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CUBIC PARAMETRIC EXCITATIONS

NGUYEN VAN DINH - TRAN KM CHI
Institute of Mechanics

In [1], a quasi-linear oscillating system with non linear restoring element har-
monically depending on time has been studied. The mentioned element is rep-
resented by two terms-the linear and the cubic. We can consider the system
examined as the one subjected to two parametric excitations. The oscillations
thus result from the interaction between these two excitations.

In the present paper, the same system will be examined in the case general,
assuming that there exists certain phase shift between two parametric excitations.
As it will be shown, the form of the resonance curve is diversity and can be
classified by using critical representative poings [2].

§1 Sysiem under consideration and equations of stationary
oscillations

Let us consider a quasilinear system described by the differential equation:
i+ wir = 5{A:t: — hi — yz® + 2pz cos 2wt + 2¢z° cos 2(wt + a)}, (1.1)

where: z-oscillatory variable; & > O-damping coefficient; 2p > 0, 2¢ > O-intensities
of linear and cubic parametric excitations, respectively; 2w-common frequency;
20 (0 € 20 < 2n)-phase shift; ¢ > O-small parameter; eA = (w? — 1)-detuning
parameter (1-own frequency).

Introducing slowly varying amplitude and dephase a, # by means of the for-

mulas
T=acosy; £=-—wasiny; Y=wit+d (1.2)

and applying the averaging method [1], we obtain:

—ca —€a 1
] = —— _ — h i _— 2. _—
&= - f " { w + psin26 + 590 sin 2(6 0)}, L9
. —EQ ~£a 3y ’
a 5 9= 3 A 4 @) Tpeos 20 + ga* cos 2(8 — o)
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Stationary oscillations (their constant amplitudes and dephases) satisfy the eqﬁa—

tions:

f=how+(p+ %qq?_gos 20) sin 28 — %n;ra,2 sin 20 cos 20 = 0,

(1.4)
g= (A-é 3}@2) +ga®sin 20.sin 20 + (p + ga® cos 20).cos 20 = O.
As in [2], the coefficients of these equations are denoted as:
1 a 1 ‘ 9 .
A=p+ Eqa, cos20; B = —-.2-qa sin20; E = —hw,
‘ (1.5)

G = ga® sin 20; H=p+gatcos20; K = %02 - A.

§2. Critical region, compatible ensemble and trigonometri-
cal conditions

Depending on o, various forms of the resonance curve will be obtained. Before
analyzing, it is necessary to determine the critical region and the critical part of
the resonance curve. Three characteristic determinants are:

uAB_-l‘Z 2 1o 4 2
D= ¢ H|IT (p-l—zqa 00320)(p+qa cosZo)-&-zq a” sin” 20
3 1 '
- = p* + =ga’cos 20 + =¢%a?,
2 2 (2.1)
B B| - Ly (Nt A into — hsgasi -
D; = K gl~= an y a A).smza hwga* sin 20,
1A E| _ ' l 2 )( 3 4 2 .
Dy = |G K|= (p+2qa cos20 )l A Z a ) + hwqa” sin 2.
The critical region Ry{A, a?) satisfy the equality:
- 154,33 2 2 |
D=0 ie 59a -{-qua, cos 20 + p* = 0. (2.2)

Being a quadratic equation with unknown a2, (2.2) admits two positive roots if:
9cos’20 ~82>0, cos20 <0 (2.3)

i.e:
. 2 .
—~1§c052d§—?3£ or g'..—agag

Wy
+
Nl
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where

1
7= 5 arccos —=, (2.5)

o satisfying(2.4);-the-critical region-exists and consists.of two._straight lines-
denoted by D', D" parallel to the abscissa axis A with ordinates:

