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Abstract. We study Rydberg excitons in two-dimensional transition-metal dichalcogenide semi-
conductors, using the Rytova-Keldysh potential to account for nonlocal dielectric screening ef-
fects. We determine exciton binding energies in monolayer WSe2 and WS2 by the variational
method. We perform calculations for different dielectric environments (isolation, hBN encap-
sulation, and SiO2 substrate support) to investigate the influences of the surrounding dielectric
environment. Our theoretical results agree reasonably with experimental measurements and pre-
vious numerical calculations. The study shows a strong dependence of exciton binding energy and
spatial extent on both the principal and angular quantum numbers, as well as on the surrounding
dielectric environment.
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1. Introduction

Over the past decade, monolayer transition metal dichalcogenide (TMD) semiconductors
with direct bandgaps in the near-infrared to visible spectral range have emerged as promising
materials for next-generation photonic and optoelectronic devices such as light-emitting diodes [1–
3], photodetectors [4], and lasers [5, 6]. The reduced dimensionality and dielectric screening
in these two-dimensional (2D) materials significantly enhance Coulomb interactions, resulting
in tightly bound excitons (electron-hole pairs) with large binding energies. These excitons are
stable even at room temperature and dominate the optical properties of monolayer TMDs [7–9].
Of particular interest are the highly excited excitonic states, known as Rydberg excitons, which
exhibit large spatial extents and dipole moments. The strong long-range dipole-dipole interactions
make Rydberg excitons highly sensitive to external perturbations and hence attractive for quantum
technologies [10–13].
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Understanding Rydberg exciton properties, particularly under the influence of the surround-
ing dielectric environment, is necessary for the development of excitonic devices. Here, we deter-
mine the binding energy of Rydberg excitons in monolayer WSe2 and WS2 using the variational
method. This method is often used to provide a comparison with numerical or experimental re-
sults. While many variational studies are interested in the groundstate exciton [14–21], we are
interested in Rydberg excitons (i.e. excited excitonic states) of both zero and finite angular mo-
mentum quantum numbers. Our variational calculations can be applied to 2D isotropic semicon-
ductors. The variational method can also be applied to 2D anisotropic semiconductors [22–25].
However, the direction-dependent dispersion of band edges, which is indispensable in anisotropic
studies, is beyond the scope of the present work. In this work we assume the dispersion of band
edges to be direction-independent and focus on isotropic materials. We describe electron-hole in-
teractions using the Rytova-Keldysh potential [26, 27], which is more accurate than the Coulomb
potential in taking into account nonlocal dielectric screening effects characteristic of 2D materials.
We perform calculations for different dielectric environments (isolation, hBN encapsulation, and
SiO2 substrate support) to investigate the influences of the surrounding dielectric environment.
We compare with experimental data [10] and previous numerical solutions of the 2D Schrödinger
equation [28] to validate the obtained results.

In the past decade, some expressions for the exciton binding energy in 2D semiconduc-
tors have been introduced [28–31], including semi-empirical formulas [32]. Using the variational
method, our purpose here is to derive an exciton energy function (its minimum is an upper bound
to the exciton energy) rather than an analytical expression for the exciton binding energy. Fur-
thermore, we are interested in Rydberg excitons of both zero and non-zero angular momentum
quantum numbers, while the previous works mainly focus on excitons of the zero angular momen-
tum quantum number.

2. Theory

In the effective-mass approximation, the 2D Schrödinger equation for Wannier–Mott exci-
tons reads (in Hartree atomic units)(
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and V (r) is the Rytova-Keldysh potential [26, 27]
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where H0 is the Struve function, Y0 is the Bessel function of the second kind, κ is the average
environmental dielectric constant, r is the electron-hole distance, and r0 is the screening length.

Assuming cylindrical symmetry, the envelope function ψ(rrr) can be expressed as

ψnm(rrr) = ψnm(r,ϕ) =
eimϕ

√
2π

Rnm(r), (4)
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where (n,m) is the (principal, angular momentum) quantum number, and the radial function
Rnm(r) is the solution of the radial equation
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We find Rnm(r) in the form of the widely-known 2D hydrogenic trial function [33–37]
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where L denotes the generalized Laguerre polynomial, anm is a variational parameter, and Cnm is
the normalization constant. From the normalization condition
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we have
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Applying the normalization condition (7) to the radial equation (5), we obtain
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we are able to express Enm as a function of the variational parameter anm as follows:
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1
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where

Dnm(b) = b
∫
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Minimizing the variational energy function Enm(anm), i.e. solving dEnm(anm)/danm = 0, we find
the lowest variational energy Emin

nm at each state (n,m), which is an upper bound of the exciton
energy. Because the exact value of the exciton energy is unknown, Emin

nm is often assumed to be the
exciton energy (its absolute value is the exciton binding energy) of the state (n,m).
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3. Results and discussion

