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AN APPROACH TO STUDY VIBRATION IN
STOCHASTIC SYSTEMS BASED ON THE
ASYMPTOTIC METHOD
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Abstract. The well known Fokker-Plank-Kolmogorov Equation Method has been de-
veloped to study random vibration in systems with hysteresis that often described by
the stochastic integro-differential equations or differential equations with delay.

1. INTRODUCTION

The asymptotic method is well-known as one of fundamental methods in study of
weakly nonlinear systems. They have come to be effectively used for the stochastic sys-
tems via theory of diffusional processes [1]. However, many processes in practice are not
diffusional so that for those the Fokker-Plank-Kolmogorov Equation (FPKE) Method is
not applicable. In the case, something like the FPKE for non-diffusional processes has
been needed. Stratonovich [2] is the first who constructed approximately an equation
for probability density function for arbitrary stochastic process based on its asymptotic
expansion. It was in fifties of the last millennium. Later, in 1966, Khasminskii [3] had
deeper studied the problem in his paper published in Journal of Theory of Probability
and Its Application (in Russian). Since 1965, Professor Nguyen Van Dao [4] had pub-
lished a paper in Vietnamese dealt with an application of the Stratonovich’s equation to
study random vibration in a weakly nonlinear system. The author of the paper in 1979,
after reading Van Dao’s work, has came to the idea of developments of the Stratonovich’s
method to study the processes given by stochastic integro-differential equations. The first
result of the author were published in Ukrainian Mathematical Journal in 1983 [5]. This
problem were further developed in the author’s doctor of science dissertation published in
1991 [8] at the Institute of Mathematics, Ukrainian Academy of Science.

In this paper, some results, taken from the dissertation, are presented to memory of
Professor Nguyen Van Dao in the occasion of his 70'" celebration.

2. GENERAL EQUATION FOR PROBABILITY DENSITY FUNCTION
OF ARBITRARY STOCHASTIC PROCESS

Let’s consider a n-dimensional random process X = {Xi,..., X,,} with given point
20 = {z9,..,29} in the space of states of the process. Characteristic function of the
process, as defined, is

x(ug, .oy tn) = E § exp iZquj = (exp [i(u, X)] ). (2.1)
§=1
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with the notation E {...} = (...) implying the probability average operator. Expanding the
function ¢!(»X) in the Taylor’s series at the point z°

] t(u,x . 1
X)) — iy, 0){1 + E iuj (X —x?) + 5 _S_ (tuy) (fur ) (X — )(Xk —12) + ...}
J gk

and substituting the obtained expansion to the Eq. (2.1), one will have

x(w) = (expli(u, X)]) = =2 {1+ Zz’uj (X;— %)

+ = Z iug) (fur) (X )(Xk AT } (2.2)
On the other hand, one-point PDF of the process has the form
+o00
W(z,t) = (2m)™" / x(u) exp [—i(u, )] du; ...du. (2.3)
—00

Substituting the Eq. (2.2) into Eq. (2.3) yields the equation

+00

W(z,t) = (2m)™ / e—iZ“f(zj—f?>{1 +) iuy (Hj)
e J
1
+ 5 D it (H;Hi) + ...}dul...dun, (2.4)
ik
where H; = H;(t,2%) = X;(t) — :r?, j = 1,...,n. Taking into account the equation

6(z — 2°) = (2m) "/exp{ Zu] ‘—:1: }dul i,

Equation (2.4) can be rewritten as

5(z — ) —{< (t,2%) 6(z — 2%} +

Wie:t) = 1 2 0 0 . (2.
+§]zk: dx;0xy, {<H] (t,x )Hk(t,x )>5(x_1. )} 4o

]
(&)
~

Introducing the operator
5t t Hy.(t 3 2.6
Za )+ Zm]ax (t,2%) Hi(t,2%) + -. (2.6)
operating as follows

2
L{f@)} =~ Y o {(H(t2) | (x>}+1 gy (R0 1@}
j )

(2.7)
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one can rewrite the Eq. (2.5) into the form
W(z,t) = (1+ L) {6(z — z°}. (2.8)

