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. T9p chi CO HQC 1980 so 3 <trang 13 - 20) 

' DO SANH 

NHU' chung ta da biet, de thimh l~p plmang trinh chuyen d<)ng ciia cac be ca hoc 

_ nguai ta thrrcmg sir d~ng cac nguyen ly co h9c : cac nguyen ly vi -pM.n va tich 
· ph:ln· Trcing b!d bao nay dEl th:inh l~p phuang lrinh chuy~n d¢ng da cac h~ ca hQc 

chting tbi xuat phat Lir m¢t nguyen ly kbac : nguyen ly tuong thich [2] 

Can nMn m~nh ding nguyen ly tuong thich Ia m¢t c6ng q1 r[t c6 hi~u ll}'c cho 
vi~c khap sat chuy~n d(lng ciia c:ic M ca h9c dugc dieu khi~n Mng lien kel. Tuy nhien 
trong bid bao nay chung toi chi gi&i h~n trong ph~m vi sir d~ng nguyen ly tuang thich 
dEl thanh l~p phuang trinh chuyen c1¢ng cua cac h$ co hQc v&i li{ln ket thul)c lo~i 
~Appell:..._ Przeborski- Chetayev 

§ 1. PHUO'~~G TRiNH APPELL 

1-1. PhU"ang trinh Appeli trong cac bien phy thu~c. 

Kbao sal ml}l h~ ca h9c v&i cac t9a dQ rna r¢ng (i = 1, n) va lien ket dl!-ng: 

n 

2 booi ~·i +boo =0; \J. = 1, S (J-1) 
i == 1 

a d6 booj = booj (t, qj. qj) ; bet. = boo (t, q;, q;) la cac hilm dii biet. 

Chung ta gia sir riing cac lienket (1-1) thu¢c lo~i Appell-Przeborski-Chetayev [3]. 
Nhu da hiet ham Gaoxo c6 the dti'gc vie.t trong d~ng [ 4] : 

n • n n 

U = + :? A~ qi qi + 2 A; qi +A* ~- L; Qi qi 
~i,J=l i=l i==l 

11-2) 

a do )'~ ~~ll. • * * ... 
Ai'j = AiJ (t, q~.qk): Ai -= Ai (t. qj• q,i); 

A.~· =- A"' (t, q;, ~i) ; II Aij II Ia mqt rna tr~n vuong, d6i X ung va khong suy bien 

Qi - l~c mo r<)ng. . ' 

Gilt Sll' chuyen d¢ng ciia h$ dugc mo ta nho cac phuong trin·h•·: 

(1-3) 
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• a ao Qi - cac pMn Ivc lien kH 

flau tien d~ dang nh~n duqc dong nMt thirc san: 

D-

·~i = ~ Aij (Uj + Qj- A_j> ,(1.4) 
-- J= 1 - - -

a d6 II Aij II - rna tr~n ngugc cti.a rna tr~n II A~j II vil do do n6 ciing la rna tr*n vu6ng, 
diJi xung va kh6ng sny bi~n. 

Theo ngny~n ly tuong thich cac phan Ivc Qf can thoa man cac phuang trinh san : 

n 
~ c~iQ; + c~ 0 (1-5) 

i= 1 

n n 
a do Cc:~i = ~ bc;~.jAji ; c~ = ~ c~i <Qi - Ai) +b.,. 

j=l i:=l 

Vi cac lien ket (1-1) dugc gia thiet Ia Jy Luong theo d}nh nghia cua Appell - Prze-
bor.ski- Chetayev n~n chUng ta c6 [3]. - . · 

n 

2: dvi Q~ = 0, V = 1, p = n - S ; 
i=l 

(1-6) 

n6 bien di~n dieu ki~n ly'tuerng cua cac lien ket 0-1), o- d6 cac d~i lugng dvi = dvi(t, qi, qj) 
dugc xac dinh nha phuang phap sau : 

.. 
Chimg La dua vito cac gia t6c :ltv (V = 1, p = n - S): 

n 

:ltv= .L; gviqi, 
i=l 

o· d6. gvi = gvi (t, qj. qj) dugc chc;m sao cho thoa man chi rn¢t (tiifm ki$n: 

d t II 
gvi II _j_ o· , - - t -e b~i . -r , VOl ffiQl , qi qi 

Trong dieu ki$n {1-8) !u (1-1) va (1-7) ch-i:mg ta nh~n dugc: 

qi - p .. 
- 2 dvi ot'" + di 

\'=1 

( 1-7) 

0-8) 

(1-9) 

Nhu v~y cac d~i lugng dvi la cac M so trong cac bih thuc cU.a gia toe Lagarang .. 
dugc bieu di~nqua-cac gia H'ic gia :ltv. 

