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Abstract. This paper presents a numerical procedure for lower bound limit analysis of
plane problems governed by von Mises yield criterion. The stress fields are calculated
based on the Airy function which is approximated using the moving least squares tech-
nique. With the use of the Airy-based equilibrium mesh-free method, equilibrium equa-
tions are ensured to be automatically satisfied a priori, and the size of the resulting op-
timization problem is reduced significantly. Various plane strain and plane stress with
arbitrary geometries and boundary conditions are examined to illustrate the performance
of the proposed procedure.

Keywords: Limit analysis, equilibrium mesh-free method, second-order cone program-
ming, Airy function.

1. INTRODUCTION

The estimation of the load required to cause collapse of a body or structure plays an
important role in design and assessment the safety of many engineering components and
structures. If a suitable approximation for the stress field is used, and the static theorem
is applied, a lower-bound on the exact limit load can be obtained. In the framework of
equilibrium limit analysis formulation, the assumed stress fields are expressed in terms
of spatial coordinates and parameters that are usually associated with nodal stress val-
ues. These approximated fields are required to satisfy equilibrium conditions over the
problem domain. The equilibrium equations are frequently treated in one of two ways
in numerical procedures: (i) equilibrium is enforced at nodes in the problem domain
and also at boundaries (using the collocation method), or (ii) the equilibrium equations
are transformed into the equivalent weak-form (involving integrals), using the so-called
weighted residual method.
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Equilibrium finite elements have been developed for static limit analysis problems
over the past few decades [1–4]. In [1], a linear-discontinuous element was used in the
framework of linear programming. In [2–4], the various triangular finite elements were
proposed for use in equilibrium limit analysis formulations for plates and slabs. It has
been shown that these constant/linear stress elements can provide good lower bounds
on the actual collapse load, but somewhat converge slowly. More recently, equilibrium
element-free Galerkin (EFG) mesh-free method based on a moving least squares approx-
imation has been also proposed for lower bound computation of limit load of plates and
slabs [5]. The proposed stabilized equilibrium mesh-free method can result in stable and
accurate solutions with the use of relatively small number of nodes. In this paper, we
will further develop the method by combining the Airy function with the moving least
squares approximation. The stress fields will be approximated based on second deriva-
tives of the Airy function, leading to the fact that equilibrium equations will be automati-
cally satisfied a priori. The size of resulting optimization problem is reduced significantly
(without equilibrium constraint and only one variable per node).

The layout of the paper is as follows. The next section will describe a static formu-
lation for limit analysis of plane problems. The Airy function and EFG mesh-free method
are described in Section 3 and 4, respectively. In section 5, Airy-based equilibrium mesh-
free formulation for static limit analysis of plane problems will be described. Numerical
examples are provided in Section 6 to illustrate the performance of the proposed proce-
dure.

2. STATIC FORMULATION OF LIMIT ANALYSIS

Consider a structure covered by a closed area Ω, static boundary Γt, kinematic
boundary Γu, subjected to the external load t. The limit analysis formulation is formu-
lated based on assumptions of small deformation and rigid-perfectly plastic material. A
static admissible stress field is approximated. Lower bound on the actual collapse load
is obtained if equilibrium conditions are satisfied over the problem domain and the yield
criterion is not violate every where. The static theorem of limit analysis can be now ex-
pressed as

λ = max λ−

s.t

 ∇σ(x) = 0, ∀x ∈ Ω
nσ(x) = λt, ∀x ∈ Γt
ψ[σ(x)] ≤ 0, ∀x ∈ Ω

(1)

where ψ is the yield function. In this study, von Mises failure criterion is used, the yield
function is given by

ψ(σ) =


√

σ2
xx + σ2

yy + σxxσyy + 3σ2
xy − σ0, for plan stress

√
1
4
(σxx − σyy)2 + σ2

xy − σ0, for plane strain

(2)

with σxx, σyy and σxy denote the nodal stress components; σ0 is the yield stress of material.
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The outward surface normal matrix is given as

n =

 nx 0
0 ny
ny nx

 . (3)

3. AIRY STRESS FUNCTION

Assume the stress function ϕ(σ) for a body subjected to only surface load in two-
dimensions. For plane problems, the stress field has to satisfy the equilibrium equation
(with the absent of body loading)

∇σ(x) = 0, ∀x ∈ Ω. (4)

Eq. (4) can be automatically satisfied if the components of the stress tensor σ are
calculated by

σxx =
∂ϕ

∂y2 , σyy =
∂ϕ

∂x2 , σxy = − ∂ϕ

∂x∂y
. (5)

The function ϕ(σ), for which the stress components meet Eq. (5), is called Airy
stress function. As seen in the equation, when Airy function used, three components of
stress tensor can be performed in terms of stress function ϕ(σ). Therefore, we need to
approximate function ϕ(σ) only.