3 8
D :ad} -:—24:(—00520— \/cos? 20 — 5) .
3 / 8
D":a§=5§(—cos2a+ cosz2o-—§),

8
(2 “double” line if cos?20 = - ie. o= Ttw } In these two critical lines, the

(2.6)

compatible ensemble is determined by two compatibility conditions:

| 3 .
Dy =0ie. —2—qa2 («-gaz — A) sin 20 — hw(p + ga? cos 20) = 0, (2.7)

5 :
D; = 0 i.e. hwga®sin 20 + (jf-a?' — A) (p—i— -21—_q-a2 cos Zcr) =0. (2.8)

Then, from the compatible ensemble obtained, we single out the critical part C;
(of the resonance curve C} by two trigonometrical conditions:

1 2 1
A+ B? > E?ie. (p+ Eqa2 cos Zcr) + Zq'za,2 sin? 20 > R2w?, (2.9)

2 2 25 2.4 2 2 203 2 A)?
G*“+ H*> K* ie. ¢g“a*sin“20 + |p+ ga‘*cos20) > 7° A) . (2.10)

The resonance curve C will be identified from the following frequency-amplitude

relationship:
W(A,a*)=D?+D; ~-D*=
= {%qa2 (32’)’_&2 - 6) sin 20 + hw(p + ga® C(‘)S 20) }2+
+ {hwqa2 sin 20 + (—:);—ga,2 - A) (p + %qaz cos 20) }2 (2.11)
- {(p + %q'a,2 €05 20") (p + ga? cos 20) - -;-q2a4 sin® 20}2 =0

with condition that compatible points do not satisfying trigonometrical conditions
must be rejected. :
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§3. The case o =1n/2

This particular case has been studied in [1]. Here, it will be examined again,
1n51st1ng on the critical part C'. :

As we have already known the resona,nce curve C consists of two parts:
" - the ordinary part Cj, located in the ordinary region D'# 0 and
- the critical part Ca, located in the critical reglon .D =0.

In the case 0 = /2, the ordinates of two critical lines are:

D' o =p/q; D":dl =_?p _ (3.1)
and two compatibility conditions (2.7) {2.8) become simple:
D=0 ie hw(p—ga?) =0, (3.2)
3 1
Dy =0 ie. (laz - A) (p - —qaz) =0. (3.3)
4 2
If h = 0 (system without damping), (3.2) is “automatically” satisfied, (3.3) is also

satisfied on D" but on D', (3.3) is only satisfied if A = ?af Thus, for the system

without damping, the compatible ensemble consists of the critical line D" and the
3
point I(A = %af, a® = ‘11) in D',
Examining two trigonometrical conditions, it is easy to verify that:

- At I, these two conditions are satisfied since all two right hand sides of (2.9)
(2.10) vanish;

- On D", (2.9) is always satisfied but (2.10) is only satisfied if

‘ 37 5 37 4 3
A—mu—a) < p° i.e, —--—a - <A<——
( 1%) <Pie 4 @+ p
Thus, the critical part C; (in the case h = 0) consists of the critical point I and
the critical segment J; Jy in D
| 3 23 o _ .
fa% -p<AL T’Yag +p; @ =al. (3.4)
" fh>0 (sysfe_m with damping), the two compatibility conditions are only
satisfied at I i.e the compatible ensemble is reduced to I. At this unique compatible
point I, (2.10) is always satisfied, but (2.9) requires:
2

P 3y
hzsm, wi=—al+1 (3.5)



So, I is only critical if the damping is weak enough.

In Fig.1, the resonance curves have been plotted for fixed values o = 7/2;
p =0.01, ¢ = 0.02, v = 0.03 and for various values of h. The point I, the segment

JyJ; and two straight-lines—(1}-form-the-resonance-curve of the system without

damping (A = 0). The resonance curves (2}, (3) correspond to & = 0.001; h = 0.005

respectively. We see that, for h > O (system with damping), the critical segment.

