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CALCULATION OF THE HORIZONTAL 
TWO-DIMENSIONAL UNSTEADY FLOWS 

BY THE METHOD OF CHARACTERISTICS 

TRAN GIA LICH, NGUYEN MINH SON AND LE VIET CUONG 

Institute of Mathematics, Hanoi, Vietnam 

ABSTRACT. This paper will be concerned with the characteristic form of the two
dimensional Saint-Venant equation system, the supplementary equations at the boundaries, 
the methods of characteristics for solving the equation system and some numerical experi
ments. 

1. Two-dimensional Saint-Venant equation system 

The Saint-Venant equation system describing horizontal two-dimensional 
unsteady flow without turbulent diffusion components can be written in the fol
lowing form (see [1 , 2]): 

where: 

VU2 + v2 T Oh 
1'1 = l)v - g C} H n + p~ + g fJx ' 

VU2 + v2 Ty Oh 
<h = -eu - g c2 H v + H + ga , 

s p y 

H = h+(, 

x, y are coordinate axes, 
t - time, H - water depth, 
u, v - velocity components , 
p - water density, g - gravity acceleration, 
Tx, Ty - components of wind stress on water surface, 
h - bottom depth, 
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( - elevation of the free surface, 
Cs - Chezy's coefficient, f, - Coriolis parameter. 

h 

Fig.1 · 

The vector form of equation system ( 1.1) is 

where 

au Aau Bau = ~ at + ax + ay 'f/) 

(
¢1) (u 0 g) 

</> = ~2 , A = ~ ~ ~ , 

(1.2) 

By some transformation of the unknown vector U, the equation (1.2) can be 
written in the symmetric form: 

(1.3) 

where: 

v~(;J i3 = (~ ~ ~) , 
0 c v 

c=Viif . 

The equation systems (1.1) , (1.2) , (1.3) are quasi-linear hyperbolic. In fact, for 
any real values s1 , s2 satisfying si + s~ # 0, the matrix A* = s1A + s2B has three 
different real eigen values Aj as follows: 

A1 = w = S1 u + S2V , 

>.. 2 = w + V(si + s~)gH, 

>.3 =w-J(si+s~)gH. 
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It is well known (see [1, 2, 5, 6]) that the boundary problem of linear symmetric 
hyperbolic equation system: 

Dav A av B av =-;;. 
at + ax + ay ~' (1.4) 

where D, A, B are symmetric matrixs and D > 0, has a solution if beside of the 
initial conditions, the number of given boundary conditions is equal to the one of 
negative eigen values Aj of the matrix 

An = nxA + nyB. 

In addition, the equation system (1.4) has an unique solution, continuously de
pending on the initial conditions and its right hand side, if the boundary conditions 
are dissipative. 

The boundary condition is said to be dissipative if any vector V satisfying this 
condition also satisfies the following inequality: 

J J ([ntD + mxA + myB]V, V)ds 2 0, 
s 

where S = ac x (0, T) 
ac is the boundary of the region of consideration G 
( nt, nx, ny) is the external normal vector of the surface S . 

(1.5) 

Let the boundary ac be fixed , then nt = 0 and the inequality (1.5) may be 
replaced by the following inequality 

(An V , V) = ([nxA + nyB]V, V) 2: 0. 

Linearising the Saint-Venant equation system (1.3) we can get the linear equation 
system (1.4) , where: 

0 0) 
1 0 ' 
0 1 

and u, v, c, <f> are known values, respectively equal to the u , v, c, ¢at the previous 
time step tk. 

The eigen values Aj of the matrix An = nxA + nyB are 

°X1 = Wn = nxU + nyV, 

);"2 = Wn + C, 

);"3 = Wn - C. 
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From this , the dissipative boundary conditions which are necessary to be given 
on the boundaries could be deduced as follows (see [8]) 

- If -c :::; Wn < 0: It is necessary to give two boundary conditions, which may 
be 

W 8 = 'l/J(x , y, t), 

Wn - 2c = ~(x, y, t), 

where Wn and W 8 are the projections of the velocity vector on the external normal 
and tangent vectors. 

