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Abstract. We present a homogenization method to treat the problem of the reflection of
waves at the free boundary of an elastic body, the edge being structured periodically at the
subwavelength scale. The problem is considered for shear waves and the wave equation in
the time domain is considered. In the homogenized problem, a boundary condition at an
equivalent flat edge is obtained, which links the normal stress to its derivatives, instead
of the usual traction free condition. The problem of the position of the equivalent flat
boundary with respect to the real roughnesses is addressed and this is done considering
the equation of energy conservation in the homogenized problem and considering the
accuracy of the homogenized solution when compared to the real one.

Keywords: homogenization method, reflection of waves, rough free boundary, subwave-
length scale, shear waves, energy conservation.

1. INTRODUCTION

The problem of the propagation of waves in complex geometries most often cannot
be solved analytically and it requires a numerical resolution. Among the different source
of complexity, the existence of very different length scales is the worth in terms of numer-
ical computations, at least when one expects that both the smallest and the largest scales
have an impact on the wave behavior; this is because the mesh has to resolve the rapid
variations associated to the small scale while the computational domain has be sized with
the largest scale. If the smallest scale is the scale of the typical wavelength, which means
the high frequency regime, there is no miracle and the numerics will be demanding. In
the opposite case, typically for subwavelength heterogeneities of the medium, homog-
enization approaches are well adapted to simplify considerably the problem; owing to
the definition of a small parameter being the ratio of the small scale to the large scale,
it is possible to derive of an equivalent homogenized problem, in which the small scale
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has disappeared. This can happen when the whole propagation medium (or a large part)
is microstructured in which case classical homogenization offers an equivalent homo-
geneous (and possibly anisotropic) medium, see e.g. [1]. In other configurations, only
a small, or say a thin, region contains a microstructuration; originally developed in the
context of solid mechanics [2, 3], interface homogenizations have been applied to such
configurations mainly in acoustics [4,5] and in electromagnetism [6-9].

We consider such configuration, namely the reflection of shear waves by the rough
free boundary of an elastic body. The roughnesses are periodic and satisfy ¢ = kh, ke < 1
with k the typical wavenumber and (%, e) the size of the roughness (Fig. 1), which cor-
responds typically to the Rayleigh criterion for rough surfaces [10]. We show that this
problem can be replaced by an equivalent one in which an effective boundary condition
on a flat boundary replaces the usual condition of vanishing normal stress, see (23); this
is done in Section 2. In fact, the homogenized problem is not unique since the equiv-
alent boundary can be placed at different positions in the elastic body. Although these
homogenized problems are equivalent up to the O(e®), all are not acceptable when the
equation of energy conservation is considered; besides, they do not yield the same accu-
racy when a particular scattering problem is considered. We address these two aspects
in Section 3. We collect in the appendices the technical calculations used to solve (i) the
elementary problem yielding the parameter entering in the effective boundary condition
and (ii) the simple scattering problem considered in Section 3.1; the corresponding scripts
are provided.

X5 Xo
Y.njpp =0 (0, X2) #0

X 1 X 1
. _
,,,,, homogenization

Fig. 1. On the left, the actual configuration of an elastic body (in grey) with a free rough boundary.
On the right, the homogenized configuration where the rough boundary is replaced by a flat one
where the boundary condition is non classical

2. HOMOGENIZATION OF THE ROUGH BOUNDARY

2.1. Position of the problem and notations

We start with the Navier equations written in terms of V(X, t) = 9;U(X, t) being the
time derivative of the scalar displacement U(X, ) (and U is anti-plane) and of the stress
vector L(X, t), written in the time domain, with ¢ the time and X = (X3, X») the spatial
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coordinates ox
—=uVYV,
ot (1)
vV divy
pg = d1v 4,

with p and p being the mass density and the shear modulus respectively. From (1), we
can deduce the equation of energy conservation in a bounded domain D

d
SE+ /BDdSH.n —0,

with e the usual elastic energy and IT the Poynting vector
1
5:/ av |Bv2y 2z, m=vz
D 2 2u

In the time domain, we consider elastic waves with a minimum wavelength 27t /k
larger than the typical periodicity of the roughnesses h, such that

e=kh < 1.
To be consistent, we shall work in dimensionless coordinate, and to do that, we de-
fine
x=kX, T=kct, (2)
and
cf(x,7) = ;Z(X,t), v (x,T) = V(X 1),

where c = \//p is the celerity of the shear waves in the elastic body. Also, we indicated
explicitly the dependence of (¢, v°) on ¢ being the periodicity of the roughnesses in non
dimensional form. Now, (1) read

)
- = 1 €
e divy ot.

