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ABSTRACT. The liquid and gas mixtures are met in many natural and industrial processes. 
In the paper the results of investigation of waves reflected by solid wall of the stationary 
shock waves with moderate intensities or the transient pulses propagated in the mixture of 
liquid with vapour bubbles are presented. The effect of initial conditions, shock strength, 
size of the bubbles and volume fraction of vapour phase on the behaviour of the waves 
reflected by solid wall is studied. 

1. Introduction 

It is well known that the presence of bubbles of gas or vapour in a liquid consid­
erably alters the character of the propagation of pressure waves through the liquid. 
This fact has important implications in energy industry, in associated with nuclear­
reactor technology, in the oil exploitation, transportation and processing industry 
and in chemical engineering and many natural processes (Fujii et al -1991 ; Dontsov 
et al - 1998). 

Shock waves in liquid with bubbles of an insoluble and non-condensable gas 
have been investigated theoretically and experimentally by Noordzij & Wijngaarden 
(1974); Nigmatulin, Khabeev & Shagapov (1974); Nigmatulin & Shagapov (1974) ; 
Drumheller, Kipp & Bedford (1982). Experimental study of gas solution process 
behind a shock wave in liquid with bubbles of easily soluble gas has been investigated 
theoretically and experimentally by Dontsov & Pokusaev (1998). Shock waves in 
non-Newtonian bubbly liquids have been investigated numerically by Gubaidulin, 
Beregova & Bekishev (2001) . Liquid velocity and wall shear stress in bubbly flows 
have been investigated by Kashinsky, Radin & Chinak (1998) . 

The propagation of waves in a liquid with vapour bubbles has been investigated 
by Duong Ngoc Hai, Nigmatulin & Khabeev (1982) ; Nigmatulin, Khabeev & Duong 
Ngoc Hai(1988); Duong Ngoc Hai (1987). An increase in the amplitude of pres­
sure waves in a vapour-liquid mixture with bubble structure has been investigated 
by Nakoryakov, Vasserman, Pokusaev & Pribaturin (1994). An experimental in­
vestigation of structure of stationary shock wave and its interaction with transient 
impulse of pressure in two-phase flow has been investigated by Kwidzinski, Karda 
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& Pribaturin (1998). 
Let us consider a mixture of liquid and vapour bubbles which, for example, is 

held in a pipe. A stationary shock wave propagates in the mixture to a closed pipe 
valve and reflects backwards from it . The valve is supposed to be made of a perfectly 
solid material. Although mass of the vapour phase is normally much less than that of 
the mixture, but the existence of vapour phase can completely change the motional 
and physical features of the medium. Therefore, the influences of the vapour phase 
of the mixture, such as volume fraction , bubbles radius and initial shock intensity 
on the behaviour of the reflection waves , the wave propagation velocity and etc., 
after being reflected from the solid wall (the closed pipe valve), will be considered 
in this paper. 

2. Assumptions, symbols and basic equations 
Wave processes in a bubbly liquid are considered here using continuum-mechanics 

methods under the following basic assumptions: 
a) The distances over which the fl.ow parameters (for example, oscillatory wave­

lengths) vary significantly are much larger than the bubbles diameters (i .e. the 
volume fraction of the vapour phase is small enough, a 2 ~ 0.1); 

b) The mixture is locally monodispersed and all bubbles are spheres with the 
same radius; 

c) Viscosity and thermal conduction are only important in the processes of in­
terphase interactions and particularly in bubble pulsations; 

d) The motion processes of mixture, nucleation, fragmentation , interaction, and 
coagulation of the bubbles are absent ; 

e) The velocities of the macroscopic motion of the phases are the same; 
The last assumption allows us to describe bubble volume changes, temperature 

distributions around the bubbles, condensation and evaporation in terms of spheri­
cally symmetrical model using the equations for bubble radial pulsations and radial 
thermal conduction of the liquid . 