- If Wn < -c: The three boundary conditions are needed: 

Wn = cp(x , y, t), W 8 = 'l/J (x , y, t), H = f(x , y, t). 

- If 0 < Wn < c: It is necessary to give only one boundary condition, which may 
be one of following 

W n = cp(x , y , t) , 

H = Z(x, y , t) , 
Wn - 2c = ~(x , y , t). 

- If c:::; w n: No boundary condition is needed. 
- At the solide boundary (wn = 0) , it is necessary to give only one boundary 

condition. It may be one of the following 

Wn =0, 

H = Z(x , y , t) , 

Wn - 2c = ~(x , y , t). 

In the simple case, when the flow is very slow and the convective components 

( au au) ( av av) 11 . . . h h h u- + v- , u- + v - are very sma m comparison wit t e ot er ones, we 
ox 8y ax 8y 

have the modified Saint-Venant equation system: 

where 

(

0 0 c) 
AM= 0 0 0 ' 

c 0 u 

Equation system (1.6) is also quasi-linear hyperbolic. 
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The matrix AM= n xAM + nyBM has three different real eigenvalues 

AMI= 0, 

A. _ Wn + y' w~ + 4g H 
M2 -

2 
> 0, 

A. Wn - y'w~ + 4gH 
M3 = 

2 
< 0. 

Therefore, for the linearized boundary problem (1.6) at boundary of any kinds 
(liquid, solid, inflow, outflow) only one dissipative boundary condition is needed. 

- If Wn < 0 it may be 

H = Z(x, y, t). 

- If 0 < Wn it may be one of the following two conditions 

H = Z(x , y, t), 

Wn = cp(x, y , t). 

- At the solid boundary ( Wn = 0) it may be one of the following two conditions: 

Wn =0, 

H = Z(x , y, t). 

2. Supplementary equations on the boundary 

In order to determine three unknown functions u, v and H at the boundaries , 
where only one or two boundary conditions are given, it is necessary to establish 
some supplementary equations, which combining with the given boundary condition 
give a closed system for determining the functions u, v, Hat the boundaries. 

Let Ti = ( Tii, Ti2 , Ti3) , ( i = 1, 2, 3) be left eigen vectors of the matrix A and <Ji -

its left eigen values , then we have: 

where: 

TiA = <JiT i , 

Ti ( 8a~ +A~~) = (Ti ~~+ TiA ~~) = (Ti~~+ <JiTi ~~) , 
=Ti(~~+ <Ji~~) =Ti (dd~) x; , 
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Denote that: 

from (1.2), we will have the following equation: 

where: 

(dU) 
1"1 -

dt Xl 

(dU) 
1"2 -

dt x2 

(dU) 
T3 -

dt X3 

By an analogous argument we have: 

A au=</>- w-iJlvj (du) II, ax dt ~ 
(2.2) 

where Vj = (vj
1
, Vj

2
, vjJ, (j = 1, 2, 3) are left eigenvectors and µi are left eigen 

values of the matrix B . 

(dU) V1 -

w = (~:) c V12 V13) 
dt Yl 

\\vi(dd~)J\ = 
(dU) 

V21 V22 V23 , V2 -

V31 V32 L/33 
dt Y2 

(dV) V3 -
dt y3 

Putting (2.1) and (2.2) into (1.2), we obtain (see [3]): 

Equation system (2.3) may be rewritten in the explicit form: 
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au (du) 1 (du) c (dH) 1 (du) c (dH) at - dt Yl - 2 dt x2 - 2H dt x2 - 2 dt X3 + 2H dt X3 +<Pi = o, 
av (dv) 1 (dv) c (dH) 1 (dv) c (dH) 
Ot - dt X1 - 2 dt Y2 - 2H dt Y2 - 2 dt Y3 + 2H dt Y3 + ¢2 = o, 

aH H (du) 1 (dH) H (du) 1 (dH) 
at - 2C dt X2 - 2 dt X2 + 2C dt X3 - 2 dt X3 

where: 

H (dv) 1 (dH) H (dv) 1 (dH) 
- 2c dt Y2 - 2 dt Y2 + 2c dt Y3 - 2 dt Y3 = o, 

a 1 = u, a 2 = u + c, a3 = u - c, 

µl = v, µ2 = v + c, µ3 = v - c. 