2.2. The matched asymptotic expansion
2.2.1. Inner and outer expansions

The idea is to expand the solutions of (3) with respect to the small parameter ¢,
namely

vt =0(x,7) + vl (x,T) + 20X (x, T) + ..., 5

{ of =%(x,7) + 0t (x,T) + 202 (x, T) + . .. (

In principle, this expansion can be used in the whole space (see e.g. [11]). Never-

theless, if the spatial derivatives in Eq. (3) make ¢ to appear, the resolution may become

tricky. Such complications are avoided if a displacement in x of order unity produces

a variation in v® and ¢ of order unity, namely d,,0° ~ v°. This is ensured in the far

field, that is far enough from the rough boudary, where dx,V ~ kV — 0,0° ~ o

The story is different in near field: there, the roughnesses generate evanescent waves
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whose strongest variations are associated to the smallest scales of the roughnesses, say
ox,V ~ V/h — 0,,v° ~ v°/e. Also, the wavefield has in general variations when moving
along the free boundary which are associated to the typical central wavelength. This be-
havior is associated to slow variations of v* (for which d,,v° ~ v°). Thus, we have to deal
with different scales in the far and near fields, and with two scales in the near field.

The presented approach solves these problems with two ingredients: first, a separa-
tion of the space into an inner and an outer regions, which correspond to the near and far
fields, respectively. In the outer region, the natural coordinates x = (x1, x») are adapted
and the expansion in (4) applies. In the inner region, the rapid variations of v* and ¢* are
accounted introducing a new system of coordinates y = x/& such that d,,v° ~ v* accounts
for the rapid variations of the evanescent field of v°; next, the slow variations along x, are
accounted for by keeping x, as additional coordinate. Note that in the y coordinates, the
cell has a periodicity equal to unity (Fig. 2). Owing to this modification, the expansions
read

v* =0(x, 1) +eol (%, 1)+ ...,
Outer exp. 0 .
=0 (x,1)+er (x,T)+... )
:wo(y x2,T) 4 ew! (y,x2,7T) + ...
Inner exp. 1
¢ =10 (y,x0,7) +et! (y, 20, 7) + ...
L2 Y2
£ f
0 Ty 1 a/h gl,/{" Y1

;e/h

ke

Fig. 2. The elastic body with rough free boundary in the two systems of coordinates x and y.
In y-coordinates, S = e¢/h denotes the surface of air in the roughnesses in dimensionless form
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Now, (3) can be written in the inner and in the outer regions, owing to the expressions
of the differential operator

V =+ V,, in the outer problem, (6a)

1
V — EVy + aiez, in the inner problem. (6b)
2

2.2.2. Equations at orders 0 and 1

We start by reporting the equations that will be needed in the following. For the
outer solution, using (6a), Egs. (3) become for n = 0 and 1

dor" "

5r = VXU (7a)

av" .

5 = divy o, (7b)

and for the inner solution, using (6b), we get

Vyuw’ =0, (8a)
divy 7% =0, (8b)
ot 9w’ 1
? = TxZGZ + Vyw ’ (8C)
ow® 9w ..

Next, (7)—(8) together with the boundary conditions and the matching conditions
will be used to find the conditions to be applied on an equivalent surface.

2.2.3. Boundary conditions and matching conditions

Because of the separation of the space into two regions, something has to be said on
the boundary conditions. By construction, the stress- free boundary I' is seen by the inner
solution only, whence

r”.n|r =0,n=0,1,... )

However, the condition to be applied for y; — +oc is unknown a priori. Reversely,
the condition to be applied to the outer solution for x; — +oo is known as soon as
the source has been defined (this condition is in general a condition of the Sommer-
field type, also called radiation condition). However, the outer solution does not see
the boundary and thus, the condition for x; — 0 is unknown; it is in fact the condi-
tion we are looking for. These missing conditions for the inner and outer solutions are
provided by so-called matching conditions. Basically, the idea is that the two solutions
have to match in some intermediate region. They are written following [2] for x; — 0"
corresponding to y; — +oo. To do so, we use Taylor expansions of v° (x1,x2,7) =
0 (07, %2, T) + x10,0° (07, x2,7) + -+ = 0 (0T, x2,T) + ey195,0° (07, x2,T) + ..., same
for ¢¥. Identifying the terms in €”,n = 0,1 in the inner and outer expansions, Eqs. (5),
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we get, forn = 0

