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Abstract. The spectral approach is employed for spectral analysis of a beam subjected
to an arbitrary force traveling along the beam with constant speed. First, an expression
for exact frequency response of a beam subjected to moving arbitrary force and general
boundary conditions has been constructed. The obtained frequency domain response al-
lows straightforwardly exhibiting response vibration components governed by different
frequencies such as the natural, loading and driving ones and their interaction. This pro-
vides also alternative insight to the cancellation of response at natural frequency. The the-
oretical development is illustrated and validated by numerical examination on a simply
supported beam under moving harmonic forces.

Keywords: Moving force, frequency response, spectral analysis, resonance, cancellation.

1. INTRODUCTION

The moving load problem for a long time has attracted attention of researchers and
engineers in the field of structural engineering and it is so far an actual topic in dynamics
of structures. The fundamentals of the problem were formulated in [1–5] and intensively
studied in the widespread literature, for example, the references [6–11]. In the most of
the studies, the problem has been investigated by using the analytical method based
mainly on the superposition principle. Latter, the FEM [12, 13] and, recently, the spectral
approach [14–16] has been developed for dynamic analysis of beams subjected to various
types of moving load. However, the moving load problem was mostly solved in the time
domain even when the spectral element method has been employed. There are very
few works devoted to study the moving load problem in the frequency domain and it is
subject of present paper.

The most important issue in the dynamic analysis of structures subjected to mov-
ing load is to evaluate the dynamic amplification factor (DAF) defined by structure’s
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response maximum in dependence on the load roving speed. Savin [17] obtained a so-
called dynamic amplification coefficient defined as the maximum of modal coordinates
with respect to time and depicted it versus a frequency factor. Pesterev et al. [18] proved
that there exists a function describing the dependence of the global maximum (with re-
spect to both the spatial and time variables) on travelling speed of constant force. These
functions referred to as the modal response functions (MRF) were constructed for simply
supported and clamped beams by using the first mode approximation of time domain
response. Both the latter studies proposed to divide the time history response into two
components: forced and free vibration modes by the time instant as the load is passed
over the beam. This characterization of time history response may break down its natural
vibration mode that takes part into both the vibration components. To avoid the concern
an alternative approach that characterizes the response by components of different fre-
quencies can be used as done by Yang and Lin [19]. The latter authors demonstrated that
bridge response in time domain consists mainly of natural and driving frequency com-
ponents (the vehicle frequency component as forced vibration mode was omitted due to
approximation). It was reported in [19] that speed of vehicle is associated only with the
peaks of lower frequencies and bridge frequency is most dominated in the response of
the vehicle. The dynamic response representation has been incorporated by the forced
vibration mode in [20,21] where bridge response to moving harmonic force is comprehen-
sively investigated in time domain. In the Ref. [20], the influence of the parameters such
as load frequency and phase on the maximum amplification at mid-span has been stud-
ied. The so-called transient frequency response was constructed and used by the authors
of Ref. [21] to study vibration amplitude at the natural resonance when load frequency
equals to the natural frequencies of beam. Note that the fundamental resonant vibration
of a girder bridge under high speed trains was thoroughly studied by Li and Su [3]. It
is worth to recall herein an early study [22] where a curious phenomenon that describes
cancellation of natural frequency response of a simple beam subjected to moving load
was revealed. Though the cancellation condition was derived in [22] from the first mode
approximation, it is valid also for total response at the fundamental frequency. This phe-
nomenon of the cancellation was studied further for beam with elastic bearings [23, 24]
and non-prismatic beam [25]. Although the cancellation speeds were calculated for the
first and second modes in [24] but actual cancellation speeds of total response have just
been determined from the first mode.

All the aforementioned studies were based on the time domain solution that is ob-
tained by using either the superposition or finite element methods that work well only in
the case if contribution of higher modes could be negligible. The present paper is devoted
to develop the approach proposed in [16] for spectral analysis of response of a beam-like
structure subjected to arbitrary force traveling on the structure with constant speed. The
most important difference of this study in comparison with the early published works
consists of exact solution obtained for frequency response to moving arbitrary force. The
developed herein approach enables not only to study the total dynamic response in arbi-
trary frequency range but also to develop a new characterization of the dynamic response
with different frequencies. Besides, the cancellation condition that was noticed in [17,18]
and studied in [22–25] based on the various approximations to the time history response
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can be easily derived herein for total frequency response and this phenomenon is thor-
oughly investigated for harmonic loads. Without loss of generality, numerical analysis
is accomplished for simply supported beam subject to combined harmonic loads. The
problem for beam with other boundary conditions and more complete moving loads can
be similarly solved by using the spectral approach developed above.