Figure 1(a) displays the variational energy function (12) of excitons in hBN-encapsulated
monolayer WSe2 (µ = 0.2 and κ = 4.5 [38], r0 = 4.0 nm). The red circles indicate the lowest
variational energy at each state, which is an upper bound of the corresponding exciton energy
(its exact value is unknown). The upper bound is considered as the exciton energy, the absolute
value of which is the exciton binding energy. The radial function (6) results in the exciton energy
function (12) consisting of two opposite terms: the first term in the right hand side of Eq. (12)
is positive and decreases with increasing the variational parameter anm (see Fig. 1(b)), while the
second one is negative and increases as anm increases (see Fig. 1(c)). Summing these two terms
yields the exciton energy function with a behavior similar to a two-body interaction potential such
as the Lennard-Jones potential with only one minimum. Note that due to the exponential term
e−bx in the integral (13), the main contribution to the integral is located at small bx, and hence the
complicated behavior of the generalized Laguerre polynomial over the range (0,∞) has almost no
influence on the monotonic behavior of Dnm. Therefore, the exciton energy function (12) has only
one minimum at each state as indicated by red circles in Fig. 1(a). Table 1 lists the exciton binding
energy (the absolute value of the exciton energy) alongside experimental results [10] for excitons
in hBN-encapsulated monolayer WSe2. The deviations between the theoretical and experimental
values are less than 1 meV, showing the reliability of the present variational calculations.
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Fig. 1. (Color online) Excitons in hBN-encapsulated monolayer WSe2: (a) The varia-
tional energy function (12), the red circles indicate the minima of this function at different
states; (b) The first term in the right hand side of Eq. (12); (c) The second term in the right
hand side of Eq. (12).

Figure 2 shows the ns-exciton binding energy for isolated monolayer WS2 (µ = 0.17, r0 =
3.4 nm, and κ = 1.0). The present variational result (red circles) agree quantitatively with the
previous numerical solution of the 2D Schrodinger equation [28] (blue squares). The inset of
Fig. 2 displays the radial functions.
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Table 1. The variational and experimental results for excitons in hBN-encapsulated
monolayer WSe2.

Exciton Variational results Experimental results [10]
anm (nm) −Emin

nm (meV) Binding energy (meV)
1s 1.5 167.4 168.6
2s 2.5 39.2 40.0
3s 3.6 16.7 17.4
4s 4.8 9.2 9.7
5s 5.9 5.8 6.1
6s 7.1 4.0 4.2
7s 8.3 2.9 3.1
8s 9.5 2.2 2.4
9s 10.7 1.7 1.9
10s 11.9 1.4 1.5
11s 13.1 1.1 1.2
2p 2.2 49.3
3p 3.3 19.2
4p 4.5 10.1
5p 5.7 6.2
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Fig. 2. (Color online) The binding energy of excitons in isolated monolayer WS2. The
inset displays the radial functions.

To investigate the influence of the surrounding dielectric environment, we perform vari-
ational calculations for monolayer WS2 with and without substrate effects. Table 2 lists varia-
tional results for monolayer WS2 on SiO2 substrate (the average environmental dielectric constant
κ = 2.4 corresponds to the substrate dielectric constant εSiO2 = 3.8 [18]) and for isolated mono-
layer WS2 (κ = 1). Compared to the isolated monolayer WS2, the dielectric screening within the
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monolayer WS2 on SiO2 substrate is enhanced due to substrate effects, the electron-hole interac-
tion strength (and hence the exciton binding energy) is therefore reduced.

Table 2. The variational results with and without substrate effects for excitons in mono-
layer WS2.

Exciton Isolated monolayer WS2 Monolayer WS2 on SiO2 substrate
κ = 1 κ = 2.4

anm (nm) −Emin
nm (meV) anm (nm) −Emin

nm (meV)
1s 1.2 562.5 1.3 303.1
2s 1.4 256.2 1.9 92.6
3s 1.6 149.7 2.5 43.4
4s 1.8 97.7 3.2 24.8
5s 2.1 68.4 4.0 16.0
6s 2.4 50.3 4.7 11.1
7s 2.7 38.5 5.4 8.2
8s 3.0 30.3 6.2 6.3
9s 3.3 24.5 6.9 5.0
10s 3.6 20.2 7.7 4.0
2p 1.3 298.9 1.7 115.0
3p 1.5 163.6 2.4 49.5
4p 1.8 103.9 3.1 27.3
5p 2.1 71.7 3.8 17.2
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Fig. 3. (Color online) Monolayer WS2 on SiO2 substrate: the exciton binding energy
(left) and the corresponding variational parameter (right) as functions of the angular quan-
tum number for fixed principal quantum numbers.