N6i chnng chling ta c6 dieu ki~n 

det/1~::/[+o 
Nbu v~y M cac phtrang trinh (1-5), (1.6) t~o thanh h$ phuang t:dnh day du va nha n6 
c}?.ung ta xac dinh dllQ'C cac pbiin l\fC lien ket Q~ Va tiep tbeo, chu~ en d(>ng cua CO' h$ 
dugc rrio tiJ nho c~c phuang trinh (1-3), hie Ill: 

as • 
-.-. = Qi + Q.' i :;:: 1. :n; (1-10) a qi . ' 
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b d6 S U1 ham Appell duqc tinh trong dieu ki~n khong k~ den sv c6 m~t cac lien kiH 
(1-1). Cac phuang trinh (1-10) chinh lit. cac phuang trinh Appell trong cac bien ph1;1 thu{lc. 

Thi d1;1: Thanh l~p phuang trinh chuyen d¢ng cua xe Sapalugin, chuyen d(lng theo 
quan tinh (xem thi dl;l cua [s]) . 

"1 .. .. .. 
S =- (x2 + y2 + z2), 

2 

con phuang trinh lien ket c6 the duqc viet nhu sau : 

y = X tg<p. 

ta c6: 

Be viet cac ph1rang trinh ( 1-5), va <1-6) chU.ng ta tinh: 

II b~i II= II tgcp - 1. o II_. 
II Aij II 13. cac rna tr~n dan. vt cap 3. Do d6: 

I[ CQii II= II tgcp -1 0 II 
va 

- - ~ 
C"' = X <p ( 1 + tg <p) .. .. """ 

ChQn cac tQa d(> gia :l'tt, JC2 sao cho lCt =x, lt2 :; z 

II dyi ll = II ~ tg<p 

0 

Phuong trinh 0-5), (1-6) bay gio ~6 d!}.ng : 

~II· 
•. * . . 2 ) 

Q
1 

tgcp - Q 2 + xcp (1 + tg cp = 0 

=0 

=0 

Tu cac phuang Lrinh nay chung ta tim duqc cac phiin lye lien ket: 

• • . -. • * 
Q1 =x cptgcp, Q; = -x <p, Q3 =-~. 

Phuong trinh chuyen d()ng ci'ta h~ se Ia: .. 
x = ·xcp tgcp, y = - xcp, z = 0. 

Chu y. Trong nhil~u truong hqp bieu thrrc cua gia t6c nling duqc bieu di~n 
thu~n ti~n qua cac a gia t6c. D~ dang chung minh d.ng trong truoog hqp nay vln co 
the Slr d\lng nguyen ly tuang lhich de tbanh l~p phuang lrinh chuyen d¢ng CUa CO h¢. 

1-2. PhU'O"ng trinh chuyf!n d9ng Appell trong cac bien cf9c l~p 

Nho cac bieu thrrc 0-9) chung ta c6 the bieu di~n bam Gacxa qua cflc gia t6c 

:rc v , d6 I a : . ... .. 
u* = u* <t. qi. qi, qi <JC")) 

Chung ta dua vao loan tu U~ ·duqr x:ic dinh nhu s~u: 
. . . .. 

Uv = ~:U* / ~:rc" 

Phuong tl'lnh chuyen d<)ng cua h~ c6 tpe:·viet trong d~ng:. 