2. FREQUENCY RESPONSE OF BEAM TO MOVING ARBITRARY FORCE

Let’s consider an Euler-Bernoulli beam subjected to an arbitrarily given force P(t)
moving on the beam with constant speed v as shown in Fig. 1. By introducing the nota-
tions w(x, t) for transverse deflection of the beam at section x, the governing equation for
transverse vibration of the beam can be derived as

EI
∂4w(x, t)

∂x4 + ρAη
∂w(x, t)

∂t
+ ρA

∂2w(x, t)
∂t2 = P(t)δ(x− vt). (1)

 

w0(t)=w(x0,t) 

E, I, , A 

w(x,t) 
x 

x0= vt

P(t)

Fig. 1. Dynamic model of beam subjected to moving load

In the latter equation E, ρ, A, I, ` are material and geometric constants; η is damp-
ing coefficient of beam and δ(t) is Dirac delta function. Furthermore, solution of Eq. (1)
is subject to general boundary conditions that can be expressed as

w(p0)(0, t) ≡ ∂p0 w(0, t)
∂xp0

= 0, w(q0)(0, t) ≡ ∂q0 w(0, t)
∂xq0

= 0,

w(p1)(`, t) ≡ ∂p1 w(0, t)
∂xp1

= 0, w(q1)(`, t) ≡ ∂q1 w(0, t)
∂xq1

= 0,
(2)

where the derivative’s orders p0, q0, p1, q1 may be equal to one of the values 0, 1, 2, 3 in
dependence on the specific boundary conditions. For example, p0 = p1 = 0, q0 = q1 = 2
if the beam is simply supported and p0 = p1 = 0, q0 = q1 = 1 when the beam ends are
clamped.

The Fourier transform

φ(x, ω) =

∞∫
−∞

w(x, t)e−iωtdt,
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leads Eq. (1), (2) to
d4φ(x, ω)

dx4 − λ4φ(x, ω) = Q(x, ω), (3)

λ4 = (ω2 − iηω)/a2, a =
√

EI/ρA, Q(x, ω) = P(x/v)e−iωx/v/EIv, (4)

φ(p0)(0, ω) ≡ dp0 φ

dxp0

∣∣∣∣
x=0

= 0, φ(q0)(0, ω) ≡ dq0 φ

dxq0

∣∣∣∣
x=0

= 0,

φ(p1)(`, ω) ≡ dp1 φ

dxp1

∣∣∣∣
x=`

= 0, φ(q1)(`, ω) ≡ dq1 φ

dxq1

∣∣∣∣
x=`

= 0.
(5)

Solution of Eq. (3) satisfying boundary conditions (5) is acknowledged as frequency
response of the beam subjected to moving load P(t). It is well known that general solu-
tion of Eq. (3) can be represented as

φ(x, ω) = φ0(x, ω) + φ1(x, ω), (6)

where φ0(x, ω) is general solution of the homogeneous equation

d4φ0(x, ω)/dx4 − λ4φ0(x, ω) = 0, (7)

and φ1(x, ω) - a particular solution of Eq. (3). The particular solution φ1(x, ω) is

φ1(x, ω) =

x∫
0

h(x− s)Q(s, ω)ds, h(x) = (sinh λx− sin λx)/2λ3, (8)

that satisfies the conditions

φ1(0, ω) = φ′1(0, ω) = φ′′1 (0, ω) = φ′′′1 (0, ω) = 0. (9)

On the other hand, solution of Eq. (7) can be represented as

φ0(x) = CL1(x) + DL2(x), (10)

with constants C, D and L1(x), L2(x), being independent particular solutions of Eq. (7)
satisfying conditions L(p0)

k (0) = L(q0)
k (0) = 0, k = 1, 2. Namely, the functions

L1(λx) = sinh λx, L2(λx) = sin λx, (11)

for the simple support and

L1(λx) = cosh λx− cos λx, L2(λx) = sinh λx− sin λx, (12)

for beam with clamped ends. Obviously, such the functions L1(x), L2(x) make the solu-
tions (6) satisfying the boundary conditions at the left end x = 0. Substituting expression
(6) together with (10) into the boundary conditions (5) at the other end one obtains

