ , and the volume
fraction, Φ = ρπd3/6 as Fig. 1. The radial distribution function, g(r), and static structure factor,
S(q) where q is the wavevector, are determined using the Percus-Yevick integral equation theory.
The dynamics of a tagged particle is governed by interactions with its nearest neighbors and co-
operative motion of the surrounding fluid. The local dynamics, describing the tagged particle’s
motion within its cage, is quantified by the dynamic free energy, Fdyn(r), expressed as the sum of
two contributions Fdyn(r) = Fideal(r)+Fcaging(r). Here,

Fdyn(r)
kBT

=−3ln
( r

d

)
−

∫
∞

0

q2d3[S(q)−1]2

12πΦ[1+S(q)]
exp

[
−q2r2(1+S(q))

6S(q)

]
dq, (1)

where kB is the Boltzmann constant, T is the ambient temperature, r is the displacement. The
first term on the right-hand side of Eq. (1) represents the ideal fluid-like contribution, whereas the
second term captures the caging constraints arising from interactions with neighboring particles.
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Fideal(r) = −3kBT ln(r/d) represents the free energy of the delocalized (ideal fluid) state, while
Fcaging(r) captures the localized state reflecting the influence of density and structural order. De-
tailed analyses of Fcaging(r), employing the volume fraction and S(q), can be found in previous
studies [12–23].

The dynamic free energy Fdyn(r) provides fundamental information about local particle
dynamics. In dilute solutions (Φ < 0.43), Fdyn(r) decreases monotonically with increasing r,
indicating that fluid particles can diffuse without significant kinetic constraints [21, 22]. At suffi-
ciently high densities (Φ > 0.43), the free volume is reduced and a insighfull emerges in Fdyn(r),
leading to the dynamic confinement of a tagged particle within an intermolecular cage formed
by its neighbors [21, 22]. The cage radius, rcage, is determined by the first minimum of the ra-
dial distribution function g(r). In this regime, the onset of transient localization occurs as a bar-
rier develops in Fdyn(r). From the free energy profile, the key length and energy scales of local
dynamics can be quantified. The local minimum of Fdyn(r) defines the localization length rL,
while the barrier position is denoted by rB. The jump distance is then given by ∆r = rB − rL and
FB = Fdyn(rB)−Fdyn(rL), respectively. In addition, we calculate the harmonic curvatures at rL and

rB as K0 =

∣∣∣∣∣∂ 2Fdyn(r)
∂ r2

∣∣∣∣∣
r=rL

and KB =

∣∣∣∣∣∂ 2Fdyn(r)
∂ r2

∣∣∣∣∣
r=rB

, respectively. K0 represents the effective

spring constant at the localization length, KB is the absolute curvature at the barrier position.
In many amorphous materials [12–18], cage escape requires cooperative rearrangements of

neighboring and surrounding particles, where collective motions are strongly coupled to local dy-
namics. In contrast, for metallic glasses, the influence of collective motion on the glass transition
is generally regarded as negligible, with local dynamics being the dominant factor [19,20]. There-
fore, considering only the local barrier within Kramer’s theory offers a reasonable approximation
for evaluating the structural relaxation time [12–23]

τα

τs
= 1+

2π√
K0KB

kBT
d2 exp

(
FB

kBT

)
, (2)

where τs is a short-time scale defined elsewhere [12–23]. Equation (2) provides the density de-
pendence of the structural relaxation time. In metallic glasses, nearest-neighbor intereactions
play an important role in the glass transition and contribution of the collective dynamics to this
phenomenon can be ignored. For quantitative comparison with experimental data, we use the
density-to-temperature conversion constructed using the thermal expansion process [12–23]

T = Tg +
Φg −Φ

βΦ0
, (3)

where Tg is the glass transition temperature (τα(Tg) = 100s) given by experiments [26,27] or ML
prediction [11], Φ0 ≈ 0.50 is a characteristic volume fraction, Φg ≈ 0.6714 is the volume fraction
at τα(Φg) = 100 s for metallic glasses, and β ≈ 12×10−4 K−1 is an effective thermal expansion
coefficient [12–23].

