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DAO BONG CUA ·HE DONG LUC CHir A D!C TRUNG TRE 
CHIU KiCH llQNG NGXU NHitN CUA THAM. so VA LVC":.NGOAI 

NGUYEN CAO M.eNH 
, ..... 

. ~ ~ 

·rRONG bai nay •. Ia khao sat b~ phi tuyen · ch ira d~c tnrng dan hoi kh6ng hoan 
to an, chju kfch d¢ng tharn so va ngo~i h.rc d tr6i d~ng qua trinh ngau nhien 

. dirng chu_an. Dung phtrcmg phap gia . djnh ve Unh chat cua nghi~m kel hgp 
vai phucmg phap hinh bao, luang tv nhtr trong bai [5], ta l~p dugc . h~ phuang 
trinh vi phan kfn, tuyen tinh de . xac djnh cac d~c lnrng cua nghi~m ... 

B!T VAN Dt 

Khi xet dao d{>ng. cua h~ dan hoi chju lac dt,mg cua .qua trinh ngau nhi€m, 
n.eu dung phuang phap ·Galerkin de tim nghi~m va chu y clen sg hao tan x:Iiing 
ltrgng ben trong v~l li~u ta se nh~n dugc phuang Lrinh vi phan phi tuyen chua · 
d?c trung tre ch!u kicb d{>ng tha~ s6 va ngo~i h,rc ngau nhien. _ 

Khi kich.<19ng tham so la tuan hoan: con lac ch,mg cua lgc ngoai In qua 
trinh ngau nhien «on trang » nguoi La da khao sal bllng each dung ph1.rong trinh 
Fokker- Planck [3] ho~c phllong phap tham s6 be [2]. D6i vai h~ tuyen tinh chiu 
kirh d{>ng tharn so ngau nhien on triing ngU'ai La ciing dung phU'ang trinh Fokker­
Planck de l~p b~ . phuang trinh -tuyen Unh xac djnh cac m6 men va nghien cfru 

·sl! on djnb cua b~ [ 4]. f>6i v&i h(· tuyen tinh chju kich d{>ng tham so va ngo~i 
lgc ng~u nhien chuan. trong [ 1] nguai la da dung phU'ang phap giii djnh ve tinh 
chat chuan ciia nghi~rn de khao sat. Tat ca ·Cac kel qua trong cac cong trinh tren 
kh6ng the ung d~ng trvc Liep de khao sat h~ phi tu~'en chua d~ c tnrng tre chju 
kich d{>ng tharn s6 va ngo~i lgc duai d~ng nhfrng qua trinh ngau ·nhien . 

Trong bi:ti nay ta se dung ph uong phap gia djnh ket hqp vai ph uong phap 
hinh bao, nhu trong bai [5), de giai quyet van de di:i d:;tt ra . 

§ 1. CAC PHUO'NG TRiNH XAC DlNB CAC I>!C TRUNG XAC SUAT 
CUA QUA TRINH NGHI~M 

Xet h~ dc?ng lgc chju kich d{>ng tham· s6 va lgc ngoai ngau nhien bieu clib 
boi phtrang trin h.: · 

._. 

Z + 2hZ +. w! [ 1 - aG(t)] Z + p 4) (A, Z) = F(t) < 1. 1) 
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-trong d6 ~(A. Z) the hi~n di;ic trung tre cua h¢, .-\ la bien d¢ dao dQng cua qui 
· trinh nghi~m. G(t) v:l F(tl la cac qua trinh ngau nhien dung chuan _c6 ky VQng 

bang khong vit ham- tuong quan la Gcc("t), Rn{t), ham tuang quan lien k~t Rcr("t). 
Gia su -qua trinh .. nghi~m Z(t) ta · qua trinb ngau nhien dung chuan c6 kj· 

VQng m va phuang sai 0'1 va h~tm luang quan Rzz(•). d6 Ia c:ic d~i hrgng La can 
:de djnh. 

