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Abstract. The effect of the sliding friction has been important in calculating the heat flux
of gas flow from the surface since there is some slip over the surface. There has not been
any the temperature jump condition including the sliding friction part so far. In this paper,
we will propose a new temperature jump condition that includes the sliding friction. Our
new temperature jump condition will be evaluated for NACA0012 micro-airfoil in high-
speed rarefied gas flow simulations using the CFD method, which solves the Navier–
Stokes equations within the OpenFOAM framework with working gas as air. The airfoil
case is simulated with various Knudsen numbers from 0.026 to 0.26, and the angles-of-
attack (AOAs) from 0-deg to 20-deg. The surface gas temperatures predicting by our new
temperature jump condition give good agreements with the DSMC data, especially the
NACA0012 micro-airfoil cases with the high Knudsen numbers, Kn = 0.1, and Kn = 0.26
with AOA = 20-deg. for the lower surface.

Keywords: Sliding friction, new temperature jump condition, NACA0012 airfoil.

1. INTRODUCTION

The simulation of nonequilibrium hypersonic gas flow is important for the aero-
dynamic design of space and re-entry vehicles. These flows are most successfully simu-
lated by the Direct Simulation Monte Carlo (DSMC) method; however, the computational
cost of this method is expensive in comparison to Computational Fluid Dynamics (CFD),
which solves the Navier–Stokes–Fourier (NSF) equations. The present work focuses on
investigating the temperature jump boundary condition for use with the NSF equations
applied to rarefied gas flow simulations. Translational nonequilibrium of a rarefied gas
flow can be characterized by the Knudsen number, Kn, that is the ratio of the molecular
mean free path, λ, to the macroscopic characteristic length, L. When Kn ≤ 0.001 that is
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continuum regime, and in the range of 0.001 < Kn < 0.1, that is called slip regime. Kn
rises into the range 0.1 ≤ Kn < 10, that is called the transition regime. For Kn ≥ 10,
the flow is called to be in the free molecular regime. The NSF equations with veloc-
ity slip and temperature jump boundary conditions can capture the rarefied gas flow in
the range of 0.001 < Kn < 0.1, i.e. slip regime. However, as Kn rises into the range
0.1 ≤ Kn < 10 (transition regime), the NSF equations become inappropriate because the
near-equilibrium fluid assumption for flows has broken down.

The design of hypersonic vehicles requires accurate prediction of the surface prop-
erties in flight. One of them is typically the surface gas temperature or heat flux. The peak
surface temperatures or heat fluxes are integrated over time and mapped over the vehicle
surface as part of the process to design the thermal protection system. The temperature
jump condition was an early development by Smoluchowski [1], and was driven by the
heat flux to the surface in the normal direction. Thereafter, several temperature jump con-
ditions were developed in [2–9] for CFD to improve the simulation results of the surface
gas temperature in the slip regime (0.01 ≤ Kn ≤ 0.1).

In the literature, all derivations of the temperature jump condition have not been
considered the sliding friction. It was first introduced by Maslen [10] in calculating the
heat transfer of gas flows over the surface. He stated that his formulation is correct for
heat transfer without further proof. However, the sliding friction term could be directly
derived with kinetic theory for a nonuniform gas, and was presented in [11, 12]. The
heat transfer generating by the sliding friction was computed based on the slip veloc-
ity and shear stress. It means if there is some slip of gas flows over the surface then
the sliding friction should be considered. In CFD, we have often used the slip veloc-
ity and temperature jump conditions to improve the NSF equations in the slip regime
(0.01 ≤ Kn ≤ 0.1). There was a different nature in computation of the surface gas tem-
perature (or temperature jump) between the DSMC and CFD methods. In DSMC, it was
calculated as a function of velocity components [13,14], while that in CFD was computed
by the normal gradient of temperature only (Fourier’s law). This leads to a difference
between the DSMC and CFD surface gas temperatures. Therefore, the sliding friction
needs to be taken into account in developing the temperature jump condition to improve
the prediction of surface gas temperature in CFD.