On the other hand, from Egs (2.6), (2.7) it can be obtained another operator

28—<H,t1 N+s 28101k<H/ e A

where HJ’(t, x) = OHj(t, z)/0t, operating analogically as the operator L in Eq. (2.7) and
from Eq. (2.8) one has

oW (z, t)

rama L’{é(m—wo)} . (2.9)
The Egs. (2.8) and (2.9) yields the equation
% DA+ L)" {W(z ). (2.10)

Assuming that

Hj(t, 1‘) =€ Hjl(t, LE) + EQHjQ(t, x) + E3Hrj3(t, 1) + gl....

the introduced above operators can be rewritten in the form

d
L= 521: oz (Hj (t,2%))
5 9] 0 1 9? 0 0 3
J Ik

:—528 <f1t1 >

——a ! q
> Ox; (Hjp(t,2%)) + 3 2 Z 31. e (Hj1(t, 2% Hyy (8,2°)) 5 +€°...
j i/
(1+ L)—l =1—-L+..=1 +eZ —3a:j <Hj1(t,l'0)> g2

Finally, taking into account the equality

<I (@ >—— (Hpi (¢, 2))

2
O (HL (6 2)) (Hia(t,2))

= ;0 <H 1 <0H]'-1(t,:c)/(‘);1,'k> (Hp (t, 2))

=
oz

the equation (2.10) can be rewritten as
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P 8
S =% 5 (.2 W]

—g2 ZJ: 8%:] <H]’-2(t,x)> W+ EA: w (Hia (t,x)) W

% ax(j;:ck KH]’.l(t, ) Hi (¢, ar)> W — <H]’-1(t, 1‘)> (Hi(t, 2)) W} +ed.
2o

or in more compact form if ignoring the orders more than 2 of the parameter

oW 5, 1 &
W + ; (9_$] [Kj(t,as)W] = E

gk TR

where

/ ! 2 8HJI'1

I(] :E<H]‘1+5Hj2>+€ Z< Oz
k %
Djx =2¢*[(Hjy Hp1 ) — (Hjy ) (Hpa))-

The asymptotically approximate equation for PDF of arbitrary random process X has
the form that recalls the Fokker-Plank-Kolmogorov Equation for diffusional process.

><Hkl>§ (2.12)

3. APPLICATION TO THE SYSTEMS OF STOCHASTIC
INTEGRO-DIFFERENTIAL EQUATIONS

Suppose that the process X (t) is determined by the equation
t

¢
X}(t):gQAj(X,t,/np(t,s,X(s))ds)+5ZBjk(X,t,/w(t,s,X(s))ds)Ek(t),
k —00

—00

(3.1)
3= 1, eyl

where £k (t), k = 1, ..., m are stationary random process with zero mean value and corre-
lation functions

Ru(r) = (Ex(®)(t + 7)) -

Letting
Xj(h) == x? + Hj(t,2°%) = :1:? +eHji(t,2°%) + e2Hpo(t,2%) + ..., (3.3)
one will have
X;(t) = e Hj (t, %) + €2H],-2(t,$0) b o : (3.4)
Using the Egs. (3.3) and (3.4), one can calculate the integrals
t t t .
/ o(t, s, X(s))ds = / o(t, s, 2%)ds + 52 / %j’x)]{jl(& 2%)ds + €2...
e 5. ¥ o d

=¢"(t,2%) +ep' (2, 2°) + . ..
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t

—0oQ
=y0(t, %) + ey (t,2%) + ...
Further one can get

t

0A
Az X, L, / e(t, s, X (s))ds) = A?(mo,t) + ez é—iHM

= )

= el TRV L
EZ/ R Hj (5,2%ds + ...

A?(t, z) = Ai(t.z, oL, x)), B?(t, z) = B;lt, =, ¥°(t, z)).
Substituting Eqgs (3.4) and (3.5) into Eq. (3.1) follows the equations

(H 1t$0>)—ZB (t,2%) (& (t)) =0 =
(Hit,2%) = / 3 B(5,2%) (6u(s)) ds
A |

(Hja(t 2)) = 45(t,2)

B (s, Ru(s)ds—

8391{
+k!2m 8£l?m /Z 83 /Z mBlh 6 He Rkh( )d

“oo L Wm

Using the obtained expressions, one can calculate the coefficients (2.12) for Eq.