(2.4) 

Let the boundary of the region of consideration G be the line segments parallel 
to the coordinate axes Ox and Oy (see Fig. 2). Then from (2.4) , it is easy to deduce 
the supplementary equation at different boundaries. They are differential equations 

containing only the derivatives (!) x; and (!)Yi with respect to the directions xi 

and yj, which meet the hyperplane tk at the points in the region G: 

y D6 Ds D,.DD, 
G 

D1 Ds 

I D3 D4 
DI D2 

0 x 
Fig. 2 

A) For the inflow boundary (wn < 0) 
1) If: c < lwnl, no supplementary equation is needed. 
2) If lwnl ~ c, it is necessary to give only one supplementary equation, which is: 
a) At the left boundaries D 1 D6 , D8 D9 

aH H (du) (dH) H (dv) 1 (dH) H (dv) 
8t + --;; dt X3 - dt X3 - 2c dt Y2 - 2 dt Y2 + 2c dt Y3 

_ ~(dH) _ H <Pi _ Hau+ H (du) = O. (2.5) 
2 dt y3 C C at C dt Yl 
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aH H (du) (dH) H (dv) 1 (dH) H (dv) 
at - -;;- dt x2 - dt x2 - 2C dt Y2 - 2 dt Y2 + 2c dt y3 

_ ~ (dH) + H c/>
1 
+ Hau _ H (du) = O. (2_6) 

2 dt y3 C C at C dt Yi 

c) At the lower boundaries D 1D 2 , D3 D4 , D9D 10 

aH H (du) 1 (dH) H (du) 1 (dH) H (dv) 
at - 2C dt X2 - 2 dt X2 + 2C dt X3 - 2 dt X3 + -;;- dt y3 

_ (dH) _ H c/>
2 

_ H av+ H (dv) = O. (2_7) 
dt y3 C C at C dt xi 

d) At the upper boundaries D5D6 , D7D8 

aH H (du) 1 (dH) H (du) 1 (dH) H (dv) 
at - 2C dt X2 - 2 dt X2 + 2C dt X3 - 2 dt X3 - -;;- dt Y2 

_ (dH) + H c/>
2 
+ H av _ H (dv) = O. (2_8) 

dt Y2 C C at C dt xi 

B) For the outflow or solid boundaries (wn ~ 0) 
1) If Wn ~ c, all three equations of the system (2.4) are supplementary equations. 
2) If Wn < c, two supplementary equations are needed. They are: 
a) At the left boundaries: 
i. Equation (2.5) 

av (dv) 1 (dv) c (dH) 1 (dv) c (dH) 
ii . at - dt xi - 2 dt Y2 - 2H dt Y2 - 2 dt y3 + 2H dt y3 + </J2 = O. 

b) At the right boundaries 
i. Equation (2.6) 

ii. Equation (2 .9) 
c) At the lower boundaries 
i. Equation (2.7) 

(2 .9) 

au (du) 1 (du) c (dH) 1 (du) c (dH) 
ii . at - dt Yi - 2 dt x2 - 2H dt x2 - 2 dt X3 + 2H dt X3 + <l>l = 0 

d) At the upper boundaries 
i. Equation (2.8) 

ii . Equation (2 .10) 

(2.10) 
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C) For the equation system (1.6) , at the boundaries, two supplementary equa
tions are always needed. They are: 

1) At the left boundaries 

L ¢
2 

_ \7 - v [(dv) + v + \7 (dH) J _ \7 + v [(dv) + v - \7 (dH) J _ 0 
2\7 dt y 2 2H dt Y2 2\7 dt y3 2H dt y3 

(2 .11) 

ii. aH 2H [(du) u - \7 (dH) ] H [(dv) v + \7 (dH) ] at + 6 - u dt x3 + 2H dt x3 - \7 dt Y2 + 2H dt Y2 