Dung phep thay bien 

phuang trinh ( 1.1) tra thanh 
Z(t) = X(t) + m (1.2) 

-X+ 2hX + w! (1- atG)X + w! m(l- aG) + 13i"(A, X+ m) = F(t) (1.3) 

Voi phep -thay bien nay, qua trinh X(t> c6 k~· vQng bang khong va c6 cung ham 
tuang quan vit phtrang sai nhu Z(t). Theo phuong phap [5] dga vao tinh chat 
dung chuan. c6 k~· VQng bilng khong cua cac qua trinh X(t), G(t) va F(t) ta dtra 
vao ba qua trinh khac Y(t), H(t) va E(t) lien h~ voi ba qua trinh tren bbi cac ding 
th frc sa u das: 

- Rxy(t. t) = 0; 
Ryy("t) = Rxx<•) 

Rac(t, t) = 0; 
Raa(r) = Rcc("t) 

REr(l, t) = 0 
.REE(l') = RrF("t) 

Ngoili ra neu cae qua trinh X(t), G(t) va F(t) c6 khai Lrien pho la 
:)0 

. X(L) = f eiwt d<l>x(w); 

~ 00 

G(t; = f eiwt d<l>c(w); - F(t) = f eiwt-d<l>r(w) 

thi car qua trinh Y(L), H(t). va E(l) c6 khai trien pho Luong ung du6i d~ng 
00 00 :0 

Y(t) - J eiwt d<l>y(w); H(t) = f eiwt d<l>H(w); E(t) = ~ eiwt dci>E(w) 

trong d6 theo [6] : 

( l.4) 

( 1.5) 

( 1.6) 

<l>y(w) = - i ~ <t>x(w); ~a(w) = - i ~ <l>c(w); <f>E(w) = - i _w_ ~F(w) (1.7) 
lwl · · l wl lw l 

BOng thoi khi do La co the bi~u . dien 
A2(t) = X2(t) + Y~(l) (1.8) 

Lay ky VQng hai ve phtrong trinh (1.3) ta nh:!n dugc phU'ong trinh 

m = aRcx(t, t) - ~ P(m, a)· (1.9) 
. (1)0 

trong d6 -
P(m, a)== <i" (1'X2+ y2 , X+ m)> = 

:>a ?0 

=- S S ~(Vx2+Y'· x+m)f(x,y)dxdy ( 1.10) 
-;:IG -;:IG 
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(1.1]) 

la ham m~l d(> phil XiH.' sua\ cua quo'l lrinh X(l) V~l 'l'(l). 

Tiep theo nhan hai v~ phuong trinh (1.3) v6i G(t 1) va H(t1) sau d6 lay k5· 
vc;mg hai ve, de j· rilng mo men b~c l{; ciia cac bien ngau nhien chuan· Yoi k~· 
vc,mg bang khong sc bi'i.ng kh6ng. ta nh~n dtrqc h(~ hai phuong trinh .sau d:iy: 

.. ·' • ') 2 . 
RGx(T) -t 2h RGx(T) + w~RGx(T) + ~Q(Rax•RQy) = aw0 mRGG(t') + RaF(r) (1.12) 

•. . • 2 .· ' 2 
RHx('f) + 2h RHx(-r) + w

0
Rax(r) + ~M (Rax• RHy) = aw

0 
mRaG(t) + RaF(T) (1.13} 

trong d6 

(1.14) 

. -+ 

M(Ra·x· Ray)==< i ('VX'+ Y2 , X+.m) il(t1) > (1.15) 

6 day ta c6 the coi cac. qua trinh Ia .lien ket dirng, vi rnoi qua trinh dtrQ'C khao 
sat deu la qua trinl1 chuan dirng nen la qua trinh dung theo nghia h~p. Hai qua 
trinh dung theo nghia. hE;!p se c6 lien ket dirng [6]. 

Trong cac phuong trinh (1.12) va (1.13) ta c6 the chi ra :r~ng [5]. 

