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A THREE DIMENSIONAL NON-HYDROSTATIC 

MODEL FOR TURBULENT AIR FLOW 
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Institute of Mechanics, NCST of Vietnam 

ABSTRACT. A finite-volume code is developed to compute the turbulent airflow over 
small-scale complex terrain. A pressure-correction algorithm is ·used to solve the three­
dimensional non-hydrostatic flow equations . The turbulent transport is simulated by the 
k- E: model using some modifications suitable for atmospheric boundary-layer application. 

As an example, the model is used to simulate the flow-field around a cubical building. 
The same flow as a towing-tank experiment of USEPA was simulated using our code. These 
simulations show that, the model was capable of simulating recirculation zones behind the 
building. The results of calculation are also compared with available measurement data. 

1. Introduction 

The determination of the turbulent wind field over complex terrain in the 
Atmospheric Boundary Layer has been a topic of numerous studies . Firstly, due 
to the mathematical difficulties involved in modeling the flow structure, the mean 
flow either has been assumed to be a simplified type of flow, or has been obtained 
by solving equations of motion with crude assumptions about turbulence [1]. In­
deed, these models fail to reproduce certain important features of the complicated 
fl.ow structures over complex terrain, especially when the terrain slope is steep. 
Consequently, it is now recognized that in order to understand how irregularities 
of the ground surface distort the mean and turbulent structure of the incident fl.ow, 
it is necessary to solve the full set of fluid dynamics equations of mean properties 
using numerical methods. 

Recent increases in computer power mean that numerical prediction of flow in 
complex terrain is now viable. Consideration of the equations of mean properties 
reduces the problem of turbulence closure. The application of first-order closure 
(K theory) has been widespread [2]. Nevertheless, in the convective boundary 
layers or for flow over the complex terrain, it is difficulty to express K analytically, . 
to measure it. Because of the extreme sensitivity of the turbulent field to the 
varying pressure gradients taused by the terrain, these models are not applicable 
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to the case of complex terrain and thus a realistic description of the turbulent 
structure requires considerably more sophisticated closures. 

In addition, most atmospheric models are based on the hydrostatic approxi­
mation [2]. In such models, pressure can be computed diagnostically in a simple 
manner from the hydrostatic assumption, but these models cannot numerically 
treat recirculating flows because the acceleration of the vertical velocity is neglect­
ed (see [3], [4], [5]) . Martin and Pielke [6] also examined the adequacy of the 
hydrostatic . assumption for sea breezes using a nonlinear numerical model with 
simple turbulence parameterizations. A general result from this study .seems to be 
that the hydrostatic a.Ssumption becomes less valid as the synoptic temperature 
lapse rate becomes less stable. 

The k- c model is the most widely used turbulence model in engineering fluid 
·. dynamics. In engineering applications, the k- c model has predicted recirculating 

flows with an accuracy acceptable for most purposes [7]. In this regard, a number 
of applications of the k - c model with some modifications have been attempted 
in the atmosphere [2]. 

In this study, we solve a full set of primitive non-hydrosta~ic dynamic equa­
. tions for mean flow quantities using a finite volume method. The code will be 
employed to perform the numerical calculations. The standard k - c model that 
consists of prognostic equations for the turbulent kinetic energy k and the energy 
dissipation rate c are used. The performance of ihe model is evaluated through 
comparison of model results with tunnel data. 

The remainder of this paper is organized as follows. The theoretical model, 
consisting of the governing equations and boundary conditions, is described in sec­
tion 2. The numerical method is described in section 3. Computational results for 
flow are presented in section 4. Finally, section 5 summarises the main conclusion 
of this work. 

2. Description of the model 

2.1. Non-Hydrostatic flow model 

A full set of primitive non-hydrostatic dynamic equations is solved in this 
study. We neglect molecular diffusion in comparison with turbulent diffusion in 
the momentum equation, and confine our simulations to the atmospheric surface 
layer over a small domain (lets say 10 x 10-km), so that Coriolis effects can also be 
neglected. The governing equations, subject to an elastic assumption, Boussinesq 
approximations and Reynolds averaging are [8]: 

168 



the continuity equation and the momentum equations: 

(2.1) 

aVi aVi a( u~uj) 1 aoP op -- + Ui-- = - · - --- - -goi3; 
at axi axi Po axi Po (2.2) 

the thermodynamic equation 

ae ae a(O'u'.) . 
-+Ui-=- J • at ax . ax . ' J J 

. (2.3) 

where: 

·Vi is ith mean velocity component; 

i~ is ith turbulent fluctuation velocity component; 

op is the deviation of density p from its reference value p0 ; 

8P is the derivation of pressure P from its reference P0 (Po and p0 are the 
prescribed pressure and density, which correspond to a hydrostatic adiabatic fluid. 
For an ideal gas, their values are given by equation (2.7) and (2.8)); 