J1J2 disappears and the resonance curve separates itself into two branches-the
upper and the lower, The upper branch of “hyperbolic” form, moves up as k&
increases. The form of the lower branch depends on A. If h is small enough,

the lower branch intersects the abscissa axis. at two points, contains the nodal.

point I and has a loop. Increasing h, the loop becomes narrower then disappears,
the nodal point I degenerates into a returning point then disappears (an isolated
point), the lower branche takes the form of a “parabola top”. This “top” moves
down as A increases, then finally disappears when h is large encugh.
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§4. The case —#06 [—»—a ——+a]

This case is characterized by two critical points. If A = 0 (systern without
damping), the two compatibility conditions become:

1 3 : :
Di=0 ie g (—f—az - A) sin20 = 0, (4.1)
_ . 3y a2 | _
Dy =0 ie ( 1 ‘A)( 590" cos 20) = 0. (4.2)
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It is easy to prove that there exists two compatible points:
B 3
inD': L:A=Ap= %a"{; a® = a2, (4.3)
: . 3 _
inD": Jo:A=Agp= —4111%; a? = qg.  (4.4)
All two trigonometrical conditionis (2.9), (2.10) are‘evidently satisfied; hence, both
Ia, Jo are critical.
If h > 0 (system with damping), in each critical line, there exists a unique
compatible point, too
Indeed, let us examine-for instance-the critical line D’. Substituting A by
w? — 1, the first compatibility condition (2.7) becomes a quadratic equation with
unknown w:

3 . .
w? « gay sin 20 + 2hw(p + ga? cos 20) — ga? (j}a"; + 1) sin2g0 = 0. (4.5)
This equation admits a positive root:
1

L bt qatcos20) £ V) :
“i ga? sin 2¢ { (p+gaicos20) £ VZ , (46)

where: ‘ 5
Z = h*(p + qal cos 20)% + ¢%af sin? 20(—3(1? + 1) . (4.7)

The sign + (—) corresponds to 2¢ > 0 (< 0).

The compatible point in I’-denoted by I-has as coordinates:

ItA=A=wi-1; a*=4dl. (4.8)
/3~ 3
Ifh=0,w = —%af +L,A=w?-1= -410,"17 = Ajq i.e. I coincides with Iq.

Increasing h, the compatible point I moves along D’ (since a? remains constant),

to the right (left) if sin2¢ > 0 (< 0). Indeed, we have:

dwy _(p+ ga? cos 20{ + k(p + ga cos 20) ~ \/_Z—}
dh gaisin20 -VZ

(4.9)

In the case sin 20 > 0 (sign + before k), the denominator of {4.9) is positive,

the sum in the curly bracket of the numerator is negative; therefore, the sign of

dw
d—hl is the same as that of (in view of the expression of a?):

: 8
_ —(P2 + ‘IG? cos20) = g{(3 cos? 20 —2) + 3cos 204/ c03220_ o _ (4110)
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Since —1 < cos20 < _23\/5, 3cos?20 — 2 > 0, —3cos 20 > 0, the inequatily:

8
- (3 cos? 20—2)+3 cos 204/ cos? o= >0ie 3cos?20—-2 > —3cos 204

(4.11)
leads to
8 .
(3cos?® 20 — 2)2 > 9 cos® 2a(c032 o— 5) ie 4 > 4cosz_2cr. (4.12)
dwl .
So, A > 0, I moves to the right.

In the ease sin20 < 0, I moves to the left.

Let us verify two trigonometrical conditions (2.9) (2.10). The second condition
can be written as:

AT = -V¥<a<sTad+V¥=a)  (119)
where: - _ | |
' Y = ¢®alsin® 20 + (p + ga? cos 20)%. (4.14)

This “double” inequality shows that, as h increases the critical point I, start-
ing from I, moves along D’ (to the right if sin 2¢ > 0 and to the left if sin 20 < 0)
will be degenerated into a “banal” compatible point when A exceeds certain values
(corresponding to AT or AT). The first trigonometrical condition gives:

1 1 .
(p+ -2-=qaf cos20)? + Zqza‘f sin? 20

_ ?a%—l—li\/?

