
DAO t>ONG COA HE DONG LU'C CHeJA OAC TRU'NG TRi . . . . . 
CHIU KiCH DONG NGAU NHIEN COA THAM so v A LU'C NGOAI. II . . . 

NGUYEN CAO MENH 

SAU khi cla khao sat phuang phap tong quat trong phll.n thir nh:lt [1], trong bai nay 

ta se nghien CITU mi)t so tinh chat cua h~ trong cac tnrang hgp rieng va xet dao d¢ng 
cua diim CO rna sat trong dm]i tac dl}.ng cua tai trQng ngi\.u nhien dung chulin theo dQC 
h't.tc va tai trQng ngiu nhien phan b6 theo chieu dai ciia dam. 

Cac ket qua thu duqc cho phep ta danh gia dugc anh huang ciia dl}.c trung tr~ 
va ciia tham so cten dl}.c trung xac suilt cua d~i luc;mg can tim. 

§ 2. M()T s6 TRUONG HQ'P RI£NG 

1) Truong hqp khong c6 can nh6t (h = 0) 

Khi c16, tl'r cong thirc (1.52) trong ph3.n thir nMt [1] ta nh~n dugc ham m~t d9 
· ph() Sxx(w) va theo cong th(rc (1.55) ta tinh duqc ham tuong quan Rxx( r) ciia qua trinh 
nghi~m, Phuong sai cua nghi~m dugc tinh theo cong thirc sau day: 

C<O 

cr2 = f a.2w~m2Saa(w) + SFF(W) + etw~m[SFG(Ul) + SFG(-w)) dw 

(Ul~ - (1)2 + ~Q!)2 + ~2Q~ 

Ro rang ding, neu ki hi$u 

(2.1) 

(2.2) 

thi h~ th{rc nay kh6ng phJ.l thu¢c trvc tiep vao dl}.c trung cua qua trinh kich d¢ng, tuang 
lt;r nhtr trong truang hgp tien dinh, ta c6 th~ gQi (J. la h~ so d¢ng lt_rc, phv thu¢c vao ban 
chfit ciia h$. H¢ s6 p. lay gia tri cgc d~i khi 

2 2 2 + r:tQ W = Wr = Wo 1-' 1 (2.3) 

Vi v~y. ta c6 t11~ i.:oi illr'=Y tu~ + ~Qi-la Hin so rieng cua h~ .. Vi Q1 la ham cua m va CJ nen 
IJ)r khflng phai la hiJ.ng s6 nhu trong truang bgp tuyen tinh rna phJ.l thUQC VaO d~C trung 
cua qua trinh nghi¢m. Dong thai do anh lmang cua rna sat trong h~ so ct¢ng llJ"C khong 
Hiy gia tri v6 h~n khi tan s6 kich d¢ng bH\n thien qua gia tri tan so rieng. 
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2) Tnn)ng hc;rp khOng ke den kich d¢ng !ham so (a= 0). 

Khi d6 tl'r c6ng tht'rc (!.52) trong [1] ta c6 

( )
. (A+ D)SFF(W) - (B + C)SEF(<d) 

Sxx to=--~~~~--~~--~~~ 
(w~ - uh2

- (2hito + ~Q1)2 +~2Q~ 



-_ -_ ~-~ -=-=-=:: .:_:_:_, -- ~---- - _,_ __ j -- - _:__-:_--::.-::--:: - _- ~-J __::__ :---.---_--

~eu h~ so can nh6t b'iing khong, ta dii dang bUin d:oi (2.4) va tim GUQ'C c6ng thirc dan 
gian sau 

00 

(2.5) 

-oc 

Ket hqp phuang trinh-nay v&i phuang trinh (1.9) trong [1] khi_ 
. . .~ 2 

m = - ~P(m, a) I w0 (2.6) 

ta se tim ilugc gia trj trung blnh m, va phuang sai 0'
2 cua qua trinh can tim. 

3) Truong hgp khOng k~ den ma sat trong (~ = O) 
Khi d6, tu cong thirc (1.53) trong [1] ta c6 

A = 1, B = C = D = 0 (2. 7) 
va cong thl:rc (1.52) tr& thanh 

(SFa(w) + SFa(-w)] ctW~m + cx2w~m2 Saa((l)) + SFF(OJ) 
Su(W) = . 

