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VA CH~M cuA HAI THANH DAN Hen v6r 
THANH THU HAl CHlU LVC CAN DAN NHOT 

a M~T BEN vA TVA TREN NEN c(JNG 

~ " " 1. D~T VAN DE 

NGUYEN TH"UC AN, NGUYEN DANG TQ, 
NGUYEN HUNG SON 

Thea [1] Cac tac gil. da gill bhl toan va chll-ffi cda hai thanh dan hlli v6i thanh th(r hai ban 
vo han va chiu hrc cAn dan nh&t l:J mat. ben. 

Trang hii ni..y cac tac gil. xet hal toan tren v&i thanh thrr hai hfru h'l-n va d~u thanh khOng 
bj va ch~ tlFa tren n~n c~g 

scr flO BAI TOAN 

0 

~ ... ' , 
2. THIET L4P BAI TOAN 

a. Ph=ng trlnh chuy~n dgng cna thanh 

82u, a.... 2 82u2 
8t2 +).at+ ku2 = Gz axz VOO £1 :5 X :5£1 +£2; t > 0 

b. Di~u ki~n d"au cua bai toan: Tru-6-c khi va ch'l-ffi khi t = 0 thl: 

c. Di~u ki~n bien cda ba.i toci.n: 
T'l-i X= 0 thl: 

u1 = o; U1 = V1 
U2=0; U2=0 

au, 
-=0 
ax 
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X 

(2.1) 

(2.2) 

(2.3a) 
(2.3b) 

(2.4a) 



T~i x = t1 + t. thl: 

T~ X= t, thi: 

E F au1 E F au2 
1 1- = 2 2- yA, Ut = U2 ax ax 

3. eAcH GIAI BAI TOAN 

D~ gi!.i bai tm\n bien tren ta dtra v~ gilri 2 ba.i toan sau: 
Bai toan 1 
Bai toan nay du-qc bi~u thj & {2.1) {2,3a), {2.4a) va: 

khi X= £1 
au, 

E1F1 ax = -Q(t) 

Ap dv.ng phep bie'n dili Laplace u1(x, t) 7 u!(x, p) vi\. Q(t) 7 Q0(p). 
Theo [1] taco ham .l.nh: 

..;o)(x p) = -~ Qo(P) ch{pxfa,) + V, 
' E1F1 p sh{pt1Jal) p2 

ri\. nghi~m cua b11i toan thU. nhat Ia: 

t- [(2n+l )t,-zlfa, t-[(2n+l)ll +•[fa, 

u,(t,x)=V1t+E:~J~ I Q(r)dr+~ I Q(r)dr} 
n-O 0 n-0 0 

lrong d6 

Bai toan 2 
Ba.i toan nay dtrgc bi~u thi & (2.2), {2.3b), {2.4b) va 

E2F2 au2 = -Q(t) khi X = l, ax 
Ham .l.nh cda nghi~m phlWilg trlnh (2.2) co d~ng: 

(o)( ) _ Qo{P) [ [2£2 -(z-t.)[~ _ ~(z_:td] 
"2 x, p - E2F2,8{1 + e2Pt,) e . e 

trong d6: 
,8 = Jp2 + >.p + kja2 = J(p + >.J2)2- (>.2 - 4k)/4/a2 

D~t >.2 = Re-/>.2 4k. 
Truirng h9'P 1: Ne'u >.2 

- 4k > 0. Nghi~m cua bai toan 2 co d~g: 
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{2.4b) 

{2.4c) 

(3.1) 

{3.2) 

{3.3) 

{3.4) 

(3.5) I 
i' 

I 
[": 

f 
i 
I 
i 
I. ,. 
I 

I 



trong do 

N, = II a2t ~:, + e, II ; N2 = II a2t ~:,- t, II 

& cac bisu thrrc (3.3) va (3.6) thl Q(t) "'ham chU'a bie't, no d1rqc xac djnh dva vao di~u ki~n bien 
(2.4c) t;>i x = £1 

hay 

u2(t,, t) = u1(t,. t) 

(0)( ) (0)( ) u2 e,.p = u, t 1 , P 

Tlr (3.2) va (3.5) ta c6 

Theo [3] ta c6 ne'u 

(2} - 1- e-2!3l<J - _1_ [.!..-+- oo - n e-2nf3l2] 

11!. (p) - E2F2,B(l + e 2P'•) - E2F2 ,B · 2 ~ ( l) ,B 

M~t khac: 
1 a2 a2 

f3 = v9 + ,\p + k = .j(p + ,\f2)2- (V- 4k)/4 

~ + a2e-~'/2 Io(,\2t/2) 

.-2npe, [,\ ] 
.B +a2e-"12I0 ;vt2 - (2ni,fa2)2 ~[t- (2nt2ja2)]. 