Under the assumptions listed above the vapour-liquid medium can be considered 
within the framework of a model of the carrier liquid and the vapour phase. In the 
Lagrangian system of coordinates (x, t) the equations of conservation of mass, bubble 
number density and motion are expressed as follows (Nigmatulin - 1990): 

op1 + PP1 ov = -4nR2nj ; 
ot Po ox 

(2.1) 

op2 PP2 ov 4 R2 . -+-- - 7r n1· 
at Po ax - ' 

(2 .2) 

on + pn OU = O· 
ot Po ox ' 

(2.3) 

ov + _.!._ op = 0. 
ot Po ox ' 

(2.4) 
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Pi = CX.iP?; <:x.1 + <:x.2 = 1; P = Pi + P2; 

P = D'.1P1 + a2 (P2 - ~) , (2.5) 

where the subscript i = 1, 2 refer to parameters of liquid and vapour, respectively. 
The subscript 0 refers to parameters of initial equilibrium state. ai, Pi, Pi, P? are the 
volume fraction, pressure, mean and true densities of the i-th phase, respectively. v 
is the longitudinal velocity, n is the number of bubbles per unit volume, R is the 
bubble radius, j is the rate of phase transition per unit interfacial surface (j > O for 
evaporation; j < 0 for condensation), (]'is the coefficient of surface tension, xis the 
Lagrangian coordinate and t is the time. 

An equation for a change in the mass of individual bubble can be obtained from 
the equations of conservation of the mass of the vapour phase and the bubble number 
density as follows: 

! (~7rR3pg) = 47rR2j. 

The system of hydrodynamic equations (2.1)-(2.4) will be closed if the equa­
tion of state, the condition of the simultaneous deformation of the phases and the 
equation for determining the phase transition rate j are assigned. The evolution 
of pressure waves of moderate intensities can be considered under the following 
additional assumptions: 

g) The carrier liquid phase is incompressible: 

0 p1 = const. (2.6) 

h) The vapour obeys the equation of state of a perfect gas, and being in the 
saturated state at the interface it obeys the Clapeyron-Clausius equation: 

dT2a = T2a (l _ Pga) 
d 0 /) 0 ' P2a P2at- P1 

(2.7) 

where T is the absolute temperature, B is the gas constant, f is the specific heat of 
vaporization, the symbol (]' refers to the parameters at the interface. 

To determine the temperature, density and heat-flux distributions, we use the 
equation of discontinuity, heat condition and the equation of state. The vapour and 
liquid at the interface are assumed to be in thermodynamic equilibrium. The phase 
transition rate j may be found from boundary conditions on the bubble surface. The 
boundary conditions at the bubble centre may be determined from the conditions of 
finite heat flux, temperature and density. In the absence of a macroscopic heat flux 
in the carrying phase, its cell boundary conditions should reflect the cell adiabaticity. 
The system of equations describing the distributions of the microparameters inside 
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and around the test bubble and boundary conditions in the system of coordinates 
(t, x, r) are displayed as follows: 

r = 0: 8T2 = 0 
8r ' 

(2.8) 

(2.9) 

(2.10) 

where w2 is the velocity of radial motion of the vapour, Cpv is the specific heat at 
constant pressure of the vapour , >. is the thermal conductivity, Qiu and q2u are the 
heat fluxes to the liquid and vapour, respectively, from the interface. Subscript s 
refers to saturation. 

In many cases (see, Nigmatulin et al 1988) for inside bubble heat problem, q2u 

can be calculated in terms of the model of a uniform bubble filled with saturated 
vapour. In this case, the equation of the heat flowing to the vapour phase (equation 
(2.9)) can be solved and this gives the following expression for q2u: 

= R [cP2T2 (l _pg) _ l] 8p2 = C8 T2 R8p2 
Q2u 3 f, p~ 8t f, 3 8t ' 

(2.11) 

where c8 is the vapour specific heat along the phase equilibrium curve: 

Cs = Cp - T ( :; ) 
8 
:T ( ~) P · 

The pressure of the phases and the bubble radius are related through the condi­
tions of simultaneous deformation as described by the Rayleigh - Plesset equation: 

