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vi T.Ac DUNG- cuA NGlu Lllc .vA. OUAN HE ·1)01 NG.lu . . . . .. . . - ·--· _ _.._ ' 

CHUY.N .VI-NOI LU'C CUA THANH KHONG GIAN . . . 
VU DINH LAI 

§ 1. MO DAU 

Tinh tuang 1\f lien hi~p hay tinh d6i ng:iu chuy~n vj- n(li lt.rc ciia dam th&ng dii 

dugc o.Mo nghien cuu tu lau, khOng nhfrng .j:ugc ung d!Jng phCi biiln trong ky thu~t mil. 

con dugc rna r(lng ra b1ti toan d(lng cila thanh vii. khung bang nhfrng c~p d6i ngau khac [1,2].· 

Gan day tren [3], M. Phaset va B. Taybaroc da rna r¢ng ra b:H toan thanh cong 

kh6ng gian thoai lren co sa hai nh6m phuang trinh: 

va 

1rong d6: 

!~ = f, ( 

dM - - -
---+t/\Q=m, 

ds · \. 

dil 
ds 
dv --+ 
rls 

= IM -. I 
) 

1 Ae =- AQ. ~ 

(1.1) 

(1.2) 

Q, :!.! : b,rc Va rnbmen DQi h,I'C; f, ID: h,rc va ngftu. b,rc phfm 00; 9, V; g6c quay Va cbuy~n Vi 

dai; t: vecla do·n vi tiep tuyen v6i trQ.C thanh; A, I: rna tr~n d¢ mem di~n tich va 

momen quan tinh cua m~t dit, va phat bii;u dinh ly: Tnrang chuyen Vi vd goc quay cua 

thanh duai tdc dvng clia ngau IQ-·c cho tncac luang tr,r vai trrrang n9i lr,rc (momen vd lr,rcJ 

cua thanh lien hi~p ch!u Ide dr,mg ciia tru:any lr,rc vd ngdu lr,rc tu:qng U:ng bUng IM vd AQ cua 
thanh thi,CC· 

Trang bai nay, chung tbi pMn tich ve tac d\mg ciia ngau l\rc phan M m~t ngoai 
"hi d6 viet cac phuang trinb can bang va chuyen vi, va neu ra tinh d6i ng§.u chuy~n vt
ni)i h,rc cua thanh trong truong hqp nay. 

B~ lhHlt l~p cac cong thuc. cling nhu a [3), o day ap d~ng ly thuyet Becnuli v~ 
dam va cac gia thiet xoan Xanh Vanang. 
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§ 2. HAl TRUO'NG HQ'P D~T NGAU LlJC PHAN BO 

VA cAc PHUO'NG TRINH 'l'UONG UNG 

Ngau ll,rc pharr bo Ill tac cb,mg vao m¢l than!l th\rC te chi Ht ket qua cua S\t thu 

gQn ttrang duang tlnh hQC cua m{it d~ng ngos1i ll,l'C niw d6. Trang vi~c tinb n¢i h}'C va 

bien d~ng cua thanh; Sl! thu gQn c6 khi khong thich hgp. Do d<'l khi tinh anh hm'mg Cl'la 

ngau l\fC nay, can xet Sl,f phan bO th~,!T te CUa ngo:;ti 1\rC. 

2.1. TrU'c!rng h9'P I. 

Neu hai thiwh pharr IDx va Illy (x va y la hai tr~c nlim trong m~t cat) cua ngau 

(lgc ~ 1~ do, ll,l'C th~ tich phi\.n b6 tren m~t cal ngang hqp thanh thi nhfrng ngo:).i li!C nlly 

khOng t~o ra h,rc ciit va bien d~ng tmgt ClfO b¢ trohg ph:;tm vi d~t ll,re. Nhfrng quan h~ 

' ({.1) va (1.2) chi dung trong lru<'mg ngp nay. 

2.2. Tru-erng hCTP 2. 

Trang thvc te, ngau lgc phan bo thm'mg la S\f thu g<;>n tuong duong tinh hQC cua 

lvc mij.t ng?lli. Thi d1,1 lren hlnh 1, ngau Ivc m tac d1,mg len thanh thiing Ia ~\f thu g<;>n 

cua Ivc p tit~p xuc b m1j.t ngoai thanh; 
I 

t!) 