Thay cac k<!t qua tren vao (3.9) ta c6: . 

J4,2 l (p) + R(2l(t) = ~{e-At/2 Io(,\2t/2) 
E2F2 

+ 2 2)-.:_l)ne-></2 10 [ ~2 yt2 - (2ni,fa2J2] ~[t- (2ni,fa2 )]}. 

n;::::l 

(3.7) 

(3.8) 

(3.9) 

D~t N = lla·t/2£, II va IU'U y •• t/2£, ~ N ..... t ~ 2Nl,/a2 ~ 2ni,/a2. Tlr do taco thS vi<!t 

8 



Tir {3.7) ta c6 
Qo(p)Ro(P) = V,jp2 

V,jp2 + V1t 

Theo djnh ly ham nhil.n ta c6: 

t t I Q(r)R(l) (t- r)dr +I Q(r)R(2l(t- r)dr = V1t 

0 0 

t 

H( 1l(t) =I Q(r)R(1l(t- r)dr, 
. t 

H(2l(t) =I Q(r)R( 2
) (t- r)dr 

0 0 

D~o ham hai vg cda (3.11) theo thlri gian ta c6: 

(3.11) 

(3.12) 

Ta ky hi~u T1 va T2 Ia chu kY cda thanh thU nhllt va th.X hai voo T1 = U,j a1 va T2 = 2£2/ a2. 
Bay gilr ta xac djnh ham Q(t). 

a. Xet tf chu ky tM nhitt cda cd hai thanh: t E [o, T1) n [0, T2 ) 

0::; t < T1 __, 0 ::; t - r < T1 v&i 0 ::; r ::; t. 

Tir (3.8) taco: 

R(l) (t- r) = a1 / E1F1 , do d6 if(1l(t) = (a,j E1F1 )Q(t) 

Ky hi~u R\2
) (t) = R(2l(t) khi {s- 1)T2 ::; t::; sT2 v&i s = 1, 2, 3, ... 

Khi 0::; t < T2 thl 0::; t- r < T2. Tlr (3.10) ta c6: 

Tir d6: 

t 

(3.13a) 

(3.13b) 

.if(2l(t) = E:~2 Q(t) +I Q(r)2;:F2 
e-*~')/2 { ,\2J1[>,2 (t- r)/2]-H0 [,\z{t- r)/2] }dr (3.14) 

0 

Thay d.c kgt qu~ tren vao {3.12) ta c6 phtrong trlnh: 

trong do 

t 

Q(t) +a I Q(r)K(t- r)dr = 2c.V1 

0 

K(t- r) = E:~2 e-A(t-,)/2{-'2h[,\2(t- r)/2]- Uo[.A2(t- r)/2]} 
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(3.15) 



b. Xet cf chu ky tMc i c~a thanh th!i: nha:t va chu kif thU: j cda thanh th!i: hai 
Ttl-cIa t E [(i -l)T1 ,iT,) n [(i- l)T2,iT2) 
* & chu ky thlic i cda thanh thlic nUt tlicc Ia (i- l)T1 < t < iT1 v&i i = 1, 2, 3, ... 
Ky hi~u H}'l(t) Ia ham H('l(t) khi t b trong kho!mg then gian nay va tlr d6 ta c6 thg vigt n6 

drr&i d;;.ng 

t-(i-l)Tl i-l t-(i-k~l)1'1 

H,(')(t) = I Q(r)R(')(t- r)dr + L I Q(r)R(')(t ~ r)dr 

0 k=l t-(i-k)T1 

Tlr (3.8) khi 0 < r < t- (i- l)T, -+ (i- l)T1 :::; t- r <iT,, ta c6: 

( ) . a, 
R 1 (t- r) = (2i- 1)-

E1F1 

Khi t- (i-k)T, < r:::; t- (i- k-1)T, veri k = 1, (i- 1) suy ra (i-k-1)T1 :::; t-r < (i -k)T,. 
V~y 