0 1 0
o° (07, x2, 7) _ylhjﬂmw (y,x2,7T), (10a)
0 (n+ o 0
o’ (0%, x2,7T) —ylh_g:mr (y,x2,7), (10b)

and for n = 1, we shall need only the matching condition for ¢!

a0
1 (n+ s 1 +
0 7 7 — ]- 7 7 - N. O 7 s . 11
0! (0%,x,7) = lim |7 (y,%2,7) =15 (07, 22,7) (11)
In the following, we use ¢ (0, x2, T), identifying the value of the function at x; = 0
to its limiting value. Also, when not needed, the dependancies of the functions on the
spatial variables and on the time are omitted for readability.

2.3. Determination of the equivalent boundary condition
2.3.1. Solutions at order 0

First, (8a) tells us that wy does not depend on y, and from the matching condition
(10a), we get

w? (x2,7) = o° (0,x2, 7). (12)
Next, integrating (8b) over (), gives
0= dy divy 0 = /dyﬂf (W1, y2,x2,7),
in

where we have used the boundary condition (9) for n = 0 on I' and the periodicity of

™ w.r.t. y,. Taking the limit y}' — oo along with the matching condition (10a), we get

o (0,x2,T) = 0. (13)
At leading order, the rough boundary of the body behaves as a flat free boundary and we
have to go to order 1 to capture the effect of the roughnesses.

2.3.2. Solutions at order 1 and elementary problems

Before going further, we need to define an elementary problem, which will make a
surface parameter to appear. To that aim, we inspect (8b)—(8c), (9) and (10b) owing to
(12); we get

Aywl =0,
90
i (0, X2, T) e + Vyw1 N = 0,
0 i (14)
. 1_ 90"
ylllmoo Vyw" = o (0,x2,T) e,
\wl periodic w.r.t. y,.

The first and second equations are simply the time derivative versions of (8b) and of the
boundary condition (9) for n = 0, owing to (8c) in both cases. The third equation is less
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immediate although straightforward; consider the time derivative of (10b), with (8c)

oo’ , 00° 1

a0 (0,x2,T) = yllgﬂoo 9% (0,x2,7)e2+ Vyw
which leads to the desired equation using (7a) for n = 0. Now, because ¢? (0, x2,T) = 0,
its time derivative is zero as well and from (7a), we have

90?0 ov°
a—; (0,x2,7) = o (0,x2,7) =0.
The system (14) reduces to
'Aywol =0,

J
a—zz (0,x2,T) €2 + Vyw1 np =0, 15)
lim Vyw' =0,

Y1 —+00

w! periodic w.r.t. o,

being linear with respect to 9,,7° (0, x2, T). Thus, defining W (y) such as

0

dJv -
w? (y,%2,T) = Fr (0,x2, T) W(y) + @ (x2,T), (16)

it is sufficient that W (y) satisfies

AW =0, in(Q),
[e2 + VW] =0,
Iim VW =0,

Y1—>+0o0

W periodic w.r.t. y,

(17)

to ensure that w' (y, x2, T) satisfies (15). The field W is an evanescent field being excited
on I' (and because W is defined up to a constant, we can set this constant to 0 without
loss of generality). Finally, note that @ (x, T) is introduced since (15) define w; up to a
function independent of y; we shall see that the determination of @ (x, T) is not needed.