Hlnlr 1 Hinh 2 

Thanh phan m, (ho~c my) d1a ngau h;rc phil.n b6 rn t~o ra irng su:H tiep tren 

m~t c1\.t ngang. Nhfrng :Lrng suat--liEi-p--a-y t~o them ll):"c cat ma ta g9i la h,rc c~t lo~i hai 

Q2 (de phan bi~t v&i Ive cat lo~ti m~Jt Q1 -lt,rc d.t Giurapxki na quen thu¢c a cac tai 

li~u Sue ben v~t li~u). Be minh hQa s~r xuat hi~n Ivc cll.t nay, ta xet m()t thanh thiing 

m(tt c:it hinh chfr nh~L hE;p ehju b_rc tiep x(Ic p pharr b6 f[eu tn~n be r¢ng c~nh t~en 
nhu tren hinh 2a. 

Tach b dam pharr b6 dai ds va m~t dm)oi each trl,IC thanh La y (Hinh 2b) roi 
l~p phuang trinh can bang hinh chien Lren tryc thanh ciia eac 1\rc tac d1,1ng vao phan 

to, ta dugc l~rc truqt T tren rn{it dan vi chieu diti thanh. L~Jc nay gom hai thilnh 
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phan: thanh phiin thit nhil.t tao ra lu:c d\.t Giurapxki (a day khong viet li',lil. thanh 
phan thU: hai do 1\[c p sinh ra va bang; 

Tp = p (1- ~ ) (2.1) 

trong d6 Fe: di~n tich phiin m~t dt Hgang tinh ttr tC,HI do! y, F: di¢n Uch ml_it cat ngang. 

Neu gii\. thiE!t irng suat do T p pban b6 d~u Lri'm be r¢ng by cua ml_it d.t ngang thi 
ta .c6 

~yp = :y ( 1 - ~e ) • (2.2) 

Tren hinh 3 la bi~u do ph:in M ung suat tiep tren ml_it' cltt hinh chfr --nht).t va hi11h 

chii· I trong d6 p duqc thay M.ng 2m/h. 

Hinh 3 

Nhii:ng ung suat tiep a (2.2) t~o thanh ll,rc dt lo:;ti hai. D~ lh~ hi~n duqc Ivc clit 

nay, ta c6 th~ phi'ln tich ngat} lgc phan bo thanh hai 1\rc vuong g6c v&i tq1c thanh, 

biing nhau va each nhau d~. Neu m ph\ln bo deu thi do~n ngau l\fc phan b5 tuang 

throng v&i hai h,rc Lt).p trung a hai dau do~n c6 gUt tri bli.ng m (Hinh 4). (y [4:] ciing 

dli dung each phh tich nhu tren d~ trinh khai ni~m ngau h;rc phan b6, nhung chi v&i 

ID\lC dich d~ ap dvng loan tu tinh tien linh ngau lgc phan "M Luang l\f nbu linh l\fC 

t~p trung. 

,t6 r r 1 r 1 1 1 ~ m : ttt H r t1 
II'/ I I I l t•t ,i 

Hinh 4 Hinh 5 

Nghie11. c(ru tren thanh cong khong gian, ta phi'ln tich ngau tvc muds t~i A (lhanh. 

phan ciia mds tren m:;tt phiiug vu6ng g6c v&i tr~c thanh) thanh bai l\fc ngugc chien each 
nhau ds (Hinh 5). Neu t~i A c6 l\fc p thi 

ds .tAP= muds, 
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hay 

(2.3) 

Neu cling t~i A, a phia ben phlti (Hinh 6b) Ia phan ng~u ll!c (mu+dmu) cls thanh 
hai lvc each nhau cls thi t:;ti A ta cling co 

(2.4) 

Nhu v(ly t~i A c6 ll!c phan, bo tuang ·chwng rp tinh tt'r quan h¢ 

qJ ds P-P. =fA dm, 

Hlnh 6 

hay 

- - dm ·rp=tA---. 
!is 

(2.5) 