( 00
oBY
_ ik _
. /ZB (t — s,x)Ry(s)ds
K;(t, z) = 2 A%(t,x) + €° Z

aBQ T8
km o ik ’(/)mv 0
8'¢9n / lEh _—(91'1 B,h(t )R;\h( s)ds
o b

t t
% .0
/';b(t,s,X(s))ds:/'w(t,s,xo)ds+52/ LLAUL 3 I PR

379

(3.6)
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oo

zJ(t &)= 25223 TEW /B?m(t — 8, ) Riem(8)ds. (3.8)

0

In particularity, functions ¢ = 1 = 0, i.e. equations (3.1) are differential, coefficients
(3.8) may be simplified as

K;(t,x) =2 A%(t,z +EQZ ]k /ZBml(t—s x)Rii(s)ds;

D;j(t, ) 252231,6 t, x) /B ) R (8)ds. (3.9)
kira 0
Moreover, if the process &k (t), k = 1, ..., m is white noises, i. c.

Ri(1) = (Ee(D)&(t + 7)) = 057k;0(7)
with the notation ;. =1 if £ = j and = 0 for j # k, the coefficients (2.9) become

(')BO
K;(t,z) =e*A%(t,x) + €2 Zak ax B,,lk( &)
ki (3.10)
Dyj(t,z) = 26 ) _ B (t, z) By (4, ).
k

Equation (2.11) with coefficients (3.10) were obtained firstly by Stratonovich [2].

4. APPLICATION TO SYSTEMS WITH DELAY
It’s not difficult to verify that the system of differential equations with delay
Xj(t) =?A; (X, t,alt— A, X (t— A)))
+63 Bin(X,t, Bt — A, X (t— A)N)E(E), 5 =1, .00m. (4.1)
k

is a particularity of the system of equations (3.1) with
p(t, X, 5, X () = als, X (5))0(t = A — s);
Y(t, X, s, X(s))=B(s, X(s))é(t— A —s).
So that ,
P(tz) = alt - Az); 9Otz) = B(t - A,2) (4.3)
and
Ad(t,z) = Aj(z, t,a(t — A,z)),  Bl(t,x) = Bj(x,t, B(t — A, ). (4.4)
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In that case coefficients of the equation (2.11) can be determined as

( [ee] 3\
0
019,

. /ZB ) Ryu(s)ds

Kj(t,z) = 2AY(t,z) + €2 )

8B° T 08 ,
k, k
™ - Bﬁzn /Z '”B,,L — 5,2) Ryn(s)ds
\
D;j(t, ) = 2¢? Z BY.(t, ) / 0 n(t — 5,2) Rim(s)ds. (4.5)
If the process &x(t), k =1, ..., m is white noise, the last equations become
oB° oB° o
i(t,x) =e?A%(t,x) + ¢ Zak ]kBmk(t,x) aﬁjk ﬁmB,,‘(t #z}] 3
k,m "
D;;(t, x) = 2¢° Z o BY, (t z)BJk(t &) (4.6)
k

Let’s consider the equation

() + wiu(t) = pft,u,u, u(t — A),w/'(t— A)) + Vi) grlt,u, u)é(t). (4.7)
k

Using the variable transform

u(t) = X.(t) coswt + Xs(t) sinwt; u'(t) = w[Xs(t) coswt — X (t) sinwt],
the Eq. (4.7) may be transformed into the system of the form (4.1) with x4 = €2 and

a1(t, ) = z.(t) coswt + z4(t) sinwt; aa(t, ) = wlzs(t) coswt — z.(t) sinwt; B; = B2 = 0].
So that
a1(t — A,z) =zccosw(t — A) + zssinw(t — A);
ax(t — A, x) = wlzscosw(t — A) — z.sinw(t — A)].
g 1 i 1 . 0 1
A = —f[t,x]coswt; A = ——f[t,x]sinwt; BY; = —gi[t, ] coswt;

wl W w 1 (4.8)
By, = agg[t,x] coswt; BY = —gi[t,x]sinwt; By = ——galt, x| sinwt;
w w

flt, z] = f[t, xc coswt + x5 sinwt, w[zs coswt — xsinwt], ai(t — A, x)), as(t — A, z)];
91.2[t, ] = g1.2[t, e cOswt + g sSinwt, wlzs coswt — x sinwt]].