8wiu 2 4v1 2j 1 ( 2cr) 
(1 + 'P1)R-8t + 1.5(1 - 'P2)W1u + -R W1u - 0(1- 'P1)W1u = 0 P2 - Pl - -R ; 

P1 P1 
(2.12) 

(2.13) 

where cp1 , cp2 are the corrections for collective effect and v1 is the kinematic viscosity. 
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3. Results and discussion 
~ 

The system of differential equations (2.1)-(2.13) of the model is modified to a 
suitable form for numerical integration as follows : 

oR j 
0t = W1 + P?; 

8x2 Po ox ox 
20" 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

3p~a2 { 1 2 4v1 P2 - P - R } . 
- (l _ cp2)pR2 2w1 (1 - 4cp1 + 3cp3) - W1 R + aip? , (3 .6) 

OV 3poa2W1 
ox pR (3.7) 

8T + w 1R
2 

8T1 = ~]_~(r2 8T1) (3.8) 
or r2 or P?C1 r2 or or ' 

where / is the specific heat ratio. 
The corresponding mathematical problems consisted in finding solutions of the 

system (3.1) - (3.8) , subject to the following initial and boundary conditions: 

t = 0 : P1 =Po; 

R = Ro; v = w1 = O; T1 = T2 = To; 

x = 0: P =Pei 
op 

x = L : p = ox = 0. 

The propagation of short pressure delta-pulses was studied. For a delta-pulse 
the function f(t) is of the form: 

{

Po(l + bt); 
f(t) = Po[(l + bt) - b(t - ti)J; 

Po; 
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t2 < t, 



where the constants t 1 , t2 are determined by duration of the initial pulse, and the 
non-negative coefficient b by its intensity. In general case f(t) can be any function 
of time. 

The system of equation (3.1) - (3.8) have been solved by a combination of the 
modified Euler methoc:l with the Thomas algorithm. The solution of this multi­
parameter problem is determined by the dimensionless numbers and combinations 
such as: 

G = gRo . S = ~ . Re = a*Ro . Pe = a*Ro . 
a; ( 0:200:10) 1/ 2 ' Po Ro ' 4v1 ' D1 ' 

C
2

• = BTo = 1- 1 cP2To . 01• = c1To . !:l.Pe =Pe - Po . 
f I f ' f ' Po ' 

which characterize the influence of the external mass forces G, capillary effects S , 
liquid viscosity (the Reynolds number Re), thermal conductivity (the Peclet number 
Pe) , small relative density e0 of the vapour , its specific heat ratio "(, specific heats of 
the phases and the specific heat of vaporization C2. , C1. , and, finally, of the shock­
wave intensity (!:l.Pe)· Here D1 =>..if pic1 is the thermal diffusivity of the liquid, the 
subscript e refers to parameters of the final equilibrium state (behind the wave) . 

0.05 m 

~ L__p::.:.__ 
0.42 m 

1 ms ./"-----

Fig.1 

In Fig. 1 the diagram illustrates a comparison of calculated evolution (thin solid 
curves) of the short shock waves, where the experimental data by N akoryakov ( 1981) 
are used for doing the initial boundary condition, with experimental pressure profiles 
in short shock waves by Nakoryakov (1981) (bold solid curves), in the boiling water 
with vapour bubbles. In this case, the initial conditions and the parameters of the 
medium structure are as follows: R0 = 1.4 mm; p0 = 5 at; a 20 = 0.015; Curves 1 - 4 
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show pressure profiles corresponding to the following coordinates of the shock-tube 
sections measured from the free surface of the working section: x = O; 0.05; 0.15; 
0.42 m. An agreement between the experimental pressure profiles and calculated 
pressure profiles can be seen. 

Fig. 2 - 4 illustrate the evolution of stationary shock wave with moderate in­
tensities in the mixture of boiling water with vapour bubbles. These shock waves 
propagate in the mixture, act on the solid wall and reflect backwards from it . The 
vertical axis of graphs is the logarithmic scale, the horizontal axis is the space scale. 