CL(p1)
1 (λ`) + DL(p1)

2 (λ`) = −φ
(p1)
1 (`, ω), CL(q1)

1 (λ`) + DL(q1)
2 (λ`) = −φ

(q1)
1 (`, ω). (13)

The system of equations in (13) is easily solved with respect to constants C, D and
in result it gives

C =
φ
(q1)
1 (`, ω)L(p1)

2 (λ`)− φ
(p1)
1 (`, ω)L(q1)

2 (λ`)

L(p1)
1 (λ`)L(q1)

2 (λ`)− L(q1)
1 (λ`)L(p1)

2 (λ`)
, D =

φ
(p1)
1 (`, ω)L(q1)

1 (λ`)− φ
(q1)
1 (`, ω)L(p1)

1 (λ`)

L(p1)
1 (λ`)L(q1)

2 (λ`)− L(q1)
1 (λ`)L(p1)

2 (λ`)
.

(14)
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Thus, a closed form solution of Eq. (3) with boundary conditions (5) has been found
and it is exact frequency response for deflection of beam subject to moving arbitrary load.
Furthermore, the solution allows one to calculate the response for slope, moment and
shear force respectively as

φ(r)(x, ω) = CL(r)
1 (λx) + DL(r)

2 (λx) + φ
(r)
1 (x, ω), r = 1, 2, 3. (15)

It is of interest to consider specially the case of multiple harmonic force

P(t) =
m

∑
k=1

Pkei(Ωkt+θk), (16)

that includes particularly the constant (Ωk = 0) and harmonic forces or their combina-
tion. In such the case the frequency response can be found in the form

φ(x, ω) =
m

∑
k=1

φk(x, ω), (17)

where
φk(x, ω) = CkL1(λx) + DkL2(λx) + φ1k(x, ω). (18)

The constants Ck, Dk in (18) are calculated by using (14) with the function

φ1k(λx) = Qk[A1 cosh λx− A2 sinh λx + A3 cos λx− A4sinλx− A0e−iω̂x/v], (19)

A0 =
1

λ4 − (ω̂/v)4 , A1 =
1

2λ2[λ2 + (ω̂k/v)2]
, A3 =

1
2λ2[λ2 − (ω̂k/v)2]

,

A2 =
(iω̂k/v)

2λ3[λ2 + (ω̂k/v)2]
, A4 =

(iω̂k/v)
2λ3[λ2 − (ω̂k/v)2]

, Qk = Pkeiθk /EIv, ω̂k = ω−Ωk.
(20)

The frequency response φ(x, ω) found above is a complex function with real and
imaginary parts φR(x, ω), φI(x, ω), so that the following spectral characteristics for the
response can be defined

Sw(x, ω) = |φ(x, ω)| = (φ2
R + φ2

I )
1/2, Φw(x, ω) = tan−1(φR/φI). (21)

The former function considered as function of frequency ω ∈ [ω̄a, ω̄b] for a fixed x0
is termed by amplitude spectrum of the dynamic response at the span location x0. That
characteristic considered as function of span location x ∈ [0, L] for particular frequency
ω0 is called herein amplitude diagram (vibration mode) at the frequency. The latter func-
tion in (21) represents phase evolution of response in the frequency domain. In dynamic
analysis of structure subjected to moving harmonic force the following frequencies are
specially emphasized: natural frequencies of structure denoted by ωk, k = 1, 2, 3, . . .,
among that the fundamental one ω1 is most important; driving frequency ωv = πv/`
governed by the load speed and, finally, load frequency Ω, the frequency of the mov-
ing harmonic force. The vibration components of response at the natural, driving and
load frequencies are called respectively natural, driven and forced mode of total dynamic
response. It has to note that amplitude of natural mode calculated at fundamental fre-
quency is not identical to amplitude of the first mode examined in the modal superposi-
tion method.
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3. NUMERICAL RESULTS AND DISCUSSION