Equations (4.5) would be used for determining the coefficients (4.5) of the equation
(2.11).
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5. CASE STUDIES

5.1. Elementary example

Consider the equation

t
X't)=—u / e M=) X (s)ds + Vio(t), (5.1)

with white noise £(t). Applying the developed above theory, one will have the equation
for PDF

8W(ac,t) D i 02 .
S + 5o [KW] = 2= [DW], -
Kt ) = NT D(t, :L) = ues,

that yields the stationary solution
Wo(z) = [oVAr] T exp {—2%/Xo?} . (5.3)

The solution, as mentioned above, is approximate with respect to the small parameter
¢ (even it does not depend on the parameter). To see how the solution is accurate, let’s
consider equation (5.1) from other point of view. Assuming

t

Yl = / e M9 X (s)ds,

—00
leads to Y'(t) = X (t) — AY (t) and at the end one gets the system
X'=—pY + Juok(t); Y' =-2Y + X. (5.4)

Well-known FPK equation for the system (5.4) results immediately in stationary solution

A
Wo(z,y) = C - exp {_WW —2\zy + (A + u):tf]} ; (5.5)
that allows to get the stationary solution for x as
2
WE(w, 1) = Cx exp | ~—=
Ao2(1 + /\2)
+00 % 1/2
From the condition ~£o Wo(z)dx = 1 one gets Cx = {m} , so that

s 2
W' (2, 1) = oy [rA1L+ £5)) 7 exp | - ———— | - (5.6)
A Ao2(1 + '/\~)

It’s easily to sce that
Wo(z) = lim WE(x, p). (5.7)
“—0
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5.2. The Van de Pol’s system with delay
Now we investigate the system
u(t) + wiu(t) = pafl —u?(t — D) (t — A) — phad (t) + Juo€(t). (5.8)

Applying the formulas (4.5)-(4.8) allows us to get the stationary solution of the equa-
tion (2.11) in the form

2
T

3
%) coswA}}

or the PDF in variables of amplitude and phase will take the form

2
Wo(ze, zs) = C - exp {—‘;—)5(1% + z2) {h —a(l -

4.9 2
IVo(a):C-a-exp{—w g {h—a(l—%)coswA}}. (5.9)
o

The solution (5.9) gives an equation for amplitude of stationary vibration of maximal
probability as follows

: 2
(acoswA)at — 4(h — acoswA)a? + 2%5 = {), (5.10)

The equation shows that if ¢ = 0, i.e. there is no random excitation, the system cannot
be excited under the condition h — acos fwA > 0. Otherwise, the system is self-excited
with the amplitude of vibration ag = 2/1 — h(acoswA)~1. This result were obtained by
Rubanik [7] in 1969.

In the case of random excitation, the system always is excited with vibration ampli-
tude monotony increasing with parameter p = h — acoswA, if 62 > 8hw? and monotony
decreasing with the parameter p , if 02 < 8hw?. In the case, if 02 = 8hw?, the vibra-
tion amplitude equals permanently to 2, exactly as in the classical Van de Pol’s system,
regardless of delay.

6. CONCLUSION
In this paper the following results have been presented:

e An equation for probability density function of arbitrary stochastic process has
been constructed based on its asymptotic expansion that recalls the Fokker-Plank-
Kolmogorov equation for diffusion process. The developed equation is approximate
only but it can be used for study numerous weakly nonlinear oscillation systems.

e The theory has been applied to processes given by stochastic integro-differential
equations or differential equation with delay. This is a further developments of the
FPKE method to study non-diffusion processes.

e Jllustrating examples have validated the applicability and effectiveness of the de-
veloped approach.
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MOT CACH TIEP CAN NGHIEN CUU DAO PONG CAC HE NGAU NHIEN
BANG PHUONG PHAP TIEM CAN

Trong bdo cdo nay trinh bay viéc thiét lap phwong trinh Fokker-Plank-Kolmogorov cho cdc
qué trinh khong phai la qua trinh Markov. Sau dé ap dung cho cdc qud trinh dugc xéc dinh bang
phuong trinh vi tich phan ngau nhién va vi phan ngau nhién ¢6 cham. Cédc phuwong trinh nhan
dwgc dwoc minh hoa trén cac vi du cu thé dé chitng minh tinh ding din va kha nang g dung
clia phwong phép.