4. ELEMENT-FREE GALERKIN METHOD [6]

The approximate function for a set of given scattered nodes in arbitrary domain Ω
using a moving least squares (MLS) technique as follow

uh(x) =
m

∑
I=1

pI(xI)aI(x) = pT(x)a(x), (6)

where the coefficient vector a(x) and the basis function vector p(x) are

a(x) = [a1(x), a2(x), . . . , am(x)], (7)

pT(x) = [p1(x), p2(x), . . . , pm(x)]. (8)

The complete polynomial basis is given by

pT(x) = [1, x, y, xy, x2, y2, . . . , xs, ys], (9)

where s is the order of basis function.
The unknown coefficient a(x) is determined by weighted minimizing the discrete

L2 norm

J(x) =
N

∑
I=1

w(x− xI)[pT(x)a(x)− uI ], (10)

where uI represents the nodal value of approximate function at point I; N is number
of points in the neighborhood of x; w(x − xI) is the weight function. In this study, the
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isotropic quartic spline is employed

w(x− xI) ≡ wI(x) =

{
1− 6s2

I + 8s3
I − 3s4

I , if sI ≤ 1
0, if sI > 1

(11)

where sI =
‖x− xI‖

RI
, with RI is the support radius of node I.

Minimizing J(x) in Eq. (10) leads to the system of linear equations

A(x)a(x) = B(x)u, (12)

with

u = [u1, u2, . . . , uN], (13)

A(x) =
N

∑
I=1

w(x− xI)p(xI)pT(xI), (14)

B(x) = [w(x− x1)p(x1), w(x− x2)p(x2), . . . , w(x− xN)p(xN)]. (15)

By inversion, a(x) can be obtained by solving Eq. (12) as

a(x) = A−1(x)BI(x)u. (16)

The approximate function can be expressed as

uh(x) =
N

∑
I=1

ΦI(x)uI , (17)

where the MLS shape function is defined by

ΦI(x) = pT(x)A−1(xI)BI(x). (18)

Introducing the coefficients γ(x) so that

A(x)γ(x) = p(x). (19)

The shape function can be rewritten as

ΦI = γTBI . (20)

Hence, the derivatives of shape function are then given by

ΦI,j = γT
,j BI + γTBI,j , (21)

ΦI,jk = γT
,jkBI + γT

,j BI,k + γT
,kBI,j + γTBI,jk . (22)

5. MESH-FREE DISCRETIZATION

The Airy stress function is approximated for a set of given nodes within the com-
putational domain as

ϕ(σ) =
N

∑
I=1

ΦI(x)σI , (23)

where σI denotes the nodal stress corresponding to nodes I.
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The stress components at point x can be rewritten as

σxx =
N

∑
I=1

ΦI,yy(x)σI , σyy =
N

∑
I=1

ΦI,xx(x)σI , σxy = −
N

∑
I=1

ΦI,xy(x)σI . (24)

As seen in Eq. (24), three stress components (σxx, σyy, σxy) at an arbitrary node
in the domain are now performed via only one variable σI . Therefore, problem can be
formulated with minimal variables, and reduces the computational cost significantly.

The stress field is now expressed as follows

σh(x) =

 σxx
σyy
σxy

 = Cs, (25)

where

C =

 Cxx
Cyy
Cxy

 =

 Φ1,yy Φ2,yy · · · ΦN,yy
Φ1,xx Φ2,xx · · · ΦN,xx
−Φ1,xy −Φ2,xy · · · −ΦN,xy

 , (26)

and
sT = [σ1, σ2, · · · σN]. (27)

Problem (1) can be formulated in form of second-order cone programming (SOCP),
which can be solved using highly efficient primal-dual interior optimization tools, i.e
Mosek [7]. The von Mises criterion is rewritten in terms of a sum of norms as follows

B ≡


LPS =

{
ρ ∈ R3 | ρ1 ≥ ‖ρ2→4‖2

L =
√

ρ2
2 + ρ2

3 + ρ2
4

}
, plane stress

LPD =
{
ρ ∈ R3 | ρ1 ≥ ‖ρ2→3‖2

L =
√

ρ2
2 + ρ2

3

}
, plane strain

(28)

where (ρ1, ρ2, ρ3, ρ4) are the additional variables such that

ρ1 = σp , (29)