In this section, a simply supported Euler-Bernoulli beam of the parameters: ` =
30m; EI = 1.42E10Nm2; ρA = 4800kg/m subjected to moving force P(t) = P0[αeiΩ1t +
βeiΩ2t] is examined. Though the harmonic force including the constant one as its par-
ticular case (Ω = 0) was intensively studied in the time domain, some essential as-
pects of the moving load can be straightforwardly revealed in the spectral point of view.
Hence, frequency response to both the single constant and harmonic forces is investi-
gated herein by the spectral approach before analysis of the multiple harmonic force
case. For convenience, the following dimensionless parameters are introduced: speed
factor γ = v/vc = ωv/ω1; load frequency ratio fe = Ω/ω1 and spectrum is examined
versus dimensionless frequency ω̄ = ω/ω1 ∈ [0, 2].

3.1. Frequency response to constant force
Amplitude spectrums of mid-span deflection for various load speeds are given in

Fig. 2 that allows one to identify vibration components of response with different fre-
quencies in dependence on the speed. Namely, in the low speed range (γ ≺ 0.1) the
deflection spectrum can be interpreted by the function

Sv(ω) =
S0 cos(πω/2ωv)

|ω2
v −ω2| , (22)

that is actually calculated from the sinusoidal impulse

qv(t) =
{

a0 sin ωvt if t ∈ [0, T]
0 otherwise (23)
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Fig. 2. Spectrum for midspan deflection response to moving constant force with various speeds

In the above equations ωv = πv/` = π/T; T = `/v; a0 = S0ωv/2 where S0 =
φ(`/2, 0) is the defection at ω = 0. The function (23) is an important component of the
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time history response with driving frequency (ωv = πv/`) that is termed above by the
driven vibration mode. Comparison of the spectrum (23) to the exact one given in Fig. 2
for the speed factor equal to 0.05 and 0.09 is shown in Fig. 3. The excellent agreement of
the spectrums demonstrates domination of the driven vibration mode in the low speed
range. The spectrum (23) normalized by the factor S0/2ω2

v gives exactly the dynamic
amplification coefficient provided in [17].
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Fig. 3. Comparison of the exact and approximate spectrums: solid line – exact;
dash line – approximate

It can be observed on Fig. 2 that in the high speed range (γ � 0.35) the spectrum
of response is similar to that of a single degree of freedom oscillator (only one peak at the
natural frequency). This implies that response component of natural frequency is pre-
dominating for high speed. In the medium range of speed (0.1 ≤ γ ≤ 0.35) the driven
and natural modes are strongly coupled so that it can be observed cancellation of re-
sponse amplitude at natural frequency for several speeds (0.04, 0.2 and 0.33). Fig. 4(a)
displays amplitudes of natural vibration mode as function of speed factor for various
damping ratios that demonstrate more clearly the cancellation of response at natural fre-
quency. Comparing the graphs given in Fig. 4(a) with amplitude calculated by Eq. (7),
Ref. [24] allows one to note that the latter equation obtained as the first mode approxi-
mation of response gives accurate solution with damping ratio equal 0.0265.

Amplitude of response at driving frequency in dependence on speed and damping
is given in Fig. 4(b) that shows interesting fact that amplitude of driven mode response
is almost independent on damping until the speed factor approaching 0.8. It is rapidly
dropping with speed factor up to 0.3 and remains nearly constant for speed factor ranged
in the interval (0.3 - 0.8). For the speed factor ranged in (0.8 - 1.0) the amplitude becomes
increasing with speed and decreasing with growing damping likely the natural vibration
mode at resonance.

Since amplitude of alone natural vibration mode of response reaches its maximum
almost at natural frequency, total response amplitude at the frequency could be canceled
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Fig. 4. Amplitude of eigenmode (a) and driven mode (b) response under constant force
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Fig. 5. Response amplitude spectrum at antiresonant speeds - Suppression
of the eigenmode response

only if amplitude of driven mode of response vanishes, i. e.

cos πω1/2ωv = 0 or ω1 = (2k + 1)ωv, k = 1, 2, 3, . . . (24)