* * Uv = JC" 
.. 

b d6 rc~ Ia ph an I\J'c lien kH ung v6i tQ; d¢ gia :rc v 
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. De dang chU:ng minh ring: 

11 

u~ = L: U;dv,. 
1=1 

n 

Do d6: :n: ~ = 2 Q7 dvi = o 

ho~c: 

0 d6 

i=l , 

Vi vl).y phuang trinh chuy~n d9ng cua M co dl).ng: 

u~ = o 

---­.. -

0-11) 

( 1-12) 

Neu chUng ta chQn ~~ = qv. a d6 qv la cac gia toe dQC l~p va gia sii ring cac 
phu:ang trinh lien ket c6 d~ng: 

p 
qr = ~ br..,q v + br , 

v=1 

thi phuang trinh chuyen d¢.ng cua h~ se la 

as• n 
--.. - = Qv + L; Qrbrv· 
oq.., r = p+ 1 

CM thich: 

(1-13) 

(1-14) 

1. Tir U-11) chUng ta nh~n tbay r:lng lien ket duqc g9i la ly tuo·ng theo djnh 
nghia cua Appell~Przeborski-Chetayev neu ph3.n Ivc lien ket_ ung v&i lQa d9 gia TC.., 
bang khong. · 

2. Neu phuang trinh lien ket c6 d~ng (1-13) thi dieu ki~n cua tinh ly tu&ng cua 
lien ket (1-13) c6 d~ng 

n 
* '""" Q* b ( Q,, + .:::::., . r rv = J 

r = p +1 

§ 2. PHUO'NG TRINH LAGO'RANG LO~I II 

2-1. PhU'ang trinh Lagarang loc:ti II trong cac bien phy thu9c 

Phuong trinh chuyen d(mg c6 thf viet trong dl;lng 

· · - · .. ·· '(i' ac · a·r_; · ·· 
. --.-- ~.-= Qi + Q* 

·dt 11q1 aq1 i 

(1-15) 

(2-1) \ 

b d6 L = T - :n: la ham Lagaril.ng, T la d¢ng Jiang va :n: la the nang, gia si'r chong . .co dl;lilg: 

n n *. . *. 
T =- "">' a-- q; qJ + :>a 

1
-cr; +a*: ::rc = 1C (t q;), 2 ~ IJ -

i,j =l i=.t 

(2-2) 

HI 
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a d6 a.~= a~ (t, qk); a* =a~ <t. qj); a• =a* (l, q;); :rc = :rc (t, q;). 
IJ IJ i I · , 

' Ia cac bam da biet, gia thiet la lien t\IC va c6 d:;!O ham lien l\IC trong m¢t mien Q nao d6. 

Ngoai ra II arj II d~gc gia thiet la rna tr~n n X n, l16i xung va khOng suy bi~ll· Q; la lge 

* . cho, con Qi la l..,e lien ket. 

Theo·nguyen ly luang thieh cae phan Iv:e lien ket Q~ din thOa man eac phuang. 

trinh sau: 
n 

L; B~;Qt + B~_ = 0 
i=t . . 

b d6 B.~i = B~; (t, qj, qj), B~ = B~ (t, qit q;) Ia cac bam da biet [3,2] 

(2-3) 

Gia s\r cac lien ket thu¢c loQ.i cua ApP,ell- Przeborski- Chetayev [3]. Do d6 cac 
phin I11c lien ket pbili tbOa man cac phuang trinh (1-6). Vi ding : 

det II ~:: II =I= 0 

nen cllc pban l11c lien kElt Qr se dugc xac dfnh nho cac phuang trinh d~y du (2-3) Va 

(1-6) va do d6 chuy~n d¢ng cua M dugc mO ta Mng cllc phuang trinh (2-0. 

2-2: PhU'ang tri'nh LagarCing trong_ cac biitn dfc l(ilp. 

Kh3.o sat m(lt h~ ca hqc ch1u lien kat dQ.ng : 

Gia srr: 

del 11 :~: rr =1= o. ~. ~ = l,S . 