E> is. the mean potential temperature; 

_ ~~- is the fluctuation of potential temperature. 

and the state equation 

with the definition of potential temperature 

(2.4) 

(2.5) 

lri the equations (2.4) and (2.5), Pa is the surface pressure at z = O, Rd is 
the gas constant for dry air (Rd = 287 Jkg- 1 K- 1 ) and Gp is the specific heat at 
constant pressure for air. · 

For dry air . the isobaric specific heat Gp has weak temperature dependence 

given by [2]: 

Gp = 1005 + (T - 250) 2 /3364Jkg- 1 K- 1
. (2.6) 
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The deep equation of Oruga and Philips [9] has been employed in the present· 
calculations for the base-state pressure and density 

. . . SL 

Po(z)=Pa(l-;
8

)Rd' {2.7) 

( 
z )Zi!.-1 1 - - Rd 

Po(z) =Pa :;e , {2.8) 

where Hs ( = C;E>) is the isentropic scale height. 

In the driving {2.7) and (2.8) the ideal gas law (Equation {2.4)), the definition 
of potential temperature (Equation (2.5)) and the hydrostatic balance relation 

~~ = - pg were applied to the reference state variables. 

2.2. The turbulence closure schemes 

The Reynold stresses in Equation (2.2) and heat fluxes in Equation (2.3) have 
frequently been modeled or parameterized using the gradient transport relations 
to close the above system of equations. 

The k - e turbulent model is used to close the above system [7]. In this 
scheme, the Reynold stresses and heat fluxes are computed from the eddy viscosity 
assumption: 

(2.9) 

u'.(}' = _Vt aE> (2.lO) 
i a , O't Xi 

where Vt is the eddy viscosity, Ut is the turbulent Prandtl number and k is the 
turbulent kinetic energy (TKE). 

The eddy viscosi.ty is given by: 

k2 
Vt= Cµ-, 

e 
(2.11) 

where cµ is a constant · and e is the dissipation rate of turbulent kinetic energy. 

The transport equations for the · turbulent kinetic energy k and dissipation 
rate e are 

ak ak a (Vt ak ) -+U;-=- --- +s+G-e, at ax . ax . O'k ax. . 1 1 1 

(2.12) 

ae ae a (Vt ae ) e - + U;- = - --- + -(c1eS + C3eG- Czee), at ax; ax; O'e ax; k (2.13) 
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where ak, ae, C1e, c2e and C3e are constants, S is the shear production term and 
G is the buoyancy term in the TKE equation, defined as 

(2.14) 

(2.15) 

' In the above equations, the following standard values of the constants, which 
have been used for most engineering applications are: 

Cµ. = 0.09, C1e = 1.44, C2e = 1.92, C3e = 1.44, ak = 1.0, ae = 1.13, at = 0.9. 

(2 .16) 

The standard k - c model is the most widely used turbulence model in en­
gineering fluid dynamics. In the atmospheric turbulence modeling, some authors 
recommended making some changes to the standard k - c model: Raithy et al. 
[10] set Cµ. = 0.033 in their three-dimensional simulation of airflow over Askervein 
Hill. Detering and Etling [ 11] recommended making two changes in the standard 
k - c model. The first change also was a modification of the cµ. constant. They 
noted that the equivalent constant for similar measurements [12] in the surface 
layer of the atmospheric boundary layer (ABL) was cµ. = 0.026. In the s·econd 
modification, Detering and Etling suggested modifying the c equation to better 
reflect characteristic turbulent length scale above the region of strong shear in 
the atmospheric boundary layer. They proposed reducing c by modifying the C1e 

constant. They used a modified constant cie, such that 

(2.17) 

where L are the scales of the dominant turbulent eddies and h is a characteristic 
scale for the atmospheric boundary layer. 

The k- c turbulence models assume that the scales of the dominant turbulent 

eddies are given by 
3/4k3/2 

L = _cµ. __ _ (2.18) 
c 

The characteristic scale for the atmospheric boundary layer h given as 

(2.19) 

where u* is the friction velocity, f is the Coriolis parameter, and Ch is an empirical 
constant, which was set by Deterring and Etling to an optimum value of 0.0015. 
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The modifications of Detering and Etling to the standard engineering k - c 
were incorporated into our code. . 

2.3. Boundary Conditions and Initialization 

Equations (2.1), (2.2) (3 equations), (2.3), (2.4), (2.12) and (2.13) constitute 
8 equations for the 8 field variables Ui (3 variables), P, p, 0, k and c. In the 
following section, for convenience, we shall use u, v, w instead of the mean velocity 
components ui. 