From the latter equation so-called cancellation speeds can be calculated γk = 1/(2k
+1), k = 1, 2, 3, . . . called in this study anti-resonant speeds. These speeds have been
found in [22] by using the superposition method in time domain. The response spectrums
calculated for the exact anti-resonant speeds are presented in Fig. 5 that validate actual
annulation of amplitude of response at natural frequency.
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3.2. Frequency response to harmonic force
Amplitude spectrum of normalized midpoint deflection in the case Ω = 0.4ω1 is

shown in Fig. 6 for various speeds. It can be seen that forced vibration mode is dominated
for speed factor less than 0.1 (Fig. 6(a)). However, the peak at the frequency is rapidly
decreasing and completely disappeared when speed factor approaches to 0.2. For the
speed factor higher than 0.2 there is observed only one peak at natural frequency that
implies predomination of vibration mode of response at natural frequency in this speed
range. The driven vibration mode of response appears as small waves in both sides of
the forced vibration peak. Likely to the case of constant load, the anti-resonant speeds
can be found from the equation

cos[(ω1 −Ω)π/2ωv] = 0, (25)

that gives rise anti-resonant speed factor

γek = |1− fe| /(2k + 1), k = 1, 2, 3, . . . (26)
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(a) Not anti-resonant speed
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(b) Anti-resonant speeds

Fig. 6. Midpoint deflection spectrum for various speed and load frequency Ω = 0.4ω1

The cancellation of natural mode response at anti-resonant speeds (26) is obviously
verified by graphs of the spectrums (Fig. 6(b)) calculated for the speeds. Dependence of
the anti-resonant speed on frequency of moving force for different integer number k is
interpreted in Fig. 7. In the case when moving force frequency coincides with driving
one, i. e. γe = fe, referred to as external resonance, the Eq. (26) yields

γerk = 1/2(k + 1), k = 1, 2, 3, . . . (27)

The natural mode amplitude at external resonance in dependence on speed is pro-
vided in Fig. 8 from that it can be observed global maximum of eigenmode amplitude
reached at speed equal a half of critical value (0.5Vc). Fig. 9 shows amplitude of forced
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vibration mode (a) and natural mode response (b) plotted versus speed with different
frequency of moving force. Graphs given in Fig. 9(a) demonstrate monotonic decrease of
the forced vibration mode of response with increasing speed. The natural mode vibration
amplitudes shown in Fig. 9(b) reach their maximum at the speeds varying with the mov-
ing force frequency. The maximum speeds are tabulated in Tab. 1 for load frequencies
from 0 to 0.9ω1.
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Fig. 9. Amplitude of forced (a) and natural mode (b) versus speed factor
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Table 1. Speed for maximum amplitude of response in different frequency modes

Load frequency factor

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Speed factor for maximum natural mode amplitude

0.731 0.658 0.585 0.512 0.439 0.366 0.293 0.219 0.146 0.073

Amplitudes of the driven vibration mode of response versus speed factor for differ-
ent frequency of moving force are plotted in Fig. 10. Obviously, the driven vibration am-
plitude first increases to a local maximum and then decreases to a minimum with speed
factor rising up to 0.6. Afterward, the amplitude gets to increase with speed approaching
the critical value. At the critical speed the driven (but not natural mode) response attains
its global maximum that increases with the load frequency.
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Fig. 10. Amplitude of driven response versus speed factor and load frequency

3.3. Effect of combined harmonic forces
Note first that harmonic forces with symmetrical frequencies Ω1, Ω2, such that

(Ω1 + Ω2) / 2 = ω1, individually produce the same effect on the natural mode ampli-
tude (dash lines in Fig. 11). Consequently, anti-resonant speeds corresponding to the
symmetric harmonic forces are identical and the harmonic force with super resonant fre-
quency Ω = 2ω1 has the same effect on the eigenmode amplitude as the constant force.
However, combined excitation of symmetrical harmonic forces (solid lines, Fig. 11) has
not only amplified global maximum amplitude of the natural mode response but also
generated new antiresonant speed. Namely, it is evident from Fig. 11 that the global max-
imum is higher about 1.7 times than that produced by individual harmonic force of equal
magnitude. Besides, the common antiresonant speeds of the symmetric harmonic loads
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calculated by Eq. (27) with k = 1, 2, 3, . . . are added by a new one that is calculated from
the same equation with k = 0. Therefore, the speed v = |1− fe|Vc is also antiresonant
for the combined symmetric harmonic loads and, as consequence, the critical speed Vc
becomes anti-resonant for the load combined from constant Ω1 = 0 and super resonant
Ω2 = 2ω1 forces.
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Fig. 11. Natural mode amplitude of response under combined symmetric harmonic loads