From the temperature dependence of τα , we can calculate the dynamic fragility, which
is [23]

m =
∂ log10 τα

∂ (Tg/T )

∣∣∣∣
T=Tg

. (4)



Ngo T. Que et al. 51

The fragility index provides a useful criterion to classify amorphous materials into three categories
including strong (m ≤ 30), intermediate (30 < m < 100), and fragile (m ≥ 100) [23].

The relationship between the diffusion coefficient (D) and the structural relaxation time is
described by:

D(T ) =
⟨∆r⟩2

6τα(T )
. (5)

In several previous studies [19,20], diffusion coefficients calculated using the ECNLE theory have
shown good agreement with experimental measurements for various glass-forming systems.

To evaluate the performance of the employed machine learning models, we used three sta-
tistical metrics including the coefficient of determination (R2), the root mean square error (RMSE),
and the mean absolute error (MAE). These metrics are defined as follows

R2 = 1− ∑
n
i=1(yi − ŷi)

2

∑
n
i=1(yi − ȳ)2 , (6)

RMSE =

√
1
n

n

∑
i=1

(yi − ŷi)2, (7)

MAE =
1
n

n

∑
i=1

|yi − ŷi|, (8)

where yi and ŷi denote the experimental and predicted values, respectively, ȳ is the mean of the
experimental values, and n is the total number of data points.

3. Results and discussion
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Fig. 2. (Color online) Dynamic free energy as a function of displacement at different
volumn fractions Φ.
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Figure 2 shows the dependence of the dynamic free energy (Fdyn) on displacement (r) at
different packing fractions Φ = 0.40,0.45,0.55, and 0.60. As the volume fraction increases, the
shape of the Fdyn curves changes significantly. At Φ= 0.40 and Φ= 0.45, the dynamic free energy
exhibits a shallow minimum and a low energy barrier. This indicates that the system still allows for
considerable structural rearrangements and retains relatively loose dynamics. When Φ increases
from 0.55 to 0.60, the energy barrier becomes deeper. It means stronger constraints on particle
motion and enhanced stability of the dynamic glassy state. This also signifies stronger caging
effects and the tendency toward dynamical arrest as the system approaches the glass transition.
These results reveal that with increasing packing fraction, the dynamic free energy evolves from
a nearly flat profile to one with a distinct barrier and fundamentally changes from liquid-like
dynamics to glassy behavior. This is in agreement with the predictions of the ECNLE theory.

Table 1. The glass transition temperatures in Kelvin predicted from our ExtraTrees Re-
gression model and their corresponding experimental values in Ref. [26].

x Tg,exp(K) Tg,ML(K)
9 876 876
11 872 872
13 871 871
15 850 855.5
17 845 845

In our previous work [11], we trained machine learning models using a dataset consisting
of 715 experimentally measured data points. In order to improve the generalization ability of the
model and expand its applicability to a wider range of metallic glass compositions, we expanded
the dataset to a total of 921 experimental data points by adding data from the literature. Each
alloy composition in the dataset was represented by a set of 45 elemental features, which is an
increase of three elemental features compared to [11] since we have more alloys. To validate
our calculations, we randomly divided the dataset into 80% for training and 20% for testing.
This split ensures that calculations on the test set are completely independent from those on the
training data. We then used a grid search procedure [28] to optimize the hyperparameters of
the ExtraTrees regression model..The optimized model was trained on the training subset and
evaluated on the held-out test set. Numerical results on the testing dataset are MAE = 7.73 K,
RMSE = 12.03 K, and R2 = 99.37%. To further evaluate predictive performance of our model, we
carried out a 5-fold cross-validation on the full dataset [29]. The averaged results are R2 = 98.8%,
RMSE = 16.15 K, and MAE = 9.73 K. This finding indicates that the model’s performance is
consistent across different data partitions.