We also investigate the dependence of the exciton binding energy −Emin
nm (and the corre-

sponding variational parameter anm) on the angular quantum number m at fixed principal quantum
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numbers n. Fig. 3 displays −Emin
nm and anm as functions of m at n = 4 and n = 5 for monolayer

WS2 on SiO2 substrate. In general, the exciton binding energy is inversely proportional to the
principal quantum number but is directly proportional to the angular momentum quantum num-
ber. In monolayer TMDs, an exciton can be optically bright or dark depending on its angular
momentum quantum number. For instance, s- and d-state excitons (corresponding to m = 0 and
m = 2, respectively) are optically bright, while p-state excitons (m = 1) are optically dark [39].
These excitons are located at the K and K′ valleys of the first Brillouin zone, and are excited by
σ+ and σ− circularly polarized light, respectively [39]. They obey valley-dependent optical se-
lection rules, suggesting the possibility of valley optoelectronic devices [40, 41]. The electrically
switchable chiral light-emitting transistor based on monolayer WSe2 is an example [42].
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Fig. 4. (Color online) Monolayer WS2: the exciton binding energy as a function of the average
environmental dielectric constant. Solid line represents the minimum of the energy function (12)
for Rytova-Keldysh-excitons, dashed line represents the Coulomb-exciton energy (14), and dash-
dotted line represents the exciton energy given by Eq. (3) in Ref. 31.

Finally, we investigate the dependence of the exciton binding energy −Emin
nm on the average

environmental dielectric constant κ . Figure 4 plots −Emin
nm as a function of κ for Rydberg exci-

tons in monolayer WS2. Increasing the average environmental dielectric enhances the dielectric
screening, and reduces the electron-hole interaction strength, hence decreases the exciton binding
energy. In addition, the electron-hole distance is directly proportional to the average environmental
dielectric. At large electron-hole distances, the Rytova-Keldysh potential returns to the Coulomb
potential, then the Schrödinger equation (1) can be solved analytically to derive exactly the exciton
energy

E∗
nm =− µ

2κ2
(
n+ |m|− 1

2

)2 . (14)

In Fig. 4, the variational binding energy −Emin
nm approaches the Coulomb-exciton binding energy

−E∗
nm with increasing κ and n, showing again the reliability of the present calculations. The s-

state excitons exhibit a hydrogenic behavior for n ≫ 1. Nonetheless, due to influences of the
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surrounding dielectric environment, the hydrogenic behavior of s-state excitons depends not only
on the principal quantum number (n) but also on the average environmental dielectric constant
(κ). Fig. 4 shows that 7s-excitons (blue lines) exhibit the hydrogenic behavior at κ > 4, while
5s-excitons (green lines) only exhibit the hydrogenic behavior at κ > 5 (or even higher). The dif-
ference between the Coulomb-excitons (dashed lines) and Rytova-Keldysh-excitons (solid lines)
increases with decreasing κ and n.

Figure 4 also includes the exciton binding energy predicted by the expression (3) in Ref. 31.
This expression was derived by solving the 2D Schrödinger equation (1) for Wannier–Mott exci-
tons using a logarithm potential to approximate the Rytova-Keldysh potential (3). With increasing
κ and n all curves are consistent with each other, in which the variational results (solid line) ap-
proach faster to the predicted value (dash-dotted line) than the Coulomb-exciton binding energy
(dashed line). This is because the present variational energy function and the previous expres-
sion for the exciton binding energy [31] were based on the the Rytova-Keldysh potential (3) but
not the Coulomb potential. The agreement confirms the reliability of these variational calculations.

Because the effect of the dielectric environment is of particular interest, it is necessary
to evaluate the reliability of the obtained variational energy. As listed in Table 2, the varia-
tional binding energy of the ground-state exciton in a monolayer WS2 on SiO2 substrate is Evar

b =

0.303 eV, while the experimental value from reflectance contrast measurements is Eexpt
b = 0.32±

0.04 eV [43]. Thus, the deviation (Eexpt
b −Evar

b )/Eexpt
b is 5.31 %. Here we use µ = 0.17 [44],

r0 = 3.4 nm [45], and κ = 2.4 (corresponding to εSiO2 = 3.8 [18]). Note that the value of a param-
eter for the same material in different studies could be different, such as the exciton reduced mass
in a monolayer WS2 (0.15 [46], 0.16 [43], 0.17 [44], and 0.19 [28]). In addition, the measured ex-
citon reduced mass has been found to be heavier than that calculated using the density functional
theory [45]. The reason for this phenomenon remains unclear. In general, the variational method
provides an upper bound to the exciton energy, i.e. a lower bound to the exciton binding energy
(Evar

b < Eexpt
b ). The reliability of the variational energy strongly depends on the choice of the trial

function. Although this method only provides approximate solutions, it is still a useful tool due to
its simplicity and effectivity.

The above comparisons show the suitability of the trial function (6) and the validity of the
energy function (12), two important factors in a variational study. Apart from the well-known vari-
ational method, the exciton problem can also be studied using highly precise numerical methods
such as the finite difference method [38], the Bessel discrete variable representation [10], or the
Feranchuk-Komarov operator method [47].

4. Conclusions

In this work we have determined Rydberg exciton energies in monolayers WS2 and WSe2
by the variational method. We have used the Rytova-Keldysh potential to describe the electron-
hole interaction, taking into account the environmental dielectric screening. Comparing with the
previous experimental and numerical results, we have shown the reliability of the present varia-
tional calculations. We have also shown the influence of the surrounding dielectric environment
on the Rydberg exciton energy.
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