(1.16) 

Do d6 hai phuong trinh (1.12) v~ (1.11) l~p nen h~ phuong lrinh vi phan :xac djnh -
. cac ham RGX('f) , RHX(T) v&i ve phai da biel. De xaedjnh cite bieu th.irc bien ( 1.14) 

Ya (1.15) theo [5] La c6 ham phan bo 

f(x,y,g.h) = l e exp ~- le [c2 (x2+y2)+t1'(g2+h2)-2RGXxg-2R11xxh -7-
4~~~ l 2~ g . 

trong d6 

+ 2RHXyg- 2RGXh~·] ~ ( 1.17) 

e = 11 2c 2 - .R2 (t) - R2 (r) 
g GX HX 

~·a. o2 la ph~.rong sai cua qua trinh nghi~rn G(t). 
g 

Do d6, ta c6 the tinh du~c (1.14) va (.1.15) va nh~n duqc ket qua sau 

Q(RGX' RGY) = Ql(m,a) RGX( r)- Q2(m,a)RHX(T) 

M(RHX' RHY) = Q1(m,c) RHX( r) + Q2(m~a)'HGX( r ) 

( 1.18) 

( 1. J 9) 

( 1.20) 



trong d6 
/ . :x:2+y' 

1 00 00 - - . _....;..;....:...:,--

Ql(m, a)= 2xa"' · ~- ~ ~\1x'+J', x+~)xe 2
a

1 

dxdy ( ~.21} 

-oo -oo 

1 oo oo - - x'+yz 

2:ca• ~ - ~ -i6'xs+ys ; x+~)ye 2a!l d:z:~y (1.22) 
-00- -00. 

Do d6 hai phuang lrinh (1. 12) vl (1.13) trb thanh 

. .. . 2 - . . 2 . 
RGX( r> + 2hR0x(r)+ {w 

0
.+ ~1] RGx<r)- ~QzRHx(r) == e~w 

0 
mRGG~t) + R0 F('t) 

(1.23) 
.. . 2 . 2 . . 
RHX('t} + 2hRGX(r) + [~o + ~Q.)RHX(t") +~Q~RG_x(-f} = e~w o mRHG(t) + RHF''t) 

Gia s\r, trong bai toim m:\ ta khao s3,t, ton t~i - cac ham m~t ·d¢ pho t1rang 
'lrng v<Ji cac ham -luang quan .lrong h~ ( 1.23), ta . ky lli~u cac bam m~t d¢ pho ay 
la Scx{i.tl), SHx(oo), ..• . . 
Khi 96 ap dt,mg pbep bien d~i Fourie-r vao hai ve phuang trinb· (1.23) ta nh4,n 
duqc: · · 

)

- (w2 - w2_ + ~Q 1 + 2hiw)Scx(w),--~Q2Sax(~) = a.w2 JllScc(w) + Scr(<o) 
0 - 0 

(LU) 
pQ2Scx(lu) + ((1)2 - tu1 + ~Ql +·2hilll)Sux(w) = a.w2 mSuc(w)+SuF(w) 

0 . . 0 

Nhan ha~ v~. phuang t'rlnll- (1.3) vbi ~fti)~- E(tt) ·ri)i ·t~y' k't.' vQ!tg .. ~ai V.I. :-ta: ~;~::J 
41lQ'C ha:.i pb\rong-trinJi S8U - - . -· _ - · - --.. · ~ ··ri~-'-;; 

- ' - - -. - -- • ·- . ' . -~- - . ,,., 't ""i'!"' :Ji 

. Rrx'(r) + 2hR~(r)+~~t! R,.x(.r> +pi.. (RO,~Rn) = -aw2.iDRFc(x) + ~~)' :-:: ~~~:~ 
· .. . - . . ..... _ .... -. • . . ·-. : :·~:.. ~ .. -4~~~:-~ 

;- Rn("t) + 2h R 0 (r) + w! Ra("t.) + ~N(R~REY)'= c&us! mREc(T) +-Ru(T·y . <~.-;~'; 

Ciing nhu- tr·ong t;ucmg bqp tr~n •. chu y dog : __ :_-;;?.~·i· 
Rn(T)- -R0(~);. Rn("t) -.Rn{~) (.~--. 

hai- phuong trinh (1.27) va (1.28) trb thuh h~· phuong. trinh xac djnh Rn{t:)~ .. · 
Ru( t). trong do: .- _. 

