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FREQUENCY ENTRAINMENT IN 
A SELF-OSCILLATORY SYSTEM 

UNDER PARAMETRIC EXCITATION 
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Hanoi University of Mining and Geology 

ABSTRACT. In the present paper, the frequencies for appearing the entrained oscillations 
in a self-oscillatory system under the parametric excitation, have been determined. 

The almost periodic oscillation which develops from the entrained oscillation when the 
driving frequency is given just outside the region of entrainment also have been investigated 
by the method of the phase plane. 

1. Introduction 

The phenomenon of frequency entrainment occurs when a periodic force is ap
plied to a system whose free oscillation is of the self-excited type [1]. The entrain
ment of frequency still occurs in the interaction between self-excited oscillation and 
parametric one [2]. In the present paper the region of entrainment for one of such 
systems will be examined and a numerical analysis will be carried out to study the 
almost periodic oscillation which occurs just outside the region of entrainment. 

2. Entrained oscillation 

The system under consideration is governed by the equation: 

i + z -: c/3(1 - f'Z
2).i - EO:Z cos vt = 0, (2.1) 

where ,B, a, v, 'Y are constants and E is a small parameter. When a is equal to 
zero, equation (2.1) is a classical Van der Pol's equation and the amplitude of stable 
stationary oscillation is: 

When f3 is equal to zero, the equation (2.1) describes a parametric oscillator. When 
a half of the driving frequency is in the neighbourhood of the natural frequency of 
the system: 

(2.2) 
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one may expect an entrained oscillation of the form: 

• ZJ b ZJ z = a sm 2t + cos 2t, 

• ZJ ZJ ll.ll 
z = a-cos-t-b-sm-t. 

2 2 2 2 

(2.3) 

By using the averaging method [2] we obtain the following equations for a and b: 

. € [1 1 ZJ (1 1 2 2 )] a= - -tl.b +-ab+ {3- -a - -a1(a + b) 
ZJ /2 2 4 2 2 8 ' 

. £ [1 1 v(l . 1 2 2 )] b = - -tl.a- -ab+f3- -b+-br(a +b) 
ZJ /2 2 4 2 2 8 . 

Introducing new variables: 

a b 
x . -; y=-; 

zo zo 
t1 

a= - v/2 

and approximating v /2 by unity lead the equations (2.4) to the form: 

x = ~ [ - ay + ~ay + {Jx(l - x2 
- y2

) J, 

. € [ 1 ] y = - ax+ -ax+ {Jy(l - x2 
- y2

) . 
2 2 

The stationary solution x0 , y0 of the equations (2.6) are determined by: 

where A= x6 + y5 . 

( - a+ ~a )Yo+ f3xo(l - A) = 0, 

(a + .~a )xo + f3yo(l -A)= 0, 

Eliminating x0 , y0 from (2. 7) gives: 

A(a2 + {32(1- A)2 
- ~a2) = 0. 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

It is readily seen that the trivial solution is A = 0 and the non-trivial solutions 
are determined by: 

(Co): 
1 

a2 + {32(1 - A)2 - 4a2 = 0. (2.9) 
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3. Region of entrainment 

We use the variational equations in t5x and t5y to study the stability of the 
stationary oscillations obtained from (2.6): 

where 

t5x = e1t5x + e2t5y, 

e1 = ,8(1 - 3x6 - Y6); 

1 
e3 = (]' + 2a - 2,8xoyo; 

1 
e2 = -o-(J' + -a - 2,8xoyo, 

2 

In order to classify the singularities, we calculate the quantities': 

p = e1 + e4 = 2,8(1 - 2A), 

2 2 1 2 
q = e1e4 - e2e3 = ,8 (1 - A)(l - 3A) + (]' - 4a + 2a,8x0y0 . 

(3.1) 

(3.2) 

Multiplying the first equation of (2. 7) by x0 and the second one by y0 then adding 
them give: 

axoYo = -,B(l - A)A. 

Consequently, q can be rewritten in the form: 

2 . 2 1 2 
q = ,8 (1 - A)(l - 5A) + (]' - 4a , 

p2 - 4q = 4,82(2 - A)A - 4( (]'2 - ~a2) . 

The equations of the separatrices in the A-(]' plane are: 

(C1) : 
1 

p=O or A=2 , 

(C2) : q=O or ,82(1 - A)(l - 5A) + (]'2 - ~a2 = 0, 

p2 - 4q = 0 
1 

(C3): or ,82(2 - A)A - (]'2 + -a2 = 0. 
4 

These separatrices are shown in Fig. 1 for the values 

€ = 0.1; ,8 = 1 and a= 1. (3.3) 

It is readily verified that the ellipse ( C2) is tangent to the ellipse ( C3) at the two 
points lying on the line (Ci). 

139 



The nature of the different areas, which are separatrices by the bounds, is easily 
determined as: 

For positive values of q, that is, in the interior of the ellipse ( C2) we have saddle 
points S. 

For negative values of q, that is, in the exterior of the ellipse ( C2) we have 
- For the case p > 0 (A< 1/2) unstable nodes UN if p2 

- 4q > 0 (in the interior 
of the ellipse ( C3)) or unstable focuses UF if p2 - 4q < 0 (in the exterior of the 
ellipse ( C3) ), 

- From these results we can identify on the A-a plane the areas correspond
ing to different types of singularities (Fig. la) and easily determine the stability of 
stationary solutions. 

