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0 KOJIEBAHMHX CMCTEM, BJIM3KMX K ..., 
cYmECTBEHHO HEJIMHEMHbIM 

HrYEH BAH .llAO (NGUYEN VAN DAO) 
(IIpeiJcmae.aeno a?CaOe.MU'IW.M A. IO . .Mm.n,unc?Cu.M 1 XII 1969) 

{This paper has been published in: 
.lloKJia.n;hr AKa.n;eMMM HayK CCCP 1970, ToM 192, NQ 5) 

B cTaThe paccMaTpMBaIOTC.H KOJie6aHMJI CMCTeM, 6JIM3KMX K cyrn;ecTBeHHO 

HeJIMHeHHhIM, B oco6oM CJiyqae, KOr.n;a ypaBHeHM.lI )J;JIJI onpe.n;eJieHM.lI OCHOBHhIX 

aMIIJIMTy.n; y.n;OBJieTBOp.HIOTCJI TO:>K,n;eCTBeHHO IIpM JII060M Bhr6ope qacTM IIOCTO.lIHHhIX. 

0Ka3hIBaeTCJI, '-ITO O.n;Ha "laCTh IIpOM3BOJihHhIX IIOCTO.lIHHhIX, BXO)J;JIIIJ;MX B Ka:>K-

.n;oe np116JI11:>1<eH11e, onpe.n;eJI.HeTc.H M3 cJie.n;y10rn;ero np116JI11:>1<eHMJI, a .n;pyra.H 

qaCTh - M3 IIpM6JIM:>KeHM.lI Ha e.n;MHMU:Y 6oJiee BhICOKOro. 

1. IIOCTAHOBKA 3AJI.A qVI 

KoJie6aHHJI CHCTeM, 6JIH3KHX K cyrn,eCTBeHHO HeJIHHettHhIM, orrHChrnaIOTCJI 

ypaBHeHHJIMH BH,n:a 

Xs = Xs(t, X1, ... , Xn) +µJP) (t, X1, ... , Xn)+ 

+µ2 fi 2)(t,x1, ... ,xn)+ ... (s=l,2, ... ,n), (1.1) 

r .n:e rrpaBhie qacTH rrepHOJ(Hl.!Hbl OTHOCHTeJihHO t c rrepHOJ(OM w H aHaJIHTHl.!Hbl 

OTHOCHTeJihHO X1, ... ' Xn, µ, a Xs - cyrn,eCTBeHHO HeJivlHeHHbie cpyHKUHH OT 

x1, x2, ... , xn; µ - MaJibIH rrapaMeTp. 

Tipe,n:rrOJIQ)KHM, l.ITO nopom,n:a10rn,aJI CHCTeMa 

±~ = Xs(t, x~, ... , x~) 

.n:orrycKaeT ceMeHCTBO rrepHOJ(Hl.leCKHX perneHHH rrepHO,n:a w 

x~ = 'Ps = 'Ps(t, h1, ... ' hm), 

(1.2) 

(1.3) 

3aBHCJII.IJ,HX OT m rrpOH3BOJibHbIX ITOCTOJIHHbIX h1, h2, ... ' hm H Jie:>KaI.IJ,HX B o6JiaCTH 

onpe,n:eJieHHJI rrepeMeHHhIX t, µ, x 1, x2, ... , Xn· 
Tor.n:a, KaK rroKa3aHo B [1], CHCTeMa (1.1) ,n:orrycKaeT aHaJIHTHl.lecKoe OT

HOCHTeJihHO µ nepHOJ(Hl.lecKoe perneHHe, 06parn,a10rn,eecJI rrpH µ = 0 B. perneHHe 

'Ps(t,hi,h2, ... ,h:n) ceMeHCTBa (1.3). TiocTOJIHHhie hi, ... ,h:n j(OJI:>KHbl y,n:OBJieT