H [(dv) v - \7 (dH) ] 2H 
+ \7 dt Y3 + 2H dt Y3 - 6 - u </>i = o. (2· 12) 

2) At the right boundaries 
i. Equation (2 .11) 

ii. aH 2H [(du) u + \7 (dH) ] H [(dv) v + \7 (dH) ] at - 6 + u dt x2 + 2H dt x2 - \7 dt Y2 + 2H dt Y2 

+ H [(dv·) + v - \7 (dH) ] + 2H ,;...
1 

= O 
\7 dt Y3 2H dt Y3 6 + u 'f' . (

2
·
13

) 

3) At the lower boundaries 

i ¢i _ 6 - u [ (du) + u + 6 ( dH) J _ u + 6 [ (du) + u - 6 ( dH) J = 0 
. 26 dt x2 2H dt x2 26 . dt x3 2H dt x3 

(2 .14) 

aH H[(du) u+ 6(dH) J H[(du) u-6(dH) J 
ll. Ot - 6 dt x2 + 2H dt x2 + 6 dt x3 + 2H dt x3 

+ 2H [(dv) + v - \7 (dH) ] _ 2H ¢
2 

= O (2.15) 
\7 - v dt Y3 2H dt Y3 \7 - v . 

4) At the upper boundaries 
i. Equation (2.14) 

a H H [ (du) u + 6 ( dH) ] H [ (du) u - 6 ( dH) ] 
ll. at - 6 dt x2 + 2H dt x2 + 6 dt X3 + 2H dt X3 

_ 2H [(dv) + v + \7 (dH) ] + 2H ¢
2 

= O 
\7 + v dt Y2 2H dt Y2 \7 + v , (2.16) 

where 6 = y'u2 + 4gH, \7 = y'v2 + 4gH 

3. Algorithm 

Assume that the region of consideration G is divided into equal rectangles with 
the sides ~x and ~y. 
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The value D.t is chosen so that 

. { D.x 6-y } 
D.t ::; mm lul + c' lvl + c . 

Derivatives (:) x; and (:)Yi are approximated by the following difference 

expressions (see Fig. 3): 

t 

p 

.......... 

................. 
.. 

·····································································A~r········// 
y 

x 

Fig. 3 

of f(P) - f(M) 
at D.t 

(
df) = f(P) - f(E1) 
dt x1 D.t ' (

df) _ f(P) - f(E2) 
dt x2 - 6-t ' 

(
df) = f(P) - f(F1) 
dt Yl D._t ' (

df) = J(P) - J(F2) 
dt Y2 D,.t ' . 

where f is one of the functions u, v, H. 
Ej, Fj (j = 1, 2, 3) are the points at the time step tk 
P - the point at the time step tk+l · 
Substituting (3.1) into (2.4) we obtain: 

(
df) = f(P) - f(E3) 
dt X3 6-t l 

(3.1) 

(
df) = f(P) - f(F3) 
dt y3 D,.t ' 

u(E2) C u(E3) c 
u(P) = ¢1D.t + u(F1) - u(M) + -

2
- + 

2
HH(E2) + -

2
- -

2
HH(E3), 

58 

I 

J 



Assume that functions u(xn, Ym, tk), v(xn, Ym, tk), H(xn, Ym, tk) at the time step 
tk are known. For determining these functions at the point P of the time step tk+1, 
we shall use the iterative method. 

1) For internal points 

i - Determine the coordinates of the points Ei and Fi (j = 1, 2, 3) at the hyper
plane tk (see Fig. 3) 

1 [ ( ) ( i -1) ( ) ] 
XEj = XM + 2 Oj p + Oj EJi-1 ) flt, 

1[( ) (i-1) ( ) ] 
YFj = YM + 2 µj p + µj Fp-1> flt , 

where ( O"j) ~-l) is the value O"j at the point P at the iterative step ( i - 1) . 