The typical combination of non-symmetric harmonic loads is the case of joined
constant and harmonic forces. Amplitude of natural mode response subject to the com-
bined force is examined for the following cases of excitation frequency: (1) exceeded
by fundamental frequency (Ω1 = 0 ≺ Ω2 ≺ ω1) and (2) exceeding the natural fre-
quency (Ω1 = 0 ≺ ω1 ≺ Ω2) and results are presented in Fig. 12. For comparison,
the natural mode amplitudes of response caused by alone harmonic load of frequency
(0 ≺ Ω ≺ 2ω1) are given also in Fig. 12 (solid lines). It can be observed from the fig-
ure that effect of constant load on the natural mode response to combined load (shortly,
combined response) in both the cases of load frequency is small for speed factor less than
0.5.

However, the effect becomes more significant for speed factor exceeding 0.5. Name-
ly, in comparison with response amplitude caused by single harmonic force, the com-
bined force with frequency higher (lower) the fundamental frequency produces greater
(smaller) the response amplitude. Therefore, a conclusion can be made that contribution
of constant force to the combined response is dependent on whether the force frequency
is higher or lower the fundamental frequency. The constant force makes no effect on the
natural mode amplitude of combined response at its anti-resonant speeds, but effect of
harmonic load gets to be more significant as its frequency approaches to the resonant one.
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Fig. 12. Natural mode amplitude of response under combined constant and harmonic loads
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Fig. 13. Response spectrum under combined constant (Ω = 0) and harmonic (Ω = 0.5ω1)
forces for anti-resonant speeds

Natural mode response cannot be completely canceled by combination of non-symmetric
harmonic forces but it may be reduced to minimum (Fig. 13).

4. CONCLUSION

Summarizing the main results obtained in present study the following conclusions
can be made:
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1. An analytical expression for frequency response of beam-like structure subjected
to moving arbitrary force is obtained as an exact solution of the moving load problem in
the frequency domain. The arbitrary force model includes wide variety of loading such
as the constant, harmonic or random forces and their combinations. It may be also used
for studying dynamic response of structure to successive harmonic loads.

2. Using the obtained solution the dynamic response of a simply supported beam
under multiple harmonic loads travelling with constant speed is thoroughly investigated
in the frequency domain. This spectral analysis shows to be more simple and consis-
tent tool for characterizing the majored frequency components of response (called hereby
natural mode, driven and forced modes correspondingly to natural, driving and loading
frequencies respectively) and their interaction causing different meanings of resonance.

3. Namely, the forced mode response dominates for the lower speed and it at-
tains maximum at the traditional resonance, but its amplitude decreases monotonically
and rapidly with growing speed. The driven mode response appears as numerous small
petals in the response spectrum and achieves its global maximum under the critical speed
(when driving frequency equal natural one). Both the response components, in contrary
to the natural mode, are slightly dependent on the damping. Natural mode response is
really leading for high speed of force travelling and, as usually, reaches its maximum am-
plitude at resonance. Moreover, the spectral approach provides an alternative insight to
the cancellation of natural mode response that allows calculating so-called anti-resonant
speeds for individual and combined harmonic loads.

4. It was revealed that action of individual harmonic load is strongly dependent
on the distance between natural frequency and load frequency. Namely, the harmonic
loads with frequencies symmetrical in both side of a natural frequency individually create
the same effect on amplitude of natural mode response. This means in particular that
constant load and harmonic load with super resonant frequency (Ω = 2ω1) do the same
effect on the natural mode response. However, resultant effect of combined harmonic
loads with non-symmetrical frequencies is leaded sturdily by the load that has frequency
more closed to resonant.

5. Dynamic response of a beam subjected to a moving force usually achieves maxi-
mum amplitude at the mid-span except the case when speed of the load roving equals to
the anti-resonant speed. This allows one to make a conclusion that the first mode approx-
imation in the superposition method applied for the moving load problem is consistent
only in the case if load speed is not anti-resonant.

6. Influence of magnitude and phase of the harmonic loads shows to be actually
monotonic so that is not specified herein. However, the phase of moving load would take
an important role in the case of successive moving loads that is a further subject of study
for the authors. Finally, the spectral approach developed above and illustrated for simply
supported beam can be easily applied for investigating the beams with other boundary
conditions.
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