BOpJITb ypaBHeHHJIM 

w n 

Pi(hi, ... , h:n) = j L Jii)[t, 'Pl (t, hi, ... , h:n), ... , 'Pn(t, hi, .. . , h:n)]'lf;sidt = 0, (1.4) 
0 s=l 
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rne 7./Jsi - rrep110,z::i:11-qecK11e perneHMJI ypanHeH11i1:, corrpmKeHHLrx c ypanHeHMJIMM 
B Bap11ao;11JIX 

n 

'1si = - L Po.s7./Jo.i· 

o.=l 

Mbr 6yneM 11ccnenonaTb oco6bri1: cny-qai1: , Korna ypanHeI-111JI (1.4) y,z::i:onneT
nopmoTCJI T0/K)J;eCTI3eHHO rrp11 mo6oM I3bI6ope '-IaCTM IIOCTOJIHHbIX hi, h2, ... , h; 
(0 :::;; r :::;; m), 11 noKameM, "l.!TO B orrpenenem-rhrx ycnon11Jix cyruecTnyeT en11H
CTBeHHaJI c11cTeMa pR,r:i:on n11na 

- (t h* h* ) (1) 2 .(2) 
Xs - 'Ps 1 l• · · · ' m + µxs + µ Xs + · · · (s = l , 2, ... ,n), ( 1.5) 

y ,llOI3JieTBOp5IIOIUl1X ypaBHemtHM ( 1.1)' r ne dp) - H8KOTOpbie nep110)J;l1'-ICCK11e 
cpynKu1111 t nep11ona w. 

2. OCHOilHAJI TEOPEMA 

q T06br IIOJIY'-Il1Tb ypanHeHMJI )J;JIJI H8l13I3eCTHbIX cpyHKIJ:MM xip), np11paI3Hl1-
BaeM KOacpqrnu11eHTbI np11 O,lll1HaKOI3bIX CTeneHJIX µ I3 MCXO)J;HbIX ypanHeHMJIX 
(1.1), 3aMeHMB Xs 11x I3brpameHMJIMM (1.5). B pe3yJibTaTe nony'-IMM: 

n 

. (1) - ~ (1) f(l)(t ) 
Xs - L_;Pso.Xo. + s 1'Pl1 · · · 1'Pn 1 (2.1) 

o.=l 

. (2) _ ~ (2) ~ ~ 82 Xs(t, 'Pl1 · · ·, 'Pn) (1) (1) 
XS - L_; Pso.Xo. + L_; a a XO. xf3 

o.=l 
2

o.fi=l 'Po. 'Pf3 

n (1)( ) 

+ ~ ofs t, cp1, ... , 'Pn .(1) + j(2)(t ) 
L_; ;:i X 0 s 1 'Pl, · · ·, 'Pn , 

U'/)o. 
o.=l 

(2.2) 

(2.3) 
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r,n:e Pso: = 8Xs(t, cp1, .. . , 'Pn)/ocpo:, a FY+2
) - BIIOJIHe orrpe,n:eJieHIILIC rrep110,n:vFICCKI1C 

¢YHKIJJ1I1 BpeMeHH, He 3aBI1C.HinI18 OT x~u) ( u ~ k). 
ITepno,n:w-reCKOe peIIIeirne ypaBH8HHH OTHOCHT8JILHO x~1 ) ( 2 .1) rrp11 BLIIIOJI

H8HHI1 yCJIOBI1H ( 1. 4) MOIBeT 6bITb rrpe,n:cTaBJI8HO B n11,n:e 

rn 

x(l) = x:(l)* + """""'M(l)1n · 
s s L J rSJ> 

j =l 

r,n:e MJ1) - rrpOH3BOJILHLre rrocTO.HHHLre, xi1
)* - KaKoe-1rn6y,n:L qacTnoe rrep11-

o,n:nqecKoe peIIIenne ypanuen11i1: (2 .1), a 'Psl, ... , 'Psm - rrep110,z::i:11qecK11e peIII-
n 

eHH.H ypanHennM: B nap11au11.Hx <Psj = L Pso:'Po:j. OTM peIIICHMJI CBJI3aHLI c 'Pj 
o:=l 

COOTHOIII8HHJIMI1 BI1,n:a 'Psj = 0'Ps(t,h'1,···,h~)/8hj. TaKI1M o6pa30M, ¢YHKU:HM 

(l) h* l * ~;/(l) ~1(I) X 8 CO,n:epIBa T m + r IIpOI13BOJILHLIX IIOCTOJIHHLIX 1, ... , lr, 1 1 l , ... , 11 m . 