( O"j) E (i-1 ) - the value O"j at the point EJi-l) at the iterative step ( i - 1 )th. 
] 

ii - Calculate the values of the functions u, v, Hat the points Ey- i ) and Fp- l ) 
by the linear interpolation method. 

iii - Determine the values of functions u, v, Hat the point P by formula (3.2). 
The iterative process will be stoped, if the differences between values of these 

functions at the ith and (i - l)th iterative steps are small enough. 

2) For boundary points 

i - Linearising the boundary conditions and approximating the suitable supple
mentary equations from (2.5)-(2.10) by the difference expression (3.1) , we can obtain 
a linear algebraic equation system, called (3.2) 8 . 

ii - Determine the points of intersection of the directions Xj, Yi lying in the 
supplementary equations and the hyperplane t = tk. 

iii - Calculate the values u, v , H at these points of intersection by the linear 
interpolation method. 

iv - Substituting these values u, v, H into (3.2)B , we will obtain the equations 
at the boundary point for the time step t = tk+l · 

Remark 
1) For the case, when the fl.ow at the boundary is very slow (wn « 1) and it 

is not clear if there is inflow or outflow, we shall use the modifying Saint-Venant 
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equation system (1.6). In this case, the supplementary equations will be two suitable 
equations describing in (2.11) -7- (2.16) and the subsequent computational process 
is analogous to the previous one. 

2) In order to have difference scheme of high order of the accuracy, all coefficients 

(~) and ( 2~) of the components <p(Qi) and <Pin the equation system (3.2) must 
be of the following forms: 

V; (Q)i)) = ~ [V; (P(i-1)) + V; (Qy- 1))), 

</J(P(i)) = ~ [¢(P(i- 1)) + ¢(M)]' 

where <pis one of the functions u , v , H 

V; - one of coefficients ( ~) , ( 2~), 
QY) - point Eji ) or F?) at the ( i)th iterative step. 
3) For the general equation system containing turbulent diffusion components 

au au au aH 
ot + u ox+ v oy + g ox = ¢l + v!:lu, 
av av av aH 
at + u ax + v ay + g ay = ¢2 + v fl v, 
aH aHu aHv -O 
at +a;-+ay- ' 

where: 

v is viscous coefficient; 
Process of the computation will contain two steps: 
a) Resolve the equation system (1.1) without turbulent diffusion components by 

the above method. 
b) Determine the diffusion process by explicit scheme: 

au - (o2u a2u) 
at - v ax2 + ay2 ' 

4. Numerical experiments 

av - (a2v a2v) at - v ax2 + oy2 . 

The algorithm is applied for solving following problems with v = a(~x)
2 

2 t 
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1) Test problem (see [7]) 
A canal of 30 m long and 4 m wide connects with a basin of the area 15 m x 14 m 

(see Fig. 4) 

r- 15m -

l 4m 

l ................... > ................... > 
u=0.5m/s h=2.5m ................... > ................... > 

30m 

Fig. 4 

-- -- - -- -- - -- - - - - - - - - - - - - - - -- - --- - - - -- - -
- ~ - -· - - - - - ---------------------------

Fig. 5. Velocity field in the case a = 0.0 
The bottom of the canal and the basin is horizontal and initial water depth is 

2.5m. 
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Left boundary condition; u = 0.5 m/s 
Right boundary condition: H = 2.5 m. 
Computational results are shown on the Fig. 5 for a= 0 and Fig. 6 for a= 0.1. 

' r ; 

1 Y r ; 

r r ; 

v v r 1 1 r r r ,. 

i y v y 1 ~ 

- - - .,,. ' 
y ' 

\ r .,... ,... ,.. -
---- - - ---' 

Fig. 6. Velocity field in the cases a = 0.1 

They are coincided with the results obtained in [7]. 

2) Second problem 
A canal of 10 m long and 2 m wide is given, the bottom is horizontal (see Fig. 7) 

.. 

···-~oo H= 1.9m H=2.5m 2m 

t 
----')>~! 1• 4m 

14-~~~~~~~~~~~1om-~~~~~~~~~~-----... 