10 
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~ 0.1 

0.01 ...._ ___________________ ___, 

0 100 200 
X(mm) 

Fig. 2 

300 400 500 

In Fig. 2 the diagram expresses the evolution of the pressure waves P and the 
change of the bubble radius R in boiling water with vapour bubbles, which has 
propagated over distance of L = 0.5 m (i.e. the distance from x = 0 to x = L , where 
L is the position of the solid wall and the distance L is understood as the length of 
the investigation pipe) . In this case, the following initial and boundary conditions 
are used: Po = 1 at; Ro = 1.5 mm; the volume fraction of the vapour phase a 20 = 53, 
at x = 0 the intensity of long wave Pe = 1.4 at. Curves 1-10 of Fig. 2 correspond to 
moments of time: t = 0.5; 3; 6; 10; 15; 16.5; 17; 17.2; 17.4 and 17.6 ms, respectively. 
From Fig. 2 it can be seen that the pressure-wave intensity in the mixture after being 
reflected from the solid wall increases to a value much higher than its initial value. 
In this example, the reflection pressure on the wall can reach to 21.6 at. At the 
same time, it is also clear that the incident wave is monotonic, the wave reflected by 
solid wall appears oscillatory. In the ideal case, when the details of the structures of 
shock waves are not delved into and the shock-wave propagation is considered as the 
propagation of discontinuation surface, the reflection pressure on the wall can reach 
to 22.4 at (for comparison in the case a 20 = 03 (pure water), the reflection pressure 
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on the wall is received only about 1.8at) (Duong Ngoc Hai & Nguyen Van Tuan -
2000). This value is higher than the value received above, because it is proposed 
that in this case a complete condensation of vapour in the bubbles is occurred. It 
was "idealization". In the case presented above, though the structure of the medium 
and its compressibility are changed due to the bubble volume decreases, the bubbles 
yet exist in the medium. Thus, an anomalous increase in intensity of the waves 
reflected by solid wall in this case is less than in the "idealization" model. From the 
results presented in Fig. 2 it is also clear that , after being reflected by solid wall, at 
some moments the bubble radius could decrease to a value of~ O.lRo. 

:. 
a: 10 

& 0.1 

i2 

0.01 
0 100 200 300 400 500 

X(mm) 

Fig. 3 

For the case presented in Fig. 3, the volume fraction of the vapour phase a 20 = 
103, and the initial, boundary conditions and the other parameters of structure 
mixture are the same as the case presented in Fig. 2. Curves 1-10 of Fig. 3 show the 
pressure profiles and the change of the bubble radius corresponding to moments of 
time: t = 0.5; 5; 10; 16; 20; 22.5; 23.2; 23.4; 23.5 and 23.65 ms, respectively. From 
the results presented in Fig. 3, the intensity of pressure waves after being reflected 
from the solid wall can be seen and it can reach to 24.5 at. This result is less than the 
result calculated using the "idealization" model, when the shock adiabatic analysis 
is done and the shock wave is considered as a plane, the value of reflection pressure 
on the wall reached about 31.87 at. Thus, the volume fraction of the vapour phase 
in the mixture increases, the stronger nonlinearity of the bubbly liquid manifests . 
Moreover after being reflected by solid wall, at some moments the bubble radius 
could decrease to a value of about 0.08rhm, which is much smaller than value of the 
bubble initial radius. 

From the results presented in Fig. 2 - 3 it can be clear that the volume fraction of 
the vapour phase in the mixture influences on the intensities of the waves reflected 
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by the solid wall. It will increase when the volume fraction of the vapour phase 
in the mixture increases. The volume fractions of the vapour phase in the mixture 

f:lp(2) 
equal 53 and 103, the values .6.n equal 50 and 58, respectively where .6.n = -- · 