R( 1l(t- r) = [2(i- k) -1]~ 
E1F1 

Tlr d6: 

t-(i-l)Tl , t-(i-k-l)T1 -

H}')(t) = I Q(r)(2i -1} E:~l dr+ f J Q(r}[2(i- k}- 1] E:~, dr 
0 k=l t-(i-k)Tl 

Do d6 

i-1 

. .H}'l (t) = (2i- 1}~Q[t- (i- 1}T,j + L[2(i- k)- 1]~Q[t- (i- k- 1)T, 
E,F, k=l E1F1 

i-1 

- L[2(i- k)- 1]~Q(t- (i- k)T,j. 
•=1 E,F, 

Sau khi tinh toan va rut g9n ta c6: 

i-1 
· (1) a, 2a1 '\' . 

H, (t) = E F Q(t) + E F L....., Q[t- (t- k)T,j. 
1 1 1 1 k=l 

* & chu ky thlic j da thanh thli- hai tlicc Ia: (j- 1)T2 < t < jT2 v&i j = 2, 3, 4, ... 
Ky hi~u Hj')(t) Ia ham H(2l(t) khi t b trong kho!mg thcti gian nay. 
Ly lu~n tmmg tv nhu tren ta c6: 

(3.16) 

t·-(i-l)T~ j-l t-(i-k-l)T2 

H}2 )(t) = I Q(r)RJ2)(t- r)dr+ L I Q(r)Rj.~.(t-r)dr (3.17) 
0 .k=l t-(i-k)T2 

trong d6 tlr (3.10) ta c6: 
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j-k-1 

R\:_l.(t- r) = Za2 L {-1)ne->(t-r)f2Io [>.2 v(t- r)2 - (2nJ2/a2)2J 
3 E2F2 n=O 2 

- ~.->(t-r)/2 Io[>.2 (t- r)/2]. {3.19) 
E2F2 

Til' d6: 

H}21 {t) =Q[t- (i -l)T2]RJ21 [(J' -1)T2J (3.20) 
t-(j-l)T, j-l 

+ I Q(r)RJ2
) (t- 1')dr + L Q[t- (j- 1)T2JR}:!.[(i- k- 1)T2] 

0 k=l 

j-1 j-l t-(i-k-l)Tz 

- L Q[t- (i- k}T.JR}:!.[(i- k}T2 - OJ+ L . I Q(r}Rj:!.(t- r}dr 
k=l . k=l t-(j-k)T, 

Bi~n d<!i fan hrqt d.c s5 hl!Jlg cda (3.20} va rut go;m ta c6: 

t j-2 t-{i-k-l)Tz 

.Hj'l = E:~2 Q(t) + I Q(rJRl
2
l(t- r}dr + L I Q(r}Rj:!. (t- r}dr 

(j-t)T, k=l t-(j-k)T, 

(j-l)T, j-1 
+ I Q(r)Jll2l (t- r}dr + 2

a2 L(-1};-•.->(j-k)T,f2 Q[t- (j- k}T.] (3.21) 
. E•F• •-t 

t-T2 -

· Sau khi thay (3.16} va (3.21} vao (3.12} ta c6 phtrang trlnh sau: 

• 
a, a2 I . (2) . 

EtFt + E,F
2 

Q(t) + Q(r}R1 (t- r}dr = 
(j-l)T, 

j-1 j-1 

= V1 - 2
a1 L Q[t- (i- k}T1J- 2

a2 L(-1};-•.->(j-k)T,f2 Q[t- (i- k)T2] 

E,F, k=t E2F2 k=t 

;-2 t-(j-k-t)T, (j-l)T, 

- L I Q(r)R):!.(t,)dr- I Q(r}Rl2l(t- r)dr (3.22} 
k-l t-(j-1c)T2 t-T:~ 

Tir (3.13b) ta. c6: 

Rl21 (t- r} = ZE~F2 e->(t-r)f2{>..I,[>.2(t- r)/2]- >.Jo[>.2(t- r}/2J} 

Tir (3.22} c6 th~ vidt dtr6i d'long 

• 
Q(t) +a I Q(r)K(t- r)dr = 2aV, ~ /;;(t) (3.23} 

(j-l)T, 
trong d6: 

i-1 j-1 

/;;(t) = { 
2a1 L Q[t- (i- k)T1] + 2a2 L(-1);-•.->U-k)T,f2Q[t- (i- k}T2 ] 

E 1Ft k=t E2F2 k=t 

j-2 t-(j-k-l)T, (j-l)T, 

+ L I Q(r)R}:!,(t- r}dr + I Q(r)Ri'l(t- r)dr }za 
. k=l t-(i-k)Tz t-T'l 
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Ham J;;(t) Ji, ham da bigt cda thlri giant, do ham Q(t) da dm;rc xac djnh tlr cac chu ky trtr&c 
chu ky thU, i cda thanh thU, nHt va trtr&c chu ky thli- j cda thanh thli- hai. 