(w~ _ w2)2 + 4h2w2 

a) Gia siX G(t) va F(t) la cac qua trinh tuong quan toan phiin 

F(t) = rG(t) 

ta se c6 

va 

hay 

trong d6 

(c:tw~m + Yl2 Saa(w) 
S;u:(W) = -------

(w~ - w2)2 + 4h2w2 

00 

a2 = (ctw2m + n2 s Saa(W) diu 
. ... o (w:- w2i + 4h2w2 

-oo 

2 < 2 r)z 2 a == aw0m + att 

-oo 

(2.8) 

(2.9) 

(2.10) 

(2-11) 

(2.12) 

la phuong sai ci':ta nghi~m h~ tuyen tinh tuang l:rng du&i tac dq.ng cua tai trQng nga.u 
nhi€m G(t). E>~ tim gHt tri ciia m va 0'2 ta tinh bi~u thl:rc sau day 

00 00 

J ) _ s (or.w;m + r) (w~ - w
2

) SGG(UI) 
m = or.Rax(t, t) = ex Sax(w dw - a 2 2 2 . 2 ., dw 

(Wo - w ) + 4h w'" 
-00 -00 

va nh~n dugc 

(2.13) 
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r t<>J.2SGG((,__i) 
~ ~ ? 0 -~ 0 dw 

.} ({O)t--w")~+4h'r.o~ · 

-= 
Ht. plwang sai a;:,o ham CLla qua trinh nghi~m h¢ tuyen tinh du·cd t::ic d\lng cua tai trQng 
ngau nhien G(t). 

Ttr (2.13) gii't:i ra Cl6i v&i m ta c6 

,.,1~ 2 ') 
"" fwo 0 tt - J) 

(2.14) 

Thay (2.14) vao (2.12) l8. tiHJ dU'Q'C 
'1 

l20'tt 
a2 = -----------

~ 2 2 2 ]2 [1 - ono0 cw0 O'tt - J) 

Trong cac c6ng thU:c (2.14) va (2.15), ta danhgia ttuqc anh hucmg ciia kich d¢ng tham 
s6 den gift tri 1 nmg binh va plnrang sai ci1a qua trinh ughi~m. Neu khon~ ton t~i kich 
d¢ng tham so, til hai c6ng tbl'rc tren ta c6 

B6 chinh la ket qua d6i v&i h$ tuyen tinh. 

b) Gia srr G(t) va F(t) la hai qua trinh ci¢c l~p. khi d6 (2.8) c6 d?ng 

Tir d6 suy ra 

trong d6 

ry 2 .". ······· .... . : . 
ct"~J 0m~s~oCw) + S:Fp(w) 

Sxx (w) = -~----=----
(c.>~ - w2)2 + '1h2w2 

co 

( Spp(w)dw 

h = J (w~ ·- t•}f' + 4h2o} 
-00 

(2.16) 

12. ph u·ang sa.i cua nghi ~El il'~ til·,h Cl tr6i tie d \111g tuang i:mg C'Ja cac qua trinh 
G(t) va F(l). Trong t;·c;Q:ng hy·p nay, chv. y c1en (1.25) trong [1], phtrang trhh m = ctRGx(t, t) 
cho ta 

(2.17) 

Thay (2.17) vao (:2.16) ta cr; 

(2.18) 

~,co 

Nhu v~y, bang ph1rung phap « gia c1!nh chuanJ; c16i v6i b~ iuyen tinh chiu kich dQng 
lham :<,o, trong tru:l'mg hqp qna trinh kich a¢ng tham s6 va .ngo~i lgc d¢c I?p v6i nhau 
ta khong ph:H hi~n chrqc anh hucmg da kich d¢ng !ham s6. Khi a6 h~un m~t d9 pho 
thu chrqc c6 dr;t.ng nlm d6i v6·i h~ tuyen tinh thong thu&ng chiu tile dt].ng cua qui trinh 
~_g[u. nhien chu~.n d1\'ng c6 k3r VQng bilng l:hCng~ 



~ >i --- ----

§ 3. Vi IH,T 

Xet dam c6 chieu dai I, goi kh6p. o hai dau, c6 thiet di¢n ngaug hinh chfr nh~t 
hH~u cao h, chien r9ng b, chiu tac dvng ciia tiH t1·9ng ngll.u nhien phan bo theo chieu 
.ai ciia diim K (x, t) va ll,rc nen d9c ugh nhien G(t). Gia str darn lam bang lo:;ti v~t li~u 
6 quan h~ gifra ung suat va .bien d:;tng bi~u di~n !Joi duerng cong khep kin, theo 
)avidencov [2]. c6 d~ng · _ 

(3.1) 

rong d6 C1 la ung SU!H, 5 la bien d~ng, E2 la gia trj CVC (i~j cua 8 [~j diem khao Sat theo 
hoi gian, v la M.ng so phiJ thu¢c vao v~t li¢u. 