Nhu v{ly tac d<)ng cua m<)t do:;tn nga~ ltJ:c 

phan b6 mu luang duang v6i m<)t M lvc gom hai 

l~Jc t~p trung c6 gia tri bang 

va -ta A ;-2 (2.6) 

dip a hai dau do~n va lvc pMn b6 & trong do~n 

- - dm cp=t/\-
ds · 

(2.7) 

Nhfrng lt.rc ng~ng fP va lt 1\·-;L, - t2 !\ m2 
~t~o ra lt,rc ca.! lo~i hai, va ta c6 cac phtrang 
trinh can M.ng ci'm thanh cong khOng gian. 

dQt = f ' 
ds 

dQ2 = t/\~. 
ds . · ds 

.. dM - - -- + t ./\ Qt == m 
ds 

Du6i tlay ta U).p cac phuang Lrinh c.huyiln vi. 

(2.8) 

Nhu ta da biet, theo ly thuyet Becnuli ve 
dam. momen u6n lam cho cac m~t ca.t ngang quay 
tuaug 16i, con lvc cat lam cho ct:lc ml;il cl'i.t truqt 
tuang d6i. Nhu v~y lt.rc cat giurapxki va hJC ciit 
lo~i ha~ n6i tren tuy c6 t~o ra d¢ vong, nhung 
khong lam cho m~t cal quay. Do d6 khi xet den 

anb huang c{\a li,I'C ca.t, can phfln bi~t g6c quay CUa m~t cat Va g6c quay CUa trl).C thanh, 
trong khi d6 hai g6c nay van coi nhcr bang uhau khi kMng xet den anh· hu0ng cua 
h,rc ca.t. 

B~t 81: g6c quay cua trvc thanh do momen (ciing la g6c quay cua m~t cat) va 92: 
g6c quay ciia triJ.C thanh do lt.re ciit, ta c6 g6c quay trvc thanh: 
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B6i v6i thanb dkn h3i ta c6 

d61 -
-- =lM, 

ds 

(2.9) 

(2.10) 



_----- ------
------- . --- j 

thay 

ds 

(2. 7) vao (2.11), ta dugc 

d82 

(2 11) 

(2.12) 

Ngoai ra gnm g6c quay tn,tc thanh va chuyiln v~ cua thanh kh6ng gian c6 chuy~n 
vi be co quan h~ : 

dv - - - -
""""ds"" + t 1\ 8t = AQt + (B-A)Q2 •. (2.13) 

Trong cac quan h~ tr~n K, L, A, B la nhung rna tr~n d(l mern di~n tich cua mij.t cit. 

'Sip xep cac ket qua da thu dugc b tr~n, ta ·drrgc hai nh6m phrrang trinh trong 
trrrcmg hgp tbanh chjn ngilu hxc mij.t ngoai. 

dQt -
--=f· 

ds ' 

~=IM; 
ds 

d92 - - d-; 
-- = Kt 1\ f + (L-K)--; 

ds ds 

dv - - - · -
--+ t !\ 9t = AQt + (B-A)Q2 

ds 

(2.W 

(2.15) 

Tinh d6i ngiu chuyt\n vj- n¢i h,rc etia thanh cong kh6ng gian c6 ngau l~c m~l 
ngoai dugc ghi a biing so sanh du&i dfty 

m 

dm 

ds 

v -8t 

82 

IM 
AQ1 + (B-A)Q2 

KtAf+(L-K) dm 
ds 

§ 3. AP Dl)NG TRONG TRUONG HQ'P BO'N GIAN 

Trong truong hgp cac tr(JC X va y Ia nhung trQC d6i xung cua m~t cat thi cac 
phuang trinh (2.14) va (2.15) th~mh 

trong d6 

dQt = f . dQ2 = T dm . dM + TQt = m. 
ds ' ds ds ' ds 

cl8t - d82 
~= IM; ds = 

1 

- dm 
KTf + (B-K)-; 

.ds 

i-tyGF 
.o 0 

K= 0 
1 

---0 
tlxGF 

A 

0 0 0 

= 

dv 
+TOt= AQt + (B-A)Q2 

ds 

--- 0 0 
fAoxGF 

1 
0 

tlyGF 
0 

'0 0 
1 

'EF 

(3.1) 