· : . ..;-. • ! .J 



·. = 
L (Rpx• Ryy) == L(RFX,- ~EX) :- < Gl(YX2 + Y2

, X+ m) F(l1) > (1.301 
;:! . 

N(R0 • REY) = N(REX, Rrx) = < .~('v'X2 + Y•, X+m) E(11) > (1.31 ; 

Be tinh cAc bieu ihirc (1.~0) va (1.31). ta can tim -ham m~t d¢ phan. b~ x~c suat 
:p(~, y: f, . e) cila 4 -bien ngau nhi~n X(t), Y(t), F(t1) va E(t1). Tu~ng tt,r nh 11 trong 

· "'.bitiJ5J, ta tim dugc: · · . · · 

-~~, · .. '. ·>F(%, y>f; ~) = . '1 ~~p -~- __!.._ [a:(x~+.-yt) + a~(f1+e2) - ·'2Rnxf-
· . . . 4n~D. · l 2D · · · : · · · 

• . ' . •' . : -2~"'"'• :r 2R£XY! -:~~Y•lr . . . . . (1.32) 

. ~.-:~ro~ :do~~ ·1a. phuang sai .cua qua trinh ~g~u nhi~n F(t) 
. . ,_ . .. ·- -~-: ·:._:· :; · .. :. : ·.: · ;,_ .. • _, .. ·.:;:, . ': ... ~-- .. . . _. · :2 .·· . . , .. ~ ,_ 

. · ·:· ..... _ .. ,.· . · .··D . . 112 ~: -J~F~(T~ ~:RExtr) '(1.33) 

· : !(na.t~<~: ·v.aQ _cac. bieu t-h.t'rc ·tfnh· ky ~Qng ,·(i .30) -:v.a. -(-L31), h~c .·la--sau khi ,tfnh 
· _ :?-c#Chji¥.~_~,.-- ~ . , ·. ~ .. ·: _:· · · :· · . : _:_:<·· . ~--_ _.,. . . . . ._ ... __ · .-: . : . ~~ ': . . 

~ · ·· .. ·· - . ~~~f<-~~·,~- ys,:r +m>f:F(.;, ~: r: e)d:tci:r_dr.de; 

ta ·tim d trQ'C 

-CO . 

. cc 

~))~ ~CVx2 ~ y2,:: + m) e:F(x. y, f, .e)dx dy dt de 
• -PO . . 

L-(Rrx.'- Rn) = Q1(m, a) Rrx(T) -'Q2(m·,: o) REx (T) 

K(REX, Rrx) · · Q1(rn, 0') REx(•) + Q2(m, o) Ryx (r) 

trong do Q1(m, o) va Q2(rn, 0') dugc cho hoi cac c6ng Jth frc (1.21) va (1.22) 
-~ . 

. (1.34) 

(1.35) 

Thay (1.34) -\ra (1.35) va~ '(.1.27) va (1.28J La dugc h~ -~huong trin h vi phan 
tuyen tinh cap .hai h~ s6 hiing so dol voi Rrx(T) va REx:(T) . . 

~~F~(r)+2h~rx(r) + [w!~ ~Q1 ] -R~xti)- ~Q2REx(·r~ = aw;mHrc(•) + RFr(r) } · 

Rn(T)+ 2hRn ('t) + [w! +"PQd REX(r) + ~Q, Rrx(T) . ~o mREc('t) + REr(r) · 

(1.36) 

. · ·.Ap ·d1;1ng phep bien ·aoi Fou~ier· ·va.o hai \ ;.e (1.36) ta chuyen h~ nay v~· h~ 
pbuang'trinh d~i so d6i voi ham m~t d(> pho : · 

· (w~- (j)2 + ~Q 1 + 2hiw) Srx (w) - pQ1 'S~x (w) . aw~ rn_ Src(w) + Srr (w) } 
(1.3i) 

. POt~x(w) + (w!- w' + JJQ 1 + 2hiw) 5u(w) = aw! rn SEc(w) + SEr(w) 



. ' 

' (1.38.) ' 

[ cxw~ mS::c (w) + S::F(w)] (w~-w2+ ~Qt+2~iw) - [ ~w; mSr·G (ru) + Srr (u)] ~Q2 
Srx (w) = . . 