Ky hi~u W (x, t) la dO vong ngang ciia dam, ta c6 phuang trinh chuyen d¢ng 
au day 

iJ
2
W il

4
W iJ

2
W - VElz o2 [(o2

W o2
W)

3 
( ilsW)] · . --. 'hh--+Eh--+G--+---- --+- -4 --- =K(xt)(32) 

ot2 ox4 ox2 3 ilx2 ox2 - ox2 ox2 
' • 

a2w 
rong d6 fJ La m~t d9 khOi hrqng tren m(lt do-n vi d9 dai, -"- h1 gia· tri eve d~i 'cua 

ox~ 

l1 = f Jz2 
dydz 

F. 

-h = J Jz4
dydz 

. F 

rai -F Ia thHH dien ngang, y va z la c:ic trvc n[m trong m~t, pl)~ng eiia thiet di~n. di 
~ua- tam; trvc z inrang thiing dung. C:ic dieu ki~n bi~n la · 

W(O, t) = W(l, t) = 0 

o2W (1, t) -
---..,_,,- =0 

ox~ 

Ta tim nghi~m ciia phtrang trinh (3.2)- (3.3) du:<ri d~ng 

n'J'Cx 
W(x, t) = Z(t) sin--

1 

thOa man dieu ki~n bien (3.3). Dung phtr-ang phap Galerkin (3] V2. 

h.rc phan bo duqc bi~u di~n du6i d~ng 

nJ"Cx 
K(x, t) = /;(t) sin --

1 

Thay (3.4) va (3.5) vao phuang trinh (3.2) ta nhtj.n d u-qc pbl.w11g lrlnh 

trong d6 

d2Z 2 <= _ 
-~ -1- wn Ci+o:G(t))Z + ~<l>(A,Z) == F(t) 
dt~ 

thiet ding 

~(t) 
F(t) = phb ; 

1 :;:::::: - 3 " - VEb ( :Jtn )
8 

et = (n:rc )2, <I>=+ [(A+ Z) - <1A"], ~ = 4Pbh -~-
Elt -

l 

A la dQ l~ch eve df!i ciia Z(t), et chinh la nghjch dao ctm h;c t&i hr;ti1 Euler. 

(3.3) 

(3.4) 

ngoliti 

(3.5) 

(3.6) 

'(3.7) 
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Gia sir F(t) va G(t) u cac qua trinh ng!iu nhien chuitn dt1·ng, c6 ky vQni; bi'ing 
khOng, d-ga vao plmO'ng phap trong (!] ta tinh cac tich ph an sau 

0() 21t' 

P(m, C1) = 2~ f f i (a, acoscp + m) f(a) da dcp 

0 0 

00 2J'C 

Qt(m, 0") = 2J'C~2 f f ~(a, acoscp + m) acos'.P f(a) da dcp (3.8) 

0 0 

Q2(m, 0") = -2 tf> {a, acoscp + m) a sincp. f(a) da dcp 
1 ss~ -

21t'C1 
tl 0 

trong d6 

a ~ a2 ~ f(a) = - 2 exp -() - 2C12 

Ia phan b~ Rayleigh. 

Sau khi tinh toan ta tim drrqc 

P(m,C1) =- m (9rr2 + m2) 

Qt(IU,rr) = - (15cr2 +3m2) 

Q2(m,a) = - _3_ (8C12 - 3m2) 

"' 
(3.9) 

Gia sir F(t) va G(t) la cac qua trinh ngau nhien d¢c l~p. khi d6 tir phucrng trinh 
(1.9) trong [1] ta nh~n duqc 

V
' 00 2 ' 

w2 [ 2 s Sao (w) (wo- w
2 

+ 13Qt) ]· 2 
ffil = 0; ID2o3 = + _0 1 - or)lw0 2 2 dW - 9C1 (3.10) 

~ . (wo- w2 + ~Qt)2 + ~202 
-00 

0 dA.y Ia chi kbao sat nghi~m mt. D6i v&i ngbi~m nay cong thuc (2.1) cho ta 
co 

2 f Spp (ro) dw 

a =:_00 (w~-w2+~Qt)2+~2or 
(3.11) 

Nbu v~y. trong truang hqp nay ta se khOng phat hi~n dt.rQ'C :i.nh huang cua kich d¢ng 
tham so. 