2 .5 A ct 

2 SF 

1.5 

0..51 1.... ~- =-=== I ---==-= j C1 I 

0 V.L, 0 

-o .5~~~~~~~~--L~~~~"--~~~-'-~~~--'~~~--' 
-1.5 -1 -0.5 0 0 .5 1 1.5 

Fig. la 

As mentioned above, the resonance curves (2.8) consist of two branches. The 
first one corresponding to trivial solutions is the line A = 0. It is clear that they 
are unstable. The second branche (Co) is an ellipse described by the equation (2.9) 
with center at A= 1, a= 0 and two axes a and a/ (3. 

Differentiating both sides of (2.9) and setting da/dA = 0 we obtain the locus of 
the vertical tangents of the resonance curve as: 

2 ) ) 2 1 2 (3 (1 - A (1 - 3A +a - -a = 0 4 . (3.4) 

On the other hand, we try to find the locus of the points where the ellipse ( C2) 

and the resonance curve ( C0 ) intersect by adding their equations together. This 
leads to the same equation as (3.4) . Thus the vertical tangencies of response curve 
occur at the intersection with the ellipse ( C2). From here it follows that the upper 
part of the resonance curve ( C0 ) limited by vertical tangents corresponds to the 
stable stationary oscillations. 
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A similar analysis has been done l)r--------------
for the cases in which half of the 
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driving frequency is in the neighbour
hood of 1/2 or 1/3 of the natural 
frequency of the system. Under this 
condition, no entrained oscillation is 
obtained. As a result, the frequency 
entrainment only occurs at the 1/2-
harmonic driving frequency, that is, 
when half of the frequency of para
metric excitation is in the neighbour
hood of the natural frequency of the 
system. In Fig. 1 b the region of en
trainment on the a-v plane is shown. 

0-------+----~-----' 
0 .5 1.5 

Fig. lb 

4. Almost periodic oscillation which develops from entrained oscilla
tion 

When the driving frequency is given just outside the region of entrainment, the 
subharmonic oscillation is no longer maintained in a stable state but is affected 
by amplitude and phase modulation due to the interaction with the self-excited 
oscillation. Consequently one may expect the occurrence of an almost periodic 
oscillation which can be expressed by (2,3) and (2.5) as: 

(4.1) 

where x(t) and y(t) are slowly varying functions oft and are to be found from the 
equations (2.6): 

x = X(x,y), 

iJ = Y(x, y). 

To this end we consider the behaviour of integral curves defined by: 

dy X(x, y) 
-

dx Y(x, y) 

(4.2) 

(4.3) 

in the x-y plane. A numerical analysis was carried out by using the same parameters 
as in' (3.3) and with I= 1. Typical examples in such a case are shown in Fig. 2a, 2b 
and 2c. These figures show the integral curves under the conditions that the driving 
frequencies are given near the boundary of the region of entrainment -0.5 < a < 0.5. 

The integral curve for the case a = 0.49 is plotted in Fig. 2a, where we see 
5 singularities. The unstable origin (1) corresponds to the trivial solution of the 
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system. The singularities (4) and (5) are saddle curve (Co) in Fig. l. The stable 
nodes (2) and (3) represent the entrained oscillation at the frequenciey 1/2 v. It is 
clear that all initial conditions lead to this oscillation. 

y 

" 

Fig. 2a 

y 

2_ 

x 

Fig. 2b 

At the boundary of entrainment a= 0.5 the coalescence of the stable node with 
the saddle takes place. In Fig. 2b we see an unstable origin (1) and two unstable 
node-saddle points (2) and (3). The subharmonic oscillation is no longer sustained. 
Instead of this a limit cycle occurs, i.e. an almost periodic oscillation arises. 

142 



When the detuning rJ is larger, rJ = 0.51, in Fig. 2c there is only an unstable 
origin and a limit cycle. That is. all initial conditions lead to the almost periodic 
oscillation. If the quantity z in ( 4.1) is written in the form: 

z = r(t) sin (~t + O(t)), 

the variation of the amplitude r and phase () are shown in Fig. 3. They vary slowly. 
The period required to complete one revolution along the limit cycle is 388.18 ... 
times the period of the parametric excitation. Since in the neighbourhood of the 
singular points from which the limit cycle has developed the representative point 
moves very slowly, most of the time the variation of the amplitude r is small. 

y 

x 

Fig. 2c 

5. Conclusion 

It was shown that there exists only one region of entrainment for the self
oscillatory system subjected to parametric excitation of the form (1.1) at the 1/2-
harmonic driving frequency, that is, when half of the frequency of the parametric 
excitation is in the neighbourhood of the natural frequency of the system. The 
occurrence of the almost periodic oscillation outside the region of entrainment and 
the transition between the entrained oscillation and the almost periodic oscillation 
have been examined by making use of the state plane method. 
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DAO DQNG DONG BQ TRONG H$ TV DAO DQNG CHJU KICH DQNG THONG SO 
Mien gia tr! cua cac tan so kich d<)ng thong so d~ xuat hi~n dao d<)ng dong b9 

trong m<)t h~ tl! d<)ng dao d<)ng ch!u kich d<)ng thong so da duqc xac d!nh trong bai 
nay. Cac dao d<)ng tl!a dieu hoa phat sinh tir cac dao d<)ng dong b9 khi tan so kich 
d<~mg vuqt qua ngoai mien gia tr! tren ding duqc khao sat b~ng phuang phap m~t 
ph~ng tr~ng thai. 
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