' .6.p(l) ' 
f:lp(

2
) = Pre - Pe; f:lp(l) =Pe - Po; Pre is value of reflection pressure on the solid 

wall. 
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Curves 1-11 in Fig. 4 show the pressure profiles and the change of the bubble 
radius corresponding to moments of time: t = 1; 3.5; 6.5; 9; 14; 15.5; 16.3; 16.5; 
16.62; 16.68 and 16.72 ms, respectively. In this case, the following initial and bound­
ary conditions are used: Po = 1 at ; R.o = 1.5 mm; L = 0.6 m; a20 = 53; Pe = 1.6 at. 
From the results presented in Fig. 4, the pressure-wave intensity ~fter being reflected 
from the solid wall can be seen and in this case it can reach to 25.38 at. This re­
sult is less than the result calculated using the "idealization" model, because in the 
"idealization" model the value of the reflection pressure on the wall reached about 
27.31 at. At the same time, from Fig. 4 it is also clear that the incident wave is 
monotonic, the wave reflected by solid wall appears oscillatory. Moreover, after be­
ing reflected by the solid wall, at some moments the bubble radius could decrease 
to a value of about 0.043 mm. Thus , when the intensity of initial shock increases, 
the amplitude of oscillations of the bubble radius in the mixture will considerably 
increase (see Fig. 4). 

In Fig. 5 the diagram illustrates the evolution of pressure waves in boiling water 
with vapour bubbles, which has propagated over distance of L = 1 m. In this 
case, the initial shock intensity acting on the mixture is changed, it receives two 
values 1.4 at and 1.2 at. The following initial conditions are used: Po = 1 at; Ro = 
1.5 mm; a 20 = 53. Solid curves 1- 9 show the pressure profiles for the case Pe = 
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1.4 at corresponding to moments: t = 0.5; 10; 15; 24; 32.5; 33.11; 33.24; 33.37 and 
33.49 ms. Curves 1 - 8 marked by the small lozenges show the pressure profiles for 
the case Pe = 1.2 at corresponding to times: t = 0.5; 10; 24; 38; 47.64; 48.06; 48.19 
and 48.33 ms, respectively. From the results presented in Fig. 5 it is seen that for 
the initial shock-wave intensities Pe = 1.4 at and Pe = 1.2 at, the reflection-wave 
intensities on the wall can reach to 14.8 at and 3.8 at , respectively, or fln equal 33.5 
and 13, respectively. Thus, a small change of the initial shock intensity will lead to 
a big change of the reflection-wave intensities, it manifests a stronger nonlinearity of 
the bubbly liquids. From the results presented in Fig. 5, it is also seen that not only 
the initial shock intensity, but also the length of the investigation pipe influences 
the reflection-wave intensities. Within unsteady wave length the reflection-wave 
intensities will decrease while the pipe increases. However , for the length of the 
investigation pipe is big enough (L > 0.7m; Pe ::; l.4at) , the intensity values of the 
reflection pressures on the wall receive almost invariable. The difference of velocity 
waves in the cases presented above are estimated by duration of the propagation 
waves in the over length of investigation pipe. 
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Fig. 5 

Fig. 6 - 7 illustrate the evolution of a delta-pulse in boiling water with vapour 
bubbles. This shock pulse propagates in the mixture over the distance 0.4 m, acts on 
the solid wall, reflects backwards from it. In these cases, the duration t 0 of the initial 
shock pulses acting on the mixture are changed, the following initial and boundary 
conditions are used and fixed: p0 = 1 at; R.o = 1.5 mm; the volume fraction of 
the vapour phase a 20 = 53, at x = 0 the pulse intensity llPmax = 1, (where 

flP max = Pmax - Po). In the first case t0 = t 1 = t2 = 2 ms (shown in Fig. 6) and in 
to 