(w2 - w2· + pQ 1 + 2hiw)2 + ~2 Q2 
0 . 2 ' 

'-
(1.39) 

Nha n hai ve phtrong trinh (1.3) voi X (tl) va y (tt) sau do lay k)· VQng hai 
ve phtrong trinh moi nh~n _dll<;YJ!• ta dtra den hai pbuong trinh sau day 

• . I 

R~cc(-r:) + 2hRxx (t) + w~ Rxx(t) +~I [Rxx(l'),Rxy(r-)} _ ~w~ ~Rex(-~)+ RFx(-T) 

(1.40) 
2 ? R" (r1) - 2h-R• (t i ) + w Rxy ("tt) + ~K [Rxy ( r 1) , Ryy (r1)] = ~w- mRcy('Tt)+RFY(Tt) 

XY . XY o - o 
' (1.41) 

trong d6 • r ~ = t 1 - t = -:- -r 

I W·xx (<·): Rn (r) ] = (.% (YX2 + Y2~ ~ + m) X (t1) ) 

. K [Rx; (-r:1), Ryy (-rt)l ~ ( ~ ( Y~-t + Y2, X + rn) Y (tt) ). 
. . 

Ham m~t dq phan bo xac suat f (X, y, Xt Yt)i theo .. [6], cha 'dtr6'i d~ng 
' . 1 ~ . 1 2 - 2 .2 . 
f(x, y, x 1, y1) = · . exp - [x +Y2 + x +y -
. · . _ 2x..ta+p2 . 2<J2p2 . 1 . 1 

. • - ·2~(x~ + yy,i}- 2r(XtY--:- xyt)] j· 

Vai -. . 

k c~i) = ll:xx (r.> ~ r (rt) ' Rn"(Tl). ~~ ('tt) = 1 ~ k2 (tt) -. ra('t' t) 
at. . . a2. . . 

,.,.. ' . 

Sau .khi thay (1.44) vao (1.42) v:\. ( 1.43}v tire la tinh cac Uch pba.~ smu. 