In the present work we will propose a new temperature jump condition by con-
sidering the sliding friction at the wall. Our new temperature jump condition will be
implemented in OpenFOAM [15] to employ with the solver “rhoCentralFoam” for CFD
simulations. OpenFOAM is an open source CFD toolbox, written in C++. All solvers
developed within OpenFOAM are, by default, 3-dimensional, but can be used for 1- or
2-dimensional problems by the application of particular boundary conditions lying on
the plane of directions of no interest. Meanwhile the heat transfers involving the sliding
friction proposed by Maslen [10] and without the sliding friction (i.e. the Fourier law of
heat conduction) are also compared with DSMC data. Micro-airfoil NACA0012 is chosen
to evaluate our new temperature jump condition with Mach number, M = 2, various
Knudsen numbers, Kn, from 0.026 to 0.26 and angles-of-attack (AOAs) from 10-deg. to
20-deg., [16–18]. NACA0012 airfoil is basic configuration for testing the new boundary
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conditions. We also investigate whether the surface gas temperatures with our new tem-
perature jump condition can capture those of DSMC data of the airfoil cases with Kn =
0.1 and 0.26 (i.e. in the transition regime).

2. NONEQUILIBRIUM BOUNDARY CONDITIONS

2.1. Smoluchowski/Maxwell boundary conditions in CFD
As our new temperature jump condition is derived from the Smoluchowski theory,

so the first order Maxwell/Smoluchowski slip velocity and temperature jump boundary
conditions are adopted for comparison. The first order Maxwell slip velocity condition is
expressed as follows [19]
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where u is the velocity; λ is the mean free path; γ is the specific heat ratio; µ is viscosity; ρ
is the density; T is the temperature and uw is the wall velocity. The tangential momentum
accommodation coefficient, σu, determines the proportion of molecules reflected from the
surface specularly (equal to 1− σu) or diffusely (equal to σu), and 0 ≤ σu ≤ 1. The tensor
Πmc = µ((∇u)T − 2

3 Itr(∇u)) is the stress tensor, where the superscript T denotes the
transpose and tr indicates the trace. Tensor S = I− nn, where n is the unit normal vector
defined as positive in the direction pointing out of the flow domain and I is identity ten-
sor, removes normal components of any non-scalar field, e. g., velocity, so that slip only
occurs in the direction tangential to the surface.The right-hand side of the Eq. (1) contains
three terms that are associated with (in order): the surface velocity, the so-called curva-
ture effect, and thermal creep. The tangential momentum accommodation coefficient, σu,
determines the proportion of molecules reflected from the surface specularly (equal to
1− σu) or diffusely (equal to σu), and 0 ≤ σu ≤ 1.

The temperature jump condition was proposed by Smoluchowski [1], and was
driven by the heat flux to the surface in the normal direction

T +
2− σT

σT

2γ

(γ + 1)Pr
λ∇nT = Tw, (2)

where Tw is the surface temperature and Pr is the Prandtl number. The thermal accom-
modation coefficient, σT, is used to ascribe the temperatures of the receding molecules.
Specularly reflected molecules recede from the surface with their original incident en-
ergy, and diffusely reflected molecules have their temperatures adjusted to those would
arise in a mass of gas in equilibrium at the temperature of the surface. Perfect energy
exchange between the gas and the solid surface corresponds to σT = 1, and no energy
exchange to σT = 0.

2.2. New temperature jump condition in CFD
The energy of approaching molecules impinging on a unit area of surface is re-

sponsible for the heat conducted through the surface. Smoluchowski assumed that the
approaching stream of molecules conducted the same level of heat as that within the
region of gas some distance away from the boundary. The approaching and receding
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streams contribute to half of the conduction of heat. The conducted heat per unit area
is n · q (positive inward), and the approaching stream carries a contribution of half that
value to heat conduction. Maslen also introduced the sliding friction in [10] to determine
heat conduction over a flat plate since there is some slip at the surface. This term was cal-
culated based on the shear tress, τxy and slip velocity, us. The heat conduction generating
by the sliding friction (shear work) should be involved in conservation of energy at the
surface. It has been considered to contribute to the component of the total conduction of
heat at the surface that is due to the approaching molecules [20], seen in Fig. 1.
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Fig. 1. Schematic of the gas-surface interaction

The shear work per unit area is−(S · (n·Π)) · (u− uw) (positive inwards), where u
is the gas velocity at near the surface; the symbol “·” denotes the inner product. In order
to determine the temperature jump while conserving energy a thermal accommodation
coefficient, σT, is introduced (with 0 ≤ σT ≤ 1). Therefore we have [21]