ρ2→4 =

 ρ2
ρ3
ρ4

 =
1
2

 2 0 0
−1

√
3 0

0 0 2
√

3

Cs, plane stress

ρ2→3 =

[
ρ2
ρ3

]
=

1
2

[
Cxx − Cyy

2Cxy

]
s, plane strain

(30)

The equilibrium conditions are automatically satisfied when Airy stress function is
utilized. The lower bound limit analysis can be now formulated as an SOCP optimization
problem as

λ = max λ−

s.t
{

Cs = t̄, on Γt
ρk ∈ Lk, k = 1, 2, . . . ,Np

(31)

where Np is number of yield points.
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6. NUMERICAL EXAMPLES

Various numerical examples are investigated in order to test the effect of proposed
method in this section. von Mises criterion is applied for estimating the plastic limit load
of structures. Either plane strain or plane stress problems are considered. The resulting
SOCP minimization problems are solved using Mosek (version 6.0) on a 2.50 GHz Intel
i5 running Windows 7.

6.1. Prandtl’s punch problem
The first example deals with a classic plane strain problem, which is the popular

benchmark for various numerical approaches. The problem consists a strip footing repre-
sented by a semi-infinitive rigid-plastic von Mises medium under a punch load, as shown
in Fig. 1(a). Only the right-half domain is modeled due to the symmetry of geometry. The
dimensions of computational region are B = 5, H = 2 and the loading is 2τ0. Fig. 1(b)
shows the nodal discretization and static boundary conditions.

(a) Geometry and loading (b) Computational model

Fig. 1. Prandtl’s punch problem

The analytical solution obtained by Prandtl is λ = 2 + π = 5.142. Different nodal
meshes are considered, the numerical solutions are collected in Tab. 1 and illustrated in
Fig. 2. From the table, it can be observed that present results are reasonable, and the lower
bound solutions increase corresponding to the rising of the meshes and converge to the
analytical value. The relative errors shown in the table also demonstrate the accuracy of
proposed method, the error of the best result comparing with Prandtl’s solution, with the
difference of only 0.03%.

The combination of Airy stress function and SOCP makes the size of the resulting
optimization problem reduced significantly. As a result, the optimization problem was
solved rapidly, and the optimization CPU time is also summarized in Tab. 1. It is inter-
esting to note that the optimization problem with 5761 variables corresponding to 1440
nodes was handled in only 3 seconds.

The good agreement of proposed method in comparison with previous studies
is also shown in Tab. 2. As seen from the table, present result is close to other lower
bound solutions and lower than analytical value as well as upper bound solution. This
demonstrates the reliability of the approach.
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Table 1. Prandtl’s problem: Collapse multiplier

Nodes 40 160 360 640 1000 1440
(Nvar) (161) (641) (1441) (2561) (4001) (5761)

λ− 0.797 4.970 5.111 5.129 5.136 5.140
e (%) 84.49 3.34 0.61 0.25 0.12 0.03
t (s) <1 <1 <1 <1 2 3

Nvar: number of variables in optimization problem
e: relative error
t: CPU-Time
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Fig. 2. Prandtl’s problem: The collapse multiplier with difference nodal meshes

Table 2. Prandtl’s punch problem: Comparison with previous solutions

Authors Approach Collapse multiplier
Present method Static 5.140
Tin-Loi and Ngo [8] Static 5.173
Makrodimopoulos & Martin [9] Static 5.141
Vicente da Silva and Antao [10] Kinematic 5.264
Sloan and Kleeman [11] Kinematic 5.210
Le et al. [12] Kinematic 5.143
Makrodimopoulos and Martin [9] Kinematic 5.148
Capsoni and Corradi [13] Mixed formulation 5.240
Prandtl [14] Analytical solution 5.142
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6.2. Double notched specimen in tension
This example studies a well-known problem in plane strain as seen in Fig. 3. The

given data: W = L, the length of crack is taken into account in three cases: a = L/3, a =
L/2 and a = 2L/3. Taking advantage of the symmetry, the upper-right quarter is mod-
eled and the boundary conditions are illustrated as Fig. 3(b).

(a) Double notched specimen (b) Modeled domain

Fig. 3. Notched specimen subjected to tension

The numerical solutions corresponding to three cases of crack length are shown in
Tab. 3. Tab. 4 compares the present solutions with those obtained by other methods. It
can be seen that present results are in good agreement with those in the literature.