(3.2) 

(3.3) 

23 



B = 
VyGF 

0 

0 

0 0 

1 
---0 

VxGF 
T 

0 0 

0 -1 0 

1 

0 

0 0 

0 0 

E.Tx 

0 

0 

0 0 

0 
E.Ty 

0 

E, G: modun' dilll hoi lo:;d m\Jt vit. lo~i hai, F, .fx, Jy, Jz: di¢n tlch, m6mer. quan tinh 

lflJ.C Vfl momen quan tiuh xoan cua m~it cat, IJ.x, IJ.y : h~ SO hi~u ch}uh vi SJ! phan ho 
!~hong deu cua u:ng suat tH3p do h,rc ciit giurapxki, Vx, Vy :. h~ so• hi~u chinh vi 8\f phan 

b6 khOng deu cua irng sufit tiep do lgc cat lo::j.i hai,. 

Trong tnr<'Jng hgp thanh thiing bi uon p~1.ing. ta. c6 th~ rilt ra hai phuang tdnh 

luang lQ' : 

(3.4 

dmx 
? ----

d~v; = _ ~ + ___!L_ + __ d_s_._ 
ds E.Tx ttyGF VyGF-11-yGF 

(3.5) 

Phan tich tinh d6i ngh a (3.4) va (3.5), d9 vong cua 9-am hi uon ph!ng c6 th~ 

tinh bang momen uon cua dam lien hi~p v6i tai trQng 

dmx 

Mx fy + ___ d_s __ 
-- va --
EJx IJ.yGF VyGF- ttyGF 

(3.6) 

Nhu v~y neu xet den tac dl}ng cua ngiu lvc phan b6, tai trQng lien hgp r6 them 

so hf).ng phv. thul)c mx so v6i lrm'mg hgp khong c6 ngiu lvc phan b6 [5]. 

§ 4. KI!:T LU,!N 

1. Trong truang hgp thanh chju tac dv.ng cua ngiu l\fC do Ivc phan bo m~t ngoai, 

ngoai h,rc cat giurapxki,"'con xuat hi~n lvc cat lof).i hai. Ve ml,it c19 cl'rng, cling nhu h,rc 

ca.t giurapxki, Ivc cat lof).i hai chi anh lm&ng rat be den chuyen vj. Trai lf).i ung sufit 

tii~p do l\fC dt lOf).i hai phan bo fren ml,it cat ngang khac S\1' phan bo do llfC cal giu~ 

rapxki va trong rn(lt so truang hgp c6 th~ lf!.i lah han l'rng suat do lvc cat giurapxki. Vi 

"*-Y doi v6i cac k~t ciiu mit. lvc cat c6 anh huang nhieu Mn d9 ben (thi d1,1 dam be tong 

cot thep - tinh tr~ng thai l'mg suat; dam ghep, clam lien hqp - tinh lien ket, v .v ... ) khi 

c6 ngau lvc do_h,rc ml,it ngoa-i,- dl.-n tinh anh hu:o·ng cua luc dt lof),i hai ciing v&i anh 

huang cua h,rc clit giurapxki. 

2. Chuylln vi va n(li Ivc cua thanh cong thoai khong gian trong truang hgp c6 

ngau lvc do lvc ml.l.t ngoai ciing c6 tinh doi ngau. 

Eta chi : 

Dq.i h9c Giao th6ng. 
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SUMMARY 

ON APPLIED COUPLES EFFECT AND DUALI'J'Y 

RELATIONSHIP IN SPATIAL RODS 

In (3] the conjugate analogy is widened for spatial rods and the inherent duaiity 
is expressed by means of a theorem·. 

In this paper, it is shown that the above rt!lalions;hip is only applicable to the 
case of body couples. The act of surface applied couples on a spatial rod is examined. 
By this external force, the shearing forces· of the second kind occur at the cross-section 
(the other shearing force i;; the well-known Jourawski's shearing force). 

From obtained equilibrium equations and force-displacement relations the conjugacy 
in spatial rod in this case of external forces ·is revealed. 
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