the second case t0 = t 1 = t 2 = 1 ms (shown in Fig. 7), where t 1 and t 2 constants are 
determined by duration of the initial pulse. Solid curves 1 - 17 show the pressure 
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profiles corresponding to times: 0.5; 0.8; 1.4; 2; 2.8; 3.2; 3.6; 4; 4.6; 5.4; 6.4; 7.6; 8. 7; 
9. 7; 10.2; 11 and 12 ms, respectively. The shock-wave intensity after being reflected 
from the solid wall is just about 1.28 at (see Fig.6). Solid curves 1 - 18 show the 
pressure profiles corresponding to t imes: 0. 5; 0.7; 1; 1.2; 1.4; 1.6; 1.8; 2; 2.3; 2.8; 3.5; 
4.3; 5.5; 7; 9; 10; 12 and 13 ms, respectively. The shock-wave intensity after being 
reflected from the solid wall is just about 1.1 at (see Fig. 7) . 
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From the results presented in Fig. 6 - 7, it can be seen that the intensity of the 
waves reflected by the solid wall will increase when the duration of initial shock 
pulse increases. However, the received value of reflection pressure on the solid wall 
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is small, because the delta-pulse propagation in the mixture can be transformed 
into solitary waves and the pulse amplitude will be stronger damp owing to the 
significant influence of the interphase heat and mass transfer (Nigmatulin et al -
1988) . 

4. Conclusion 
Based on the presented model, to calculate the shock-wave propagation and 

reflection by wall in the mixture of liquid with vapour bubbles, the algorithm was 
selected and the numerical code was constructed and built. The code was verified 
by comparing obtained results with some experimental and published results for 
incident waves of the other authors. This code was used for investigating the waves 
reflected by solid wall in the mixture of boiling water with vapour bubbles. Based 
on the obtained results, the following conclusions can be drawn: 

Beside the types of material (e.g. water, oil, nitrogen ... etc.), the behaviour of 
the shock wave, after being reflected from the solid wall, strongly depends on the 
volume fraction of the vapour phase in the mixture, the initial shock intensity and 
weakly changes in dependence on the size of bubbles. 

In comparison with waves reflected by solid wall in pure liquid, the intensity of 
the waves reflected by solid wall in the liquid with vapour bubbles is many times 
greater (e.g. 10- 15 times for a20 ~ 53, Pe= l.4at) . 

The reflection pressure on the wall will increase when the volume fraction of the 
vapour phase in the mixture or the initial shock intensity increases. In some cases, 
the strong nonlinearity of the process can lead to that although the incident waves 
may have the monotonic structures, but the waves reflected by solid wall appear 
oscillatory. 

In the case of the pulse pressure propagation in the mixture, not only the intensity 
of the initial pulses 1 but also the duration of the initial shock pulses acting on the 
mixture influences on the intensity of the reflection pressure on the wall. The value 
of the reflection pressure on the wall will increase when the duration of the initial 
shock pulse increases. However, the value of the intensity of the reflection pressure 
on the wall normally is inconsiderable because during the pulse propagation in the 
medium, its intensity rapidly decreases before its reflection backwards. 

The research is completed with partly financial support of Vietnam Foundation 
of Natural Sciences, to which the authors would like to express their sincere thanks. 
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Tru&ng ban t5 chuc: PGS TSKH Vu Duy Quang 

Ban giam khao 7 mon: 179 GS, PGS, TSKH, TS, ThS. 

So truang tham gia: 19 trong do 11 truang phia Bae, 7 trm:mg phia Nam 
va 1 truang & Da N&ng (tang 1 truang so v&i nam ngoai) 

TBng so thi sinh dl! thi: 690 (tang 81 thi sinh so v&i nam ngoai) 
TBng so giru thu&ng: 

Ca nhan Dong d(>i 

I II III KK I II III 

12 34 83 89 7 8 8 

Chigm ty I~: 353 

Tai trq cho t5 chuc va giru thu&ng: 15/19 truang Dc;i.i hQC co sinh vien dv- thi, 
8 H9i ca hQc chuyen nganh thu(>c H9i Ca hQc Vi~t Nam, Lien hi~p cac h9i KHKT 
Vi~t Nam, Quy VIFOTEC, D9'i h9c Quoc gia Ha N<)i, Chuang trlnh NCCB nganh 
Ca hQC, Vi~n Ca hQC Ha N(>i, Cong ty FPT, Cty Hai hoa, TCty TEDI, TCty dau 
ttr va phat trien Nha va Do tht B9 Xay dv-ng, Cty Ha Do. 
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