Heat Fluxtotal = σT

(
1
2

Heat Fluxapproaching +
1
2

Heat Fluxreceding

)
. (3)

The internal energy of the molecules will normally be e = cvT per unit mass, where
cv is the specific heat of a gas at constant volume. The energy of colliding molecules is
then higher by a factor (γ + 1)/2, corresponding to an energy (cv + R/2)T [21], where
R is specific gas constant. The mass of molecules colliding with unit area of boundary is
ρv̄/4 so the integral energy per unit area is ρv̄/4(γ + 1)e/8, where v̄ is the mean molecu-
lar velocity. The conduction of heat by the receding stream is the difference between the
internal energy of the gas e and that of the surface ew and is calculated as [21]

1
2

Heat Fluxreceding =
1
8

ρv̄ (γ + 1) (e− ew) , (4)

where γ is the specific heat ratio and subscript w denotes the surface. In [12] our previ-
ous work illustrated the heat transfer of the slip gas flow at the wall must contain two
parts: 1) the conduction heat flux normal to the surface, and 2) the heat flux due to the
sliding friction. The simulation results in [12] gave good results for calculating the heat
transfer at the wall in comparing with DSMC data. In the Smoluchowski theory devel-
oping the temperature jump condition, the heat transfer only considered the conduction
heat flux normal to the surface, and omitted the sliding friction part. In CFD solving the
NSF equations, the heat transfer of the slip gas flow at the wall is often computed at the
post-processing while the surface gas temperature is calculated by the temperature jump
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condition, and updated at each iteration in the computational process. The good predic-
tion of the surface gas temperature will improve the accuracy of the other quantities at
the wall in the computational process such as the viscosity, mean-free-path . . . The sliding
friction term is now included in heat flux at the wall when the viscous heat generation
needs to be considered and contribute to the approaching stream

[n·q−(S·(n·Π))·(u−uw)]=σT

(
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2
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1
8
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)
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which is re-arranged by replacing
ρv̄ = 2µ/λ, (6)

and, e = cvT and ew = cvTw as,
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with n · ∇T = ∇nT, the heat capacity ratio γ =
cp
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and thermal conductivity k =
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,

then Eq. (8) is re-arranged as,
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where Pr is the Prandtl number and cp is the specific heat of a gas at constant pressure.
Eq. (9) is the new temperature jump condition. The second term in the right side is a
new term from considering the sliding friction in the temperature jump condition. The
Maxwellian mean free path, λ, and the Sutherland viscosity, µ, are calculated as fol-
lows [21]

λ =
µ

ρ

√
π

2RT
, (10)

and

µ = AS
T1.5

T + TS
, (11)

where AS = 1.46× 10−6 Pa s K−1/2 and TS = 110.4 K for air [5].
The nonequilibrium boundary conditions presented in Eqs. (1), (2) and (9) are

implemented in OpenFOAM to work with the solver ‘rhoCentralFoam’. The imple-
mented approach of nonequilibrium boundary condition was described in our previous
work [5,7]. The Maxwell slip condition with the curvature effect will be used for all CFD
simulations. In the solver “rhoCentralFoam” the NSF equations are numerically solved
with the high-resolution central scheme described in [22].
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2.3. Slip velocity and temperature jump quantities in DSMC
The slip velocity and temperature jump in DSMC are calculated as post-processing

in DSMC based on the gas-surface interactions: DSMC particles are adsorbed on the sur-
face and then re-emitted. In fact, DSMC particles collide with the surface and experience
both specular and diffuse interactions. The accommodation coefficients represent the
fraction of incoming DSMC particles that are reflected diffusely, and the remainder are
reflected specularly. Velocity slip and translational temperature jump are calculated with
the accommodation coefficients of unity as presented in [13, 14],

us =
∑
(
(m/un) up

)
∑ (m/un)

− uw, (12)

T =
∑ ((m/un) ‖u‖)−∑ (m/un)u2

s

3k ∑ (1/un)
− Tw. (13)

where ‖u‖ is the velocity magnitude. The un and up in the equations are taken prior
to and after the collision with the surface, and the summations include pre- and post-
collision molecules.