~ ' ' . 

~~~-l ~-( Vx."· + y 2
, ~ +. m)-x1· f (x,.y,' x1~ ~1) dx.dy dx1. dy 1 ; 

.-..;o QO. • 

}}~~ ~- (vx--=2-+-y-=-z, _z+m) y 1 f<:· y, :l:~t.Yt> dz dy dxxdYi· 

va chu y r:lng ~-
Rxx(r) = Rxx (.r1) = Ryy (:r1) ; Rxy (r) =-- RXY (<1) 

~ ~ fi dtrgc 
[ [Rxx(r). Rxy (r)] = Q1 (m, a) Rxx(-r)- Q-z (m, a) R:<y (r) 

K [RXY(<1). Ryy(r 1)] =- Q1 (m, a) Rn(-r1).+ "Q~(m. a) ~x..x t• 1 ) 

(1.42) 

(1.43) 

(1:.44} 

(1.45) 

!:. 

. ( 1.46) 

(1.47) 
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Do d6 cac phuong trinh (1.40) va (1.41) tra ·Lhanh 

I .. Rxx (r) + 2b·R~ (r) + [w~ + ~Qd Rxx<r)- ~Q, Rxy(r) = au1~-mRc:d- r)+RFx(­

(1.·. 

~ Rj(,. (•1)- 2hRin· (•1)+[w~- ~Q1 ] Hn(•1) + ~Q, llxx (•1) . . -·w~ mRuX'( r1)-R~,I: 

Trong: phuong trinh (1.-19) La da thay Rcy(rl) va Rn("Z'J) bbi Rlix('f}) \'3. REx(r.J)· 
Ap d~ng phep bien doi Fourier vao hai ve phuong trinh (1. 48) vn (1.4~) ta nh:. 
ducjc : 

I . . · 

.. (w!- w' HQ: + 2hiw) S,.(w) :~Q,Sxy(.,) = .;.,:, :Scx(-w)+SFXh•) ( (L
5
; 

~Q2~x(w) + (w -.- w'- ~Ql- 2hiw) Sxy{U>) = -aw mSax(U>)-So.(w) · 
: . 0 • . . . 0 

Tir d6 .ta tim dugc : 

. · ( a.w2 mSc~·( -w) + SFx(- w )](w2 -oot-~Q1__;.2hi~)--:~Q2[aw2mSHx(lLI) + $u(w) ·s = . o . o - . . o . 

~x ' (w2 -w2+~Q1+2hiw)(w2 -w2-j3Q1-2hiw)+f32Q2 
· 0 0 . 2 ·(h"5J 

. · . Trong~o~g thuc (1.51) cac ham m~t.a~-~pli~ ~c6 ~~t a tu s6 da ti~::a~Q"· 
tron:g cic tinh toan tru&c ~ay: Sau khi tbay cac bieu thirc (1.25), (1.26). (1.3&) ... v. 
(1.39) vao ((1 .51), qua q~a trinh.bien doi ta ·tim dugc h~·th~c: 
S~x<w) = · · . 

- . A+ D · . . ~ a2~ ~2S~c(w)+SFF("l)+[Src(w)+SFcC-w)·J~ 'm·l_ 
(w! -w2)_: (2hiw + ~Q1)2 + ~2Q~l . · - ·

0 -~ 

') . B+C ') ~ a2w~ m2SHc(w)+SEF(w)+~w~ n~ [sEc(w~-.SEc{~w)J f 
(w- -.w2)2-(2hiw+~Q 1 )2+~2Q- l · . I 

0 2 . . . . ·( 1.52; 

tr<mg d6 

- (w2 - w2- 2hiw)fl- ~2Q2 
A=-------o----~--------~1~---

(~2 - w2 + ~Q1 - 2hiw)2 + ~2Q2 
0 . 2 

PQ2 (w~ - w2_- ~Ql- 2hiw) 

B =----------------------------
(w2-w2+ ~Q1-2hiw)l + ~2Q2 

0 . . 2 

j3Q2(w2 -·w11 +~Q1 +2hiw) C= ________ o ________________ __ 

·. - - ..... (1.53) . "l;.,_._._ 

(w2 .....: w1 + ~Q1 + 2hiw)!l + fl2Q2 
0 2 

~2Q2 
D=--------------~2 __________ _ 

(w2 -w!l + ~Q1+2hiw)1 + ~~Q2 
0 2 

- ,.. . .... -.. 
... :-r ... ,.. ··:-. 

--- -~- -- ~- ---
--~~~ .. 

- _. ol -

·;_. · .. ~~--:·-
::--. ,._ ._11.. . ."-52 
J..,·._ . ·::. ,· 

-~:-•-.~... -----
~-:!~~- _ ;- ~ " 

·::, 



Cling bang ly lu~a ttwng ll;r, ta lim dtrgc cong th(rc sau day de xac d_jnh ham ­
lllO'Dg quan CUa qoa trinh nghi~m 

00 . QQ. 

Rn.(r)_= ~ eifltfS:xx(w)d(l) =· ~ [co.swr.ReS:xx((I))+Sin!Alr.ImSxx(w)}d<a~o (1 .. 55) 
-oo -QO 

.Tren day chu.ng ta da trinh bay pha:n Iy thuyet tong ,quat. con cac· trtrang hc;rp 
rieng va vi d\1 se dtrgc khao sat trong phan sa~. · 

Bta chi 
n~r. Ca hf)c, Vltn l(HVN 
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SUrufA'RY .. 
THE OSCILLATIONS.. OP. THE DYNAMftAL ~'YST~ WITH HYSTERESIS 

E:HARACTERISTICS EXCITED BY STOCHASTIC PARAMETER- AND FORCES. I. 
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