The incoming ~ow {in the x direction) is characterized by a velocity profile. 
At the inflow boundary, variables are kept constant in .tirrie as: 

u = Uo(z), 

v = w = 0. 
(2.20) 

In a neutrally stratified surface layer, the wind profile is predicted and ob­
served to vary logarithmically with height 

U o ( z) = : · ln ( ~ ) , (2.21) 

where u. is friction velocity, k = 0.4 is Von-Karman constant, and z0 is the 
aerodynamic roughness length. In non-neutral conditions the profile expression 
f()r wind is modified by a· non-dimensional function ¢M of height and stability [2, 
13]; 

At the lower boundary (z = z0 ), u = v = w = 0. At the lateral boundary, 
upper boundary and outflow boundary, the gradient of velocity components normal 
to the boundary is set equal to zero. 

It has often been observed that potential temperature profiles follow surface­
layer-similarity, which tends to a constant-gradient form [2, 14, 15], 

···.· (de) 
0o(z) = esoil + dz 00 z. (2.22) 

(de) Aspley et al [16], from an experiment of USEPA, estimated dt 
00 

. 2.98 x 

10-2 Km- 1 • They also suggested the following modification for equation (2.22): 

0o(z) = 0soil + (~~) 
00

(z + ~ ln ~), (2.23) 

where L is the Monin-Obukhov length, L = 33 m in his study, Equation (2.23) ­
was used in our model as the initial condition for potential temperature. 

172 



The equations (2. 7) and (2.8) are used as the initial conditions for pressure and 
density. At all of the boundaries, the normal derivative of temperature, pressure 
and density are set equal to zero. 

For k and c, the lower ~oundary conditions are applied at some height zp 

within the surface layer 

(2.24) 

(2.25) 

where Zp is chosen as the half-grid level above the ground. These boundary condi­
tion for k and e: result from assuming that dissipation near the ground is balanced 
by the generation of turbulent kinetic energy [ 17]. This assumption is used here 
in the absence of better boundary conditions. At the inflow boundary, variables 
are kept ~onstant in time as 

k(z) = ko(z), 

c(z) = co(z), 

(2.26) 

(2.27) 

where k 0 (z) and c0 (z) are the output profiles from the simulations carried out in 
flat terrain. While running the simulations in flat terrain, the simulation domain 
was set sufficiently large in the flow direction in order for the fl.ow to develop and 
finally reach equilibrium. 

- ( 

At the outflow boundary and lateral ~oundary, the gradient of k and c normal 
to the boundary is set equal to zero [18]. 

3. Numerical method 

The three-dimensional numerical calculations described in this paper were 
performed with the finite volume discretization. A pressure-correction scheme is 
used td solve the primitive-variable equations. 

In the finite-volume method the conservative equations-each of the canonical 

form: 
a 
-(p<f>) + \7 · (pu<f>) = \7 · (f\7 </>) + S at (3.1) 

are discretised in integral form over control volumes making up the flow domain. 

In the equation (3.1): </> can be u, v, w, e, k or cj r denote the diffusion 
coefficient, and S is the source of </>. 
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In the present study, the value of</> o.n the control volume face is determined 
by the second-order upwind scheme of Patankar [19] a~d the gradients of <Pin th~ 
diffusive flux are treated in the standard fashion by centered differencing. 

Using Cartesian velodty decomposition and staggered velocity storage, the 
discretised equations for velocity component ui can be written in normalized form: 

u; - L a~+du;+d = d~(Pp-i -- Pp)+ b~, {3.2) 
d 

where, subscript p + d describe the node in direction d from-node p. 

Pressure-correction schemes use an approximate linear relationship between 
velocity and pressure corrections: 

Ui' t:i (P' P') __ _p __ ~ 0 p p-i - i (3.3) 

and invoke mass conservation to derive a pressure-correction field steering the 
solution towards continuity. 

Matrix equations of form {3.2) are solved by line-iteration procedures in con­
junction with a tridiagonal solver. 

Staggered storage prevents "order-even" pressure node decoupling and per­
mits the use of pressure-correction schemes as SIMPLE, SIMPLER, SIMPLEC. In 
our code, SIMPLE method was used, Patankar [19] gives a detailed specification 
of thls method~ . 

The mo~t important difference is that two new partial differential equations 
· .for k and c need to be solved. According to Ferziger [7], because the time scales 

ass6ciated with the turbulence are much shorter than those connected with tne 
mean flow, the equations for k and c are much stiffer than the flow equations. 
For this reason, in the numerical solution procedure, one first performs an outer 
iteration of the momentum and pressure correction equations in which the value 
of the eddy viscosity is base. on the values of k and c at the end of the preceding 
iteration. After this has been completed, an outer iteration of the turbulent kinetic 
energy and dissipation equations is made. After completing an iteration of the 
turbulence model equations, we are ready to recalculate the eddy viscosity and 
start a new outer. iteration. 