It is seen that there is different nature in computation between the temperature
jump between the CFD (Eq. (11)) and DSMC (Eq. (13)) formulations. In CFD that is often
computed by the temperature gradient normal to the surface only. While the temperature
jump has been calculated that as a function of velocities in DSMC. Our simulation results
in the previous work [18] figured out the CFD temperature jump could not capture that
of DSMC at the high Knudsen numbers, Kn ≥ 0.1. Our new jump condition in Eq. (9) is
now included the terms of slip velocity and shear stress (i.e. the velocity gradients) so that
it can capture the temperature jump of the high Kn cases in comparing with DSMC data.

3. NUMERICAL SETUPS

The freestream gas flow conditions and working gas of micro-airfoil NACA0012
are presented in Tab. 1.

Table 1. Freestream conditions and working gas of the micro-airfoil NACA0012cases

Case p∞ (Pa) M∞ u∞ (m/s) T∞ (K) Tw (K) Gas AOA (deg.) Kn

Airfoil [18]
2.78443 2 509 161 290 Air 0 and 10 0.026

0.72395 2 509 161 290 Air 0 and 10 0.1

0.27844 2 509 161 290 Air 20 0.26

The profile of the NACA 0012 airfoil is computed by the expression below [23]

y = 0.6
(

0.2969
( x

c

)0.5
− 0.126

( x
c

)
− 0.3537

( x
c

)2
+ 0.2843

( x
c

)3
− 0.1015

( x
c

)4
)

, (14)

where c is the chord length, c = 4 cm; x is the running distance along the chord (0 ≤
x ≤ c); y is the half thickness of the airfoil. The dimensions of geometries and numerical
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Fig. 3. Structured C-type mesh of the NACA
0012 airfoil case at AOA = 10-deg. [18]

setup of computational domains of the airfoil case are presented in Fig. 2. The structured
C-type mesh is used, as seen in Fig. 3, and the final mesh is adapted from previous work
in [17, 18] with 600 cells on the airfoil surface, and the values L = 6c, H = 3c.

4. SIMULATION RESULTS AND DISCUSSIONS

Our CFD simulation results of the micro-airfoil cases would be compared with the
DSMC and experimental data in [16–18]. DSMC is the best accurate method for simulating
rarefied gas flows so far but its computational effort is quite expensive. We focus on the simula-
tion results of the surface gas temperatures to evaluate our new temperature jump condi-
tion. Nonequilibrium boundary conditions are applied to the surface with σT = σu = 1.0
for the CFD simulations. The accommodation coefficients of unity were also used for
DSMC data.

4.1. Cases AOA = 0-deg, Kn = 0.026 and 0.1
Figs. 4 and 5 present the surface gas temperatures over the airfoil surface of the

cases AOA = 0-deg with Kn = 0.026 and 0.1, respectively.
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Fig. 5. Surface gas temperature distribution
along the airfoil surface, AOA = 0-deg.,

Kn = 0.1

Both of cases the temperatures reach the peak values at the airfoil tip, and there-
after gradually decrease along the surface. The surface gas temperatures with the sliding
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friction of two cases give good agreements with the DSMC data [18] while those without
the sliding friction do not.

4.2. Case AOA = 10-deg, Kn = 0.026
The surface gas temperatures over the lower surface are presented in Fig. 6. At the

airfoil tip, the simulations obtain the peak values of 294K, 303K and 292.5K for temper-
atures with and without the sliding friction, and DSMC data [17, 18], respectively. The
DSMC data and the temperature with the sliding friction slightly decrease to the location
x/c = 0.05. Past this location, the latter one is nearly a finite constant value to x/c = 0.9,
while the DSMC data oscillate in the range 0.05 ≤ x/c ≤ 0.9. Both of them decrease in
0.9 ≤ x/c ≤ 1. There is good agreement between the DSMC data and the temperature
with the sliding friction. Past the airfoil tip the temperature without the sliding friction
gradually decreases along the surface and underpredicts the temperature in the range
0.05 ≤ x/c ≤ 1.