R? <

The same method can be applied to study the compatible point J in D” .

In Fig.2, for fixed values ¢ = 1.48 > 7; p = 0.01, ¢ = 0.02; v = 0.01, the
resonance curves (1) (2) (3) correspond to h = 0, A = 0.002, h = 0.005 respectively.
The curve (1) has two critical nodal points I = Iy, J = Jy. As h increases, these
two points move to the right. The nodal point J first disappears and the resonance
curve is divided into two branches-the upper and the lower.

§6. The case ae.[g —F,g-—i—a']

In this case, the critical region and, consequently, the critical part C2 of the
resonance curve does not exist; we have only the ordinary part C;.
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If h = 0, the resonance curve consists of two branches (all these two branches

belong to Cy) respectively located in the left and right hand sides of the separating
3

line A = 21g% Ash increases, these two branches approach each other. They will

connect with each other at a certain singular point (this point belongs to C too)
when h reaches certain value k., as h exceeds h, the resonance curve is divided
into two branches-the lower and the upper.

In Fig. 3, the resonance curve has been plotted for fixed values o = 1.4 < 7
p =0.01; ¢ = C.02; v = 0.01: (1) (2) (3) correspond to h = 0; h = 0.00511; 0.0055
respectively; the aforesaid singular point appears when h = 0.00511.

§6. Stability conditions

The stability study is based on the variational system and its characteristic
equation. Two stability conditions are of well-known form:

_9f 89 _ . . _8fdg dfda
S1=05, %5570 5= 5.5 " 965. " (6.1)
The first stability condition can be transformed as:
8f . 9 1 . , :
S — 2 — 2 .- —_ - —_ 2 —_
1 2{a 307 + 3026 } Z{a 2qsmz(8 o) — psin2f — qa _51n2(9 a)}
1 .
= 2{ — psin 26 — Eqa,2 sin 2(8 — a)} = 2hw > 0. (6.2)
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Thus, only the system with damping satisfies the first stability _condition.

For ‘the. second stability condition, it is convenient to use its compact form

[3]:
1 W a oW :
= . 6.3
52=309 ~D a2 " - (63)
The geometrical interpretation of (6.3) is as follows: in the plane R.(A, a?), moving
up parallel to the ordinate axis a?, if from a domain D -W < 0 (> 0}, crossing
the ordinary part C;, we enter into that D -W > 0 (< 0), the crossing point

corresponds to stable {unstable) stationary oscillation.

For a critical stationary oscillation represented by the critical point I consid-
ered as an element of the ordinary branch (i), its stability is the same as that of
the branch (i) : '

Conclusion

The analyses presented show the role of the phase shift between two paramet-
ric excitations. The existence and the structure of the critical part Cs depend on
the phase shift. Consequently, various forms of the resonance curve are obtained.

This publication is completed with financial support from The council for
Natural Sciences of Vietnam

28



References
-1. Mitropolski Yu. A., Nguyen Van Dao. Applied asymptotic method in non
linear oscillations. Kluwer Academic Publishers, 1997.

2, Nguyen Van Dinh. Stationary osciilations in degenerated cases. Journal of
-~ Mechanics, NCNST of . Vietnam, T.XVIII, No. 2, 1996, 13-19.

3. Nguyen Van Dinh. Stability of critical stationary oscillations. Journal of
Mechanics, NCNST of Vietnam, T.XIX, No. 2, 1997, 15-20.

Recetved September 15, 1998

TUONG TAC GITA HAI KicH PONG THONG 8O
BAC NHAT VA BAC BA

Xét hé & tuyén chiu hai kich déng théng s6 bic nhat va bic ba khi ¢é 1éch
pha gitra hai kich déng. D4 phéin tich dnh hwdng cda sir 1éch pha dé dén sw ton
tai v& cu triic clia phin té&i han cla dwdng céng hudng v qua d6 dén cic dang
dwdng cdng hurdng.
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