.lIJIJI Toro qT06LI ypaBHeHHJI ( 2. 2) ,n:orrycKaJIH rrepno,z::i:11qeCKOe peIIICHMC 

OTHOCI1T8JILHO xF), neo6xo,n:I1MO M ,n:acTaTOqHO, qT06LI BLIIIOJIHJIJII1Cb ycJIOBMJI 

w n n 

·( * * (1) (1)) _ J"""""' {~ """""' 8
2 
Xs .( l) (1) Qi h1, ... ,hr,Af1 , ... ,lvlm - L L [) a Xo: x(3 

2 'Po: 'Pf3 
0 s = l o:,{3=1 

~ a1;1
) .(1) (2)( )} . _ + L a XO: + fs t,cp1, ... , 'Pn 7/Jsidt - 0 (i = 1, 2, ... ,m). 

o:= l 'Po: 
(2.4) 

TeopeMa. EcAu r.fiy'H'K7-4U01WAb'HWU onpeaeA'UmeAb AeBblX •wcmeil ypae'He'H'UU (2.4) 
om'!-locumeAb'HO he u MJ1l (£ = 1, 2, ... , r; q = r + 1, .. . , m) omA'u~le'H om 'HYA.H, 
mo cy'llliecmeyem eau'!-lcmee'H'Ha.H cucme.Ma p.Haoe euaa (1.5), yaoeAemeop.H1011rux 
ypae'!-le'HU.H.M (1.1). 

AuaJior11qHo rrpe,n:Lr,n:yIIIei1: pa6oTe aBTopa [2] xo,n: ,n:oKa3aTeJihCTna aToi1: 

TeopeMLI 6y ,n:eT CJie,n:y10rnni1: . .liorryCTI1M, qTO BCe ¢YHKUMM dh) ,n:o (k + 1 )-ro 

rropJI,n:Ka yIBe BLrq11cJieHLI I1 IIOJiyqnJIMCL rrep110,n:w-IeCKI1MM: 

m 

xih) = xih)* + L Mt)'Psj h = 1, 2, ... , k + 1) , (2.5) 
j=I 

r ,n:e xih)* - KaKoe-H116y ,n:b 'llaCTHOe rrepno,z::i:11qecKoe peIIIen11c ypamrennM: ,n:JIJI 
(h) (h) IT m (1) (k - 1) 6 Xs , a Mj - IIOCTOJIHHLie. pe,n:IIOJIOIBHM, 'l!TO 't'YHKU:HI1 Xs , ... , Xs bIJII1 

orrpe,n:eJICHLI IIOJIHOCTLIO BM8CTe c BXO,n:JIIIIHMI1 B HI1X IIOCTOJIHHLIMM J'vl~u), ... , A!S::) 
( _ k ) u m u (2) .(k - 1) IT u - 1, 2, ... , - 1 113 ycJIOBHH rrepno,z::i:11qHOCTI1 '+' YHKUI1I1 Xs , .. . , Xs . oc-

TOJIHHLie M:'j1, ... , 111S/:) TaKIBe 6Lmn orrpe,n:eJieHLI H3 ycJIOBHH rrep110,n:11qnocT11 

m u (k-1) B ~1, (k) ~ ,1Ck+1) ({} - 1 2 . - 1 ) -'+' YHKU:HI1 X 8 • eJIH'lIHHLI 1Vi e H i1 q c. - , , .•. , r, q - r + , ... , m eIIIe 

rro,n:JieIBa T orrpe,n:eJieHHIO. 