Gia si'r qua trinh tac dl,Ing ben ngoai c6 ham m*t d¢ ph& bi~u di~n du&i dJ!ng 

( ) 2 r 1 2 ")]-1 ... _SEE. J1,J ::;: __ Q'F_a_t_:lt ~oa + (JJ' ·· (a> 0) (3.12) 

ung v&i h:i.m tuang quan 

Rpp(T) "" C1~ exp (-aIr I) 
Thay (3.12) vao (3.11) ta c6 
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2 
2 O'F a 

() =--
1[ 

(3.13) 

(3.14) 
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Ta tlnh tich phan nay bing phuang phap th9-ng du [4]. Cac C\fC di~m cua ham duoi 
dil.u tich pMn a ni'ra m~t ph~ng phuc phia tren la 

.q:> 
1-

w1 = ia; 
_,- 2 

w2 = V r e ; (3.15) 

trong d6. 

(3.16) 

Tir d6 theo c6ng thfrc tinh th~ng du, ta tim duqc 

a~ [v ~-~Q2 ~ a(a
2 

+ w~ + PQJ) ~os ~ + ~Q2asin ~] 
()2 =--~~--------------------------~--------~ 

V r ~Q2[cw~ + a
2 

+ ~Q1)2 
+ ~2Q;] 

(3,17) 

Bay gia gia sir ~ kba nho, tir cac c6ng thli'c (3.16) va (3.17) khai tri~n theo ~. bo di cac thanh 
pban b~c cao bon ~ ta nh~n dugc 

acr; O';(woQ2 + aQt) 
()2 = - + -----------:-:-

~Q2wo(W~ + a 2
) QzW0(W~ + a2

)
2 

2cr;~Qt(W0Q2- aQt) 

Q2W0(!o~+a2)3 
(3.18) 

Thay Q1 = - 15cr2
; Q2 = - t6cr2/TC vao (3.18) ta duqc phuang trinh b~c hai t16i v6i a 2

, 

giai phtrang trinh nay ta dugc 

(3.19) . 

v6i 

Tir c6ng thu:c (3.20) ta thlly ding A3 c6 tU Illy gia tri am khi a du 16n. Khi d6 d~ dang 
thlly rang cr2 se d~t ct,rc dQ.i khi 

- A2 - v A; - 3AtAs 
<JF = <> 0) 

A3 

Hon niia. t.:r (3.19) ta nh~n thay ding, 0'
2 se bang kh6ng khi Cl'F bang kh6ng va khi 

- A2 - v A; - 4A1A3 
O"F = ----'------

2A3 

(3.21) 

Nhu v;;ty, trong truong hqp nay voi gan dung d~n b~c V(f, ta co th~ chqn dugc 
<JF d~ cho phuong sai cua qua trinh nghi$m nh~n gia trj bang khOng. 

Van de chua dtrgc giai quy~t a day la, khi tim dugc nhieu gia iri cU:a ky VQng va 
phuong sai, ta phai nghien cuu xem v6i dieu ki$n na'o se xiiy ra m(lt trong cac gia tri ily 
va gia tr! nao la Cln dinh. Nhfrng van de d6 khOng nam trong khuon khCl cua bai nay. 

Bia chi 
Vi¢n Ca hoc. Vien KHVN Nh¢.n ngdy 18-9-1979 
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SUMMARY 

THE OSCILLATIONS OF THE DYNAMICAL SYSTEMS WITH Hl'STERESIS 
CHARACTEl:ISTICS EXCITED STOCHASTIC PARAMETER AND FORCES. II 

In this paper, the problem in [ 1] is continued studying. The some special cases of 
the ge.neral problem are considered. The beam with internal friction und~r stochastic 
forces is analized. In this example the influence of the hysteresis character in material 
and the parameter in the system on the pscillations of the beam are shown. 
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