Fig. 7 shows the surface gas temperatures along the upper surface. They reach
the peak values of 1) 292K for the temperature with the sliding friction, 2) 301K for that
without the sliding friction, and 3) 290K for DSMC data [17, 18]. Past these peak values,
the temperature with the sliding friction rapidly decreases until the location x/c = 0.05,
and then slightly increases along the upper surface. The DSMC data also reduce until the
location x/c = 0.05, and oscillate along the surface until the location x/c = 0.95 before
decreasing at the airfoil tail. The temperature without the sliding friction gradually de-
creases along the lower surface, and obtains the lowest values. The temperature with the
sliding friction is close to DSMC data.
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Fig. 7. Surface gas temperature distribution
along the upper surface, AOA = 10-deg.,

Kn = 0.026

The normalized density contour (ρ/ρ∞) of the CFD simulation with the new tem-
perature jump condition is compared with experimental data [16], seen in Fig. 8. There
is a relative agreement between the CFD results and experimental data for the slight rar-
efied gas at Kn = 0.026.
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The temperature without the sliding friction is the lowest values along the upper surface.
The DSMC data and the temperature with the sliding friction are close together.

4.4. Case AOA = 20-deg, Kn = 0.26
Surface gas temperatures over the lower surface of the case Kn = 0.26, are pre-

sented in Fig. 11. All CFD and DSMC simulations obtain the peak values of 1) 301.2K
for the temperature with the sliding friction, 2) 301.4K for that without the sliding fric-
tion, and 3) 297.5K for the DSMC data [18], respectively at the airfoil tip. Past these peak
values, the temperature with sliding friction and DSMC data gradually decrease along
the lower surface while the temperature without the sliding friction very quickly reduces
along the lower surface. The temperature with the sliding friction and DSMC data are
close together along the surface. There is a large difference between the DSMC data and
the temperature without the sliding friction.

Fig. 12 presents the surface gas temperatures over the upper surface. All simulation
results reach the peak values of 1) 298.2K for the temperature with the sliding friction, 2)
297.9K for that without the sliding friction, and 3) 294K for the DSMC data [17], respec-
tively at the airfoil tip. Past these peak values both of the CFD results rapidly decrease
until the location x/c = 0.274. Thereafter they increase along the upper surface. The
DSMC data gradually decrease until the location x/c = 0.25, and then oscillate along
the upper surface. The temperature with the sliding friction is better than that without
the sliding friction in comparing with the DSMC data. Their average errors in compar-
ing with the DSMC data are 2.31% and 2.73% for the temperatures with and without the
sliding friction, respectively.
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Fig. 11. Surface gas temperature distribution
along the lower surface, AOA = 20-deg.,

Kn = 0.26

Fig. 12. Surface gas temperature distribution
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Kn = 0.26

4.5. Discussions
It is seen that all surface gas temperature results with the new temperature jump

can capture the DSMC data for all considered cases. This can be explained by the appear-
ance of the slip velocity and the shear stresses in the new jump condition. These terms
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reduce the difference between the CFD and DSMC approaches in calculating the surface
gas temperatures for the high Knudsen airfoil cases (Kn = 0.1 and 0.26). In our previous
CFD simulations of the NACA0012 micro-airfoil cases in [18], the shear stresses reached
the peak values at the tip of the airfoil. Past these values, they gradually decrease along
the airfoil surface. Corresponding to the shear stress distributions the slip velocities were
slow due to viscous stress at the tip airfoil, and gradually increase to trailing edge of the
airfoil. This results in the surface gas temperatures with the sliding friction are greater
than those without the sliding friction. The simulation results in the present work figure
out that the sliding friction of gas molecules over the surface is important in calculation of
the surface gas temperature in the CFD method, and can reduce the gap of the simulation
results of those between the CFD and DSMC method.

5. CONCLUSIONS

Our new temperature jump condition has been proposed by considering the slid-
ing friction. The surface gas temperatures predicting by our new temperature jump con-
dition give good agreements with the DSMC data while those predicting by the jump
condition without the sliding friction do not, especially the NACA0012 micro-airfoil cases
with the high Knudsen numbers, Kn = 0.1 and Kn = 0.26 with AOA = 20-deg. It also fig-
ured out that since the slip velocity is applied to the surfaces in the CFD method then the
sliding friction must be considered in the derivation of the temperature jump condition.
From simulation results obtained in the present work, our new jump condition should be
an alternative temperature jump condition for prediction of the surface gas temperature
in CFD.
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