Fig. 7 

Left boundary condition: H = 2.5 m 
Right boundary condition: H = 1.9 m 
There is a sluice 2 m long at the distance 4 m from left boundary making with 

the canal bank the angles (3 = 30° or (3 = 45°. 
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- - ____ _.,,._...,. -------.--..-----~ 
___________ _,.. -

_..,._ -----·-·· ----·----- --------------- --
- - ----· - - -· ......... .- ,;tlll"·~·--.... ............ __ ~- •. -....-----... -------- ---- -- ....__ 

~ - ----.-.-...-.. _ ........ -..... .-.-...,..-......-...---.~..__--....-------..-- .__. --
- ... - - .. "1'-J!,. .. ,._, _________________ ..._,,,,,,. --- -..... --... -- --- - -- ,.. ... ~---~ - ------------...-...---.......-..... --- -- ._ --~ ~. "~ ........ ....--,,..,. _____ ............... _.._-.....-.. -.._-...-.-.._ -- -- ---

...- ..- -- . . " ...... .,,,,,,,,,,.,,,,..,., " ........... .....,.,. ....... -.. -- --.. .__ ---_ .,,.,,.,,, , ~' '' ........................... -.. .-.... 
-~ ....... , ................ --.-.... ... ,, ~ ...... .. 

.,, .,. JI'. ... .. ,. .. .. ""' . ,.. .. 
....... .. .. .. .. 

... .. .. .. ... .. -- --... -
---

Fig. 8. Velocity field in the case a = 0.0 and j3 = 30° 
___ .,._,... ... ..,_.---... ...... __. ______________ _ 

~~--_.....-... ------ ----· ------ _........_ __ ...... ___ --..........-........-- ...... -.. - _..,...-... .. _. -
_..,..._. ~---........ --...... ,.....___......, ___ .,.. . ._ __ ~-- ..... -.. -....... __.____.__...., --- -- --- --
---------------- --
-- -
Fig. 9. Velocity field in the case a= 0.1 and j3 = 30° 

-------~-·------------.......... .._ _____ .... _____ ...... ________ .. --..-.....--..... 
-_____ ........_.. ..... _,, ............. ""'--"'--·---.-.----·----- -

... 

Fig. 10. Velocity field in the case a = 0.0 and j3 45° 

------------ ... - __..... -
----------------~-------....... -.... ~---- ---- -·~ .......... .... -. . .-. ...... ~--.,._~~r....-..._, ._, :s: -fl:-~-~---...--..... 

_,,,,. - __ _..._..._... ... r..~•·:-...~~---=~~ .... -....-....-.. .... -- -..... --

_.,. _._,.,,,,.,,.. 4" I'~ .f.,, 
"' ... .. .. .. .... .... .... -_...,,.,""' .... ,,....,, .</ 1 .f .. ... "' ... ... ... .. ... ... 

.,.. r' ,,_ .... .,.. "' f ~ ".,. .... "' .. ... .. .. 
,.. ..... \ ... 

" ! ~ '\ 1 " ... .. .. ... ... .. 
,( A " .. ... "' }'" .. "' 

Fig. 11. Velocity field in the case a = 0 .1 and j3 45° 
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Computational results are shown on Fig. 8 with coefficient a= 0.0, f3 = 30° and 
Fig. 9 with a= 0.1 , (3 = 30°; Fig. 10 with a= 0.0, f3 = 45° and Fig. 11 with a= 0.1, 
{3 = 45°. 
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TINH DONG CHAY KHONG DUNG HAI CHIEU NGANG 

BANG PHUONG PH.AP DAC TRUNG 

Bai bao trlnh bay cac van de sau 
* H~ phuang trlnh Saint-Venant hai chieu ngang du&i d9-ng d~c trung 
* Cac phuang trlnh b6 xung tren bien de ket hqp v&i cac dieu ki~n bien t9-o 

thanh h~ phuang trlnh khep kfn xac dinh cac gia tr! nghi~m tren bien 
* Phuang phap d~c trung tinh dong chay kh6ng dung hai chieu ngang 
* Tfnh toan thu nghi~m v&i hai bai toan C\l the. 
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