Table 3. Double notched specimen: Collapse multiplier

Models
Number of nodes

169 361 625 961 1369
a = L/3 0.892 0.912 0.918 0.920 0.921

t (s) <1 <1 <1 2 5
a = L/2 1.108 1.122 1.128 1.130 1.131

t (s) <1 <1 1 2 3
a = 2L/3 1.350 1.372 1.378 1.380 1.381

t (s) 1 1 1 4 4
t: CPU-Time

In case of a = L/2, the lower bound solutions: λ− = 1.131 and λ− = 1.132 are
obtained with 276481 variables for uniform refinement and 83521 variables for adaptive
refinement, respectively [15]. In present study, the solution of λ− = 1.131 is obtained
with the mesh of 1369 nodes and only 5477 variables in the optimization problem. Fur-
thermore, the time required to handle the problem is also an advantage of this procedure.
The solution is obtained rapidly, only about 3 seconds for CPU optimization time. This
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demonstrates proposed method can provide an accurate and reliable result with a low
computational cost.

Table 4. Double notched specimen: Comparison with previous solutions

Authors Approach
Collapse multiplier

a = L/3 a = L/2 a = 2L/3
Present method Static 0.921 1.131 1.381
Ciria et al. [15] ∗ Static - 1.131 -
Ciria et al. [15] ∗∗ Static - 1.132 -
Krabbenhoft & Damkilde [16] Static - 1.132 -
Tin-Loi & Ngo [8] Static 0.947‡ 1.166‡ 1.434‡

Ciria et al. [15] ∗ Kinematic - 1.149 -
Ciria et al. [15] ∗∗ Kinematic - 1.139 -
Le et al. [12] Kinematic 0.926 1.137 1.384
Christiansen & Andersen [17] Mixed formulation 0.926 1.136 1.388
Andersen et al. [18] Mixed formulation 0.927 1.137 1.389
∗: uniform refinement
∗∗: adaptive refinement
‡: where a true lower bound on collapse limit is not guaranteed

6.3. Thin plates with different cutouts subjected to tension
A group of square plates with different cutouts in plane stress, consisting square

and crack cutout, subjected to tension, as shown in Figs. 4(a) and 4(b), were also consid-
ered. One-fourth of plates as shown in Figs. 5(a) and 5(b) are modeled owing to the geo-
metrical symmetry. The computational domains were discretized as shown in Figs. 6(a)
and 6(b).

(a) Crack plate (b) Square cutout plate

Fig. 4. Square plates with central crack and square cutout

Tabs. 5 and 6 report the collapse factors with different nodal distribution. Figs. 7(a)
and 7(b) illustrate the convergence rate of solutions. The comparison with other methods
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is described in Tab. 7. From the results, it can be seen that present solutions agree well
with those of available approaches in the literature.

(a) Crack plate (b) Square cutout plate

Fig. 5. Square plate with central cutout: modeled domains

(a) Crack plate (b) Square cutout plate

Fig. 6. Square plate with central cutout: nodal discretizations

Table 5. Solutions of crack cutout plate problem

Nodes 42 121 289 529 841 1225
(Nvar) (246) (606) (1446) (2646) (4206) (6126)

λ− 0.210 0.451 0.481 0.491 0.495 0.498
t (s) <1 <1 <1 1 3 9

Nvar: number of variables in optimization problem
t: CPU-Time
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Table 6. Solutions of square cutout plate problem

Nodes 60 160 308 540 792 1288
(Nvar) (301) (801) (1541) (2701) (3961) (6441)

λ− 0.348 0.687 0.727 0.739 0.743 0.749
t (s) <1 <1 <1 2 3 5

Nvar: number of variables in optimization problem
t: CPU-Time
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(a) Crack plate
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(b) Cutout plate

Fig. 7. Square plate with central cutout: Convergent rate of solutions

Table 7. Square plate with central cutout: Comparison with previous solutions

Authors Approach
Model

Crack plate Cutout plate
Present method Static 0.498 0.749
Belytschko & Hodge [19] Static 0.498 0.693
Chen et al. [20] Static 0.513 0.736
Zhang et al. [21] Static 0.514 0.747
Pixin et al. [22] Kinematic 0.534 0.764
Zhou & Liu [23] (Sibson) Kinematic 0.513 0.753
Zhou & Liu [23] (Laplace) Kinematic 0.515 0.752
Nguyen-Xuan et al. [24] (NS-FEM-T3) Dual algorithm 0.519 0.741
Nguyen-Xuan et al. [24] (NS-FEM-T4) Dual algorithm 0.530 0.747



178 Canh V. Le, Phuc L. H. Ho, Hoa T. Nguyen

7. CONCLUSIONS

Airy-based equilibrium mesh-free method for lower bound limit analysis of plane
strain and plane stress problems has been described. The Airy function is approximated
using the moving least squares technique. Stress fields are determined as the second
derivatives of the Airy function. Numerical examples were examined to demonstrate that
the proposed numerical procedure can provide accurate collapse load using relatively
small number of nodes and variables.
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