After training and validation, the optimized model was employed to predict the glass tran-
sition temperatures of the alloys Fe42Co6Cr15Mo14CxB21−xTm2 with x = 9, 11, 13, 15, and 17.
Note that the data of Fe42Co6Cr15Mo14CxB21−xTm2 is in our dataset but training and testing data
are randomly split. This treatment ensures the model has relatively high accuracy due to be trained
on large dataset meanwhile contains sufficient generalization. The randomness of splitting dataset
allows us to avoid bias when evaluating the model. As shown in Table 1, the predicted Tg values
are in reasonable agreement with the corresponding experimental data for x = 9,11,13, and 17
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with a deviation of approximately 5.5 K observed at x = 15. In our dataset, the carbon concentra-
tion is primarily distributed within the range of 0–17. Therefore, the predictions for alloys with
x ≤ 17 are reliable since the calculating interval is within the compositional range of the dataset.
Increasing the carbon content can lead to predictions outside the range of the training data and
enhance uncertainty. However, we expect that changing x from 17 to 21 is so small that predictive
results are still reliable. This is an open question for future simulation and experimental study.
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Fig. 3. (Color online) The logarithm of the structural relaxation time (in seconds) for
the Fe42Co6Cr15Mo14CxB21−xT m2 (x = 9, 11, 13, 15 and 17 at.%) metallic glass as a
function of (a) 1000/T and (b) Tg/T calculated using the Tgs values from ML predicted
(solid curve) and Tgs values experimental (data points).

The predicted Tg values from our ML model were used as input in Eqs. (2) and (3) to predict
the temperature dependent structural relaxation time. The results in Fig. 3 indicate a strong con-
sistency between ECNLE calculations based on either experimental or ML-predicted Tg. As the
C concentration increases, τα decreases, which signifies enhanced atomic mobility. This behavior
arises because, at a fixed temperature, the increases of C lowers Tg, thereby promoting faster re-
laxation dynamics. Although we do not have experimental data for structrural relaxation time to
compare with our theoretical numerical results, it is possible to evalute the accuracy of prediction
τα via the fragility calculation obtained from Fig. 3(b) using Eq. (4)

Given the quantitative agreement between the ML-predicted and experimental Tg values, the
fragility values calculated using Eq. (4) are also expected to be very similar. Table 2 presents the
dynamic fragility computed using ECNLE theory with Tg values from ML predictions, compared
with experimental data. The results indicate good consistency with experimental estimates for x =
9,11, and 13, whereas larger deviations are observed for higher C contents (x = 15 and 17). This
outcome suggests that the method is more accurate in the low C concentration regime, whereas
additional refinements may be required to capture the fragility of alloys with higher C/B ratios.

Based on this, we used Eq. (5) to calculate the diffusion coefficient as a function of 1000/T.
As shown in Fig. 4, the diffusion coefficient exhibits a strong dependence on temperature. The



54 Machine Learning–Assisted ECNLE Theory for Predicting Dynamical Properties of FeCoCrMoCBTm Metallic Glasses

Table 2. The dynamic fragility computed using the ECNLE theory with Tg values from
ML predictions (Table 1) and experimental data from Ref. [26].

x mML mexpt
9 50.8 55
11 50.6 50
13 50 47
15 48.86 41
17 48.75 80
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Fig. 4. (Color online) The self-diffusion coefficient for Fe42Co6Cr15Mo14CxB21−xT m2 (x
= 9, 11, 13, 15 and 17 at%) metallic glass as a function of 1000/T calculated using the
Tgs values from ML predicted (solid curve) and Tgs values experimental (data points).

alloy lattice constant d = 3.13 Å, obtained from Vegard’s law [30], was used to calculate the dif-
fusion coefficient. Since d remains nearly unchanged across different values of x, the variation
in carbon and boron concentration has little influence on the results. The diffusion coefficient
decreases rapidly with increasing 1000/T , indicating that atomic mobility is significantly sup-
pressed at lower temperatures. Moreover, the curves corresponding to x = 9, 11, 13, 15, and 17
nearly overlap, suggesting that the diffusion process in these metallic glasses is primarily governed
by thermal activation energy rather than by minor compositional changes.

4. Conclusion

In conclusion, we have presented a combined machine learning - ECNLE framework to
study the glass transition dynamics of Fe42Co6Cr15Mo14CxB21−xTm2 metallic glasses. The ML
model accurately predicted Tg, which served as reliable input for ECNLE to compute relaxation
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times and diffusion coefficients. In addition, the approach yields fragility values that are consis-
tent with experimental data for low carbon contents, while larger deviations appear at higher C
concentrations, thus offering further insights into the composition–dependent dynamic properties
of metallic glasses. The ML - ECNLE framework provides an effective and scalable tool for pre-
dicting relaxation and diffusion behavior in metallic glasses, especially when experimental data
are limited.
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