4. Results of numerical simulation 

Thomson and Lombardi [20, 21] have carried out a wind tunnel study. They 
measured the velocity-and turbulence intensity in the longitudinal direction. The 
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wind tunnel model was a 0.187 m cube placed in a 1.8 m deep simulated neutral 
atmospheric boundary layer with a wind speed of 1.46 ms- 1 at the building height. 

The velocity without the building followed the one-seventh-power law with eleva­
tion z measured from a plane 0.025 m above the floor of the tunnel and 0.025 m 
below the top of the roughness elements. The same fl.ow was simulated using our 
code. 

A variable mesh was used in order to increase the resolution in regions where 
gradients are large. Our numerical simulation used a variable-spaced grid of 62 
nodes length, 45 nodes width and 32 nodes height. The building was 7 nodes long 
x 7 nodes wide x 8 nodes high. Figure 1 shows the top view and the side view of 
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F ig; 1. Grid used in the simulation 
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the grid. The limits of the horizontal axis (in the longitudinal direction) are 
x = -5.6H and x = 17.4H, where xi& measured from center of the building. The 
limits of the lateral axis are y = -9.8H and y = 9.8H, where y is measured from 
the center of the building, H = 0.187. The limits of the vertical axis are z = O 
and z = 9.675H. 

With the average time step of 8t = 0.1 s, approximately 5 h of CPU time on 
the PC-INTEL CELERON 400 MHz is required to reach steady-state solution. 
Each run corresponds to approximately 0.2 min of real-time. 

Figure 2 and Figure 3 show the downwind velocity profiles at two locations 
and compare the computed results _with the wind tunnel simulation. From the 
figures it can be seen that the calculation results fit fair measurement data and 
the difference between them has the order smaller than 7. 

The velocity field in the vertical plane through the center of the building is 
shown in Figure 4, and the velocity vector field in the horizontal plane above the 
midpoint of the building (z = 0. 7 H) is shown in Figure 5. The limits of the vertical 
axis -are z = 0 and z = 2H. _The limits of the x axis are x = -2H c,tnd x = 4H. 
The limits of the y axis are y = - I.SH and y = 1.5H. The recirculation zone 
behind the building can be seen in these figures. The length of the recirculation 
zone behind the building was about 2H. 

~ 
~ 
:-..... 
N 

"' h 

~ 
~ 

0.6 

0.5 • Exp . 

I Mod. 

0.4 

0.3 • 
0.2 

0 .1 

0o 0 .1 0.2 0.3 0.4 0.5 . 0.6 0.7 0.8 0.9 1 
VeL.OCITY, U/ll(Zmax) - <Z=21i 

Fig. 2. Mean velocity profiles for experimental and simulated results at X ~ 2H and Y = 0 
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Fig. 5. Velocity v'ector field in the horizontal plane z = 0. 7 H 

Conclusions 

The purpose of this research was to develop a three-dimensional-numerical 
code to model the atmospheric transport over small-scale complex terrains, Thi~ · · 
code, incorporating a·more accurate turbulence closure model than normally used 

. . 

in the atmosphere, was developed for simulations of flow over complex terrain. 
The code, designed with a proven engineering turbule~ce model, was capable of 
simulating recirculation zones and flows with buoyancy effods. From the results of 
the numerical simulations compared with available measurements, the turbulence 
models in this research appeared to be sufficiently accurate. 

The research is supported by the National Basic Research Program in Natural 
Sciences. 
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MQT MO HINH PHI THUY TINH BA CHIEU 
' ""' , ,., 

CHO DONG ROI KHI QUXEN 

M<}t chtrcmg trlnh tfnh toan str d\mg sai phan thg tfch hfru h~n dm;rc phat 
trign dg mo phong dong roi khf quygn qua nhfrng vung d!a hlnh phrrc t~p c6 kfch 
c& nho. H~ phll'cmg trlnh dong phi thuy tinh ba chfeu dm;rc giai bang thu~t toan 
hi~u chlnh ap suat. Chuy~n d{mg roi d'U'qc mo phong bang mo hlnh k - c v&i m<}t 
so thay dffi phu h<!P v&i l&p bien khf quygn, 

Nh'll' m<}t vi dv minh h<;>a, chrrcmg trlnh d'll'qc stl- dl,lng dg mo phong tr'll'ang 
dong quanh m<}t v~t d.n hlnh h<}p. Cung m<}t dong nhrr m<}t thf nghi~m cua US 
EPA drrqc mo phong so bang chrrcmg trinh nay. Cac tfnh toan thay rang, mo hinh 
c6 kha nang mo phong vung xoay sau v~t can. Ket qua tfnh toan ciing drrqc so 
sanh v&i cac so li~u do d~c cua thf nghi~m. 
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