V~y c.<c phtr011g trinh (3.15) va (3.23) Ia cac phrr011g trinh tlch pharr Voltera lo;ti 2, nghi~m 
c6 th~ tlm dtr9"c blng c3.ch l.l:p d.c d3.y ham 

{ Q~i) (t)} -> q(ij) (t). 

Trong d6 ham Q(ii) (t) Ia ham Q(t) xac djnh b chu ky thU, i cda. thanh thU, nHt va lr chu ky 
th.r j cda thanh th.r hai. C¥ th~ Ia . 

Q(ll) -2 v 
0 - a 1 

t 

Q(11 l = 2aV,- a I K(t- r)Q~11)(r)dr 
0 

t 

Q~11 ) = 2aV,- a I K(t- r)Q~1,'l(r)dr 
0 

Khi i ;::: 2 va j;::: 2 day ham { Q~i) (t)} se Ia : 

( ij) Q0 = 2aV1 - J;;(t) 
t 

Q~ij) = 2aV,- f;;(t)- a I K(t- r)Q~ij) (r)dr 

(j-l)T, 

t 

Q~i) = 2aV,- f;;(t)- a I K(t- r)Q~~)1 (r)dr 
(j-l)T, 

(3.24) 

(3.25) 

Sau khi tlm dtrgc Q(t) tlr (3.24) va (3.25), ta thay vao (3.3) va (3.6) th\ xac djnh dtrgc djch 
chuy~n u1 (t; x) va u2 (t, x). Tir d6 ta tim drrqc tmang li-ng su[t va trrrang v~n ttc trong de thanh, 
il!'C nen va cham va thai gian va ch;tm CUa hai thanh. 

Cac tr1rang h<;rp sau each gi.l.i trr<1ng tl!' nhrr tren va cllu I= y 
Trll'ang h<!P 2. Nlu >.2 - 4k < 0, ham nhan lr cac phrr=g trinh Volterra (3.15), (3.23) se 

Ia.: 
K(t- r) =- E:~2 { >.2J1[A2(t- r)/2)- >.Jo[.\2(t- r)/2)} 

Trong de bi~u th.rc {3.6), (3.13b) va (3.18) ham !0 (.) drrgc thay bhg ham J 0 (.). 

Trll'ang h<]'P 3. Nlu .).2 - 4k = O, bi~u thli-c (3.6) se Ia: 
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Cac bitfu th.rc (3.13b) va (3.18) se dll'<)'C thay tU'crng .rng 

va ham nhan cua cac phrrang trlnh Voltera (3.15) va (3.23} se Ia: 

" A 4. KET LU~N 

N(li dung bai bao nay tac gi~ da gi!.i quye't trqn v~n bai tofu v~ va ch;un d9c cua hai thanh 
dan h'Oi v&i thanh thll- hai chju hrc d.n dan nh&t & m~t ben va t~a tren nh cli-ng. 
~ m~t ky thu~t day Ia mo hlnh bai tofu va ch;un cua bua vao cqc c6 kg de'n h,rc d.n & m~t 

ben va day cqc g~p chlr&ng ng.p v~t. 
Cong trlnh d1r9c hoan thanh v&i S\1' h~ trq tai chinh cua Chncrng trlnh nghien cuu ca ban 

trong linh v~c Khoa hqc t~ nhien 

Dia chi: 
T;!drng a ~i hqc Th.ly lri 

Nh4n ngay 2/8/1995 
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SUMMARY 

LONGITUDINAL SHOCK OF TWO ELASTIC BARS WITH THE 
2nd BAR BASES ON RIGID FOUNDATION AND MEETS 

VISCO-ELASTIC RESISTANCE ON SIDE FACE 

In this paper authors have studied problem of longitudinal shock of two elastic bars with more 
general model [1, 2]. 

Technically the model of this problem similar to driving pile, where the pile bases on rigid 
foundation and meets visco~elastic resistance of foundation on side face of the pile. 
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