l-IT06LI HaHTI1 8TI1 IIOCTOJIHHLie, COCTaBI1M yCJIOBHJI rrepMOJJ:H'lIHOCTM ¢ynKU:I1H 

xik+
2
)' H8KOTOpLre IIOCJIC HeCJIOIBHLIX rrpOMCIByToqnbIX rrpeo6pa3onanni1: rrpMMYT 
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O· = ~ [Jw ~ { ~ 8
2
Xs (1) +~a JP)} ··'· ·dt] M(k+1) 

i L L L 8 8 xf3 L 8 'Pa1'f'si J 
j=l 0 s=l a,(3=1 'Pa 'Pf3 a=l 'Pa 

m [fw n { n 82Xs (2)* 1 n 83Xs (1) (1) 

+ ~ 0 s~l ;; O'f'a0'Pf3 X(3 'Pci(3 + 2 (3~1 O'f'aO'f'fJO'P-y X(3 X'Y 'Pap 

n £::12!(1) !'.lf(2) n !'.l2x £) (1) 
""""' u s (1) u s """"' u s (1) uXa + L 8 8 xf3 'Pap+ -8-'Pap + L 8 8 xf3 oh* 
(3=l 'Pa 'Pf3 'Pa f3=l 'Pa 'Pf3 p 

a JP) ax~1 ) . ] (k) . _ + ocpa ah; }VJsidt MP + Ri - O (i = 1, 2, ... , m), (2.6) 

r,n:e Ri - BIIOJIHe orrpe,n:eJieHHbie rrocTO.HHHbie, He co,n:epmaIIJ;11e M?), My+l). 

HeTpy,n:Ho rroKa3aTh, "Y:TO ypaBHemrn (2.6) MoryT 6bITb rrpe,n:cTaBJieHbI B 

O· = ~ fJQi M(k+l) + ~ fJQi M(k) + R* = 0 ( ) 
i L !'.lM(1) q Loh* e i i = 1, 2, ... ' m . 

q=r+l u q e=l e 

m fJQ· (k) 
3,n:ecb R: = Ri + I:: oh: Mq - l13BeCTHbie IIOCTO.HHHbie. 

q=r+l q 

Mbr rroJiy"Y:ttJitt, TaKttM o6pa30M, cncTeMy m JittHettHbIX aJire6panqecKnx 
u (k) (k) (k+l) (k+l) 

ypaBHeHttll ,ll;JI.H orrpe,n:eJieHtt.H m IIOCTO.HHHbIX M 1 , ... , Mr , Mr+ I , ... , Mm , 

orrpe,n:eJittTeJib KOTopoi1: 8(Q1, Q2, ... , Qm)/fJ(hj, ... , h;, M;~1 , ... , Ms;)) OTJitt"Y:eH OT 

HYJI.H no rrpe,n:rroJiomeHttIO. IIoaTOMY rrocTO.HHHbie M?), MJk+l) n, cJie,n:ona

TeJihHO, cpyHKI(llll x~p) B cpopMyJiax (1.5) orrpe,n:eJI.HIOTC.H e,n:ttHCTBeHHO, "Y:TO l1 
Tpe6yeTC.H ,ll;OKa3aTb. 
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VE DAO DQNG CUA cAc HJP GAN va1 HJP PHI TUYEN M~NH 

Trong bai bao xet dao d(mg cua cac h~ gan v&i h~ phi tuyen m0nh, trong trm'mg hqp 
d~c bi~t, khi cac phmmg trlnh xac ~nh cac bien d(> CCY bAn thOa man dong nhat v&i S\f 

Iva ch9n tuy y cua phan hang so. Dii chi ra rang m(>t phan hang so tuy y trong moi xap 
xi dm;rc xac ~nh tir cac xap xi tiep theo, con m<;>t phan khac - tir nhung xap xi m(>t b~c 
nua cao hcrn. 