(2-4) 

(2-5) 

Do di~u ki~n l2-5) cac · v~n toe P4\l thu(lc qr c6 the duge bi~u di~n qua cac v~n 
Hie. d¢c l~p qv• tue la : 

. . 
qr = fr(l, q;, qv) ; i = 1. n ; 'V = 1. p ;::= n - s (2-6) 

GQi a Iii ham the .d¢ng cua h~. n6 nh~n duqc trr ham· Lag orang· L sau ·khi· khu cac 
v~n t6c ph\1 thu{le nhO cac bi~u thuc (2-6), tue la : . . 

a =L(t, q;, qv, fr(t, q;.qv)) 

D~ dang ehirng minh eac diJng nMt 1 hire sau : 

n 

Bv = Lv + L 
r=p+l 

n 
.. ~ 

iHr 
Lr.-.-. + 

ilqv 

O:=p+l ilq~ilq~ 

n 

2:. 
r=p+l 

. (2-7) 
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b d6 

d o6 a6 
6--. ---· 
v - dt ilqv 6qv · 

d <IL ilL 
L -----· v- dt . i'l ' 

i'lqv qv 

d oL ilL 
Lr = dt -. - oqr; v = 1, p; r= 1, S; 

ilqr 

dil.u ( )• c6 nghia ring tron~ d6 cac v~n toe phv. thu(ic dtrgc thay bling (2~6). 

Gia sir phuang trinh chuy~n d(lng cua M c6 d:;mg . 

6v = R"' 
v 

b d6 R,.. la c:ic phiin llJ:c lien kfit. 
v 

De dang chi ra r~ng : 

'0 

R• -- - ~ aa <Hr c:::::. -~~- -.- + 
v r=p+l qr l!qv 

Do d6 phtrong trinh chuy~n d(lng cih M c6 th~ vi~t trong d~ng: 

d ae aa 
---- ---=-
dt • oqv 

ilqv 

(2-8) 

(2-9) ' 

(2-l 0) 

Nhtr m(lt thi d1J, chung ta vi~t phuong trinh (2-10) cho trm'mg hgp h~ chiu Wm 
k~t khOng holonom tuyen tinh. Gia sir phuong .trlnh Wm ket c6 d~ng: 

p . 
·qr = 2; brvqv + br 

V=l 

b d6 brv = b,v(t, qi); b, =bit, qi) Ia cac ham da biet. 

Trong truang-hgvna.y-phu-l:Igp v&i {2-6) cliung ta co: 

p . 
fr = ~ brv qv + br, 

V=t 

Phuong trinh (2-10) viet doi vai h~ chjuilien kH (2-1 i) bay gia la: 

d aa 06 n ( ilL · )*! n · • l 0 
a6 -· -,--"-= ;2 -· -. 2 A:kqk+ Av;- 2: aqbrv 

dt ilqv oqv r=p+l oqr k=l . . . •. r=p+l .r 

(2-11) 

(2.. tZ) 

l 

l 
1 
j 
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o a6 

Phuong trlnh (2-12) chinh Ia pbuang trinh Voronev. 

Thi dtl AppeJl (xem thi dtl [3]}. Thil.nh l~p phuong trinh chuy~n a¢ng cua M. ham 
th~ d(mg cua n6 c6 d~;~.ng: 

. ch!u li~n ket . d:;mg: 

1 "2 • 2 "2 
L =- m(x + y + z) + mgz. 

2 

. . 
ChQn x, y lam v~n t6c dl)c l•p chung ta c6: 

a dAy chung ta chQn : 

VO.Y. thi: 0 1 ( 2 ) ( 2 • 2) • =2 a + 1 x +y va 

• 2 . 2)11" fr =a (x + y ~ 

Phuong trlnh chuy~n a¢ng cua h~ bA.y gia hiy d'-ng : 

M(lt llin nua cht'ing ta nh~n dtrgc ket qua da dugc thiet l~p trong (3). 

De dang chi ra r~ng khi lay 

. - (. 2 + . 2)112 z- -ax .. y 

chung ta ciing nh~n dugc ket qua nhu tren. 

Bia chi: 

D~i hQC Bach kho11 
Nh~n ngay 17/10/1979 

.. '. 
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SUMMARY 

THE MOTION EQUATIONS OF MECHANICAL SYSTEMS 

In this paper the new point of view for construction of motion equations of a 
mechanical system is discu'ssed. With the help of the so-called principle of compatibility 
the Appell and Lagrange equations are obtained. 

Especially, the Voronev equations for a mechanical system with nonlinear constra­
ints are formulated . 
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Ngoai ra trong xemina nhieu thong baa khoa hqc khac ding da rlu<;rc trinh· bay. 
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