2.3.3. Boundary condition at the equivalent surface and determination of the surface parameters

To define the boundary condition, we want 011 (0,x2,7) (we already know that
0? (0,x2,7) = 0, and 011 (0,x2,7) is given by Tll (400,12, x2,T) in the matching condi-
tion (11). The limit of 7 will be obtained by integrating (8d) over Q,,. But before, we
inspect 7% in (8¢) (because TS is also needed in (8d)). Using (16) in (8c), we have

ot 90 @

=5 0n) 2+ VyW] = =2 (0,x2,7) [e2+ Vy W], (18)

and the latter equality is obtained using (7a). Assuming ¢ = 0and ¥ = 0 at T = —oo
(the acoustic source has been switched on at some initial time), the above identity is valid
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omitting the time average, specifically
™ =09 (0,0, 7) [e2+ VW]

We can come back to (8d), which is written

_dyg 90y oW o
O_aiT(lez,T)_aixZ(O’xz’T) |:1+ay2 —dIVyT
90y oW | oo} _
=5, (0,x2,T) =— S + o (0,x2,T) —divy T

and the latter equality has been obtained using (7b). It is now sufficient to integrate the
above equation over (), to find

a0y m a Rl _
91y (0,x2, T /m dy8y2 +/dy2 [Tl (1) — (yl - E+8) Fr L(0,x,, )] =0, (19

with § = ¢e/h is the surface of the roughnesses in y-coordinate (Fig. 3). Here, it is
important to stress that (y;' —a/h+ S) is the surface of the integration domain . It
is independent on the choice of the origine y; = 0, but each term y{" and (S — a/h) does
depend on the origine y; = 0.

R .
5
i

S e

=3

I

S| ®
<

—_
R
» o
[V,
.
ra “
[

%
k)
k]
[
'

e/h

Fig. 3. Domain of integration ), of surface y|' —a/h + S; while this surface is independent of
the choice of the origine in Fig. 2, both y{" and (S — a/h) do depend on this choice

Taking the limit yi* — +o0 in the above equation, and using the matching condition
(11), we finally get

| _(s_ 1)o7 903
oy (0,x2,T) = (S h) ox (0,x2,7) +Cax2 (0,x2,7T), (20)

where we have defined (with O = lim Q)
ym_>+

/ ayW S 1)
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2.4. The final homogenized problem

The equations in the bulk (7) and the associated boundary conditions (13) and (20)
could be used to solve the homogenized problem iteratively: first compute (v°, ¢°) for a
flat stress-free boundary (compute also C in (21)) and use the results to get the right hand-

side term in (20); then, compute (Ul, (rl>; finally, recompose ©° + ev! which approximate
v up to O (82). As discussed in [3], it is preferable to handle a unique problem and this

is done by defining the fields (vh, O'h) satisfying the following homogenized problem

doh oot

= =V, —— =div,e", for x1 >0,
ir o ay oot ook (22)
07 (0,x2,T) = ¢ (S — ﬁ) Fre (0,x2,7) + SCE (0, x2, T).

A quick analysis of (7), (13) and (20) shows that o™ has the same expansion as ¥ + 0!, and
thus as v, up to O (82) (the same for o). Finally, coming back to the real space (through
(2)), we get

oxh ovh

_ h _ Jivyh i ph
5 =uVV p 5 a—ZSwZ , inD E)Zh
h — (o 1 2 (23)
2 (O,Xz, t) = (e(p Ll)axl (O,Xz, t) —l—hCaXZ (O,Xz, t),

the appropriate radiation condition at X; — +oo.

The above homogenized problem depends on the choice of a because of the boundary
condition (in an obvious manner; note that C does not depend on a) but also because of

the domain D" (Fig. 1). In the following section, we address the problem of the choice
of a.

3. DEPENDANCE OF THE HOMOGENIZED PROBLEM ON THE «-VALUE

3.1. Energy conservation in the homogenized problem
3.1.1. The boundary energy in the equation of energy conservation

The choice of the origine y; = 0 affects the boundary condition in (23) and the posi-
tion of the equivalent boundary (notably it is within the actual roughnesses for —e < a <
e). In the original problem, the elastic energy is

_ P2, 1 sp
5_/de[2v +2y\z\},

and in the homogenized problem, it has to be of form

2

where &, is the energy of the equivalent boundary. In the absence of losses, the equations
of energy conservation read d€/dt = 0 = d&;,/dt in the two problems. From (23), it is

2
5h=/ dv [th2+1‘zh‘ ] + &,
Dy 2y
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easy to see that the energy conservation in the homogenized problems reads
d

2 "
dv [pvhz L ’zh‘ ] +/ dX,VhEh + [ dsmin =0,
dt Jp, 2u X;=0

2 [*h
where £, = 0D\ (X; = 0) is the boundary of Dj, except the segment at X; = 0. In view

of the stability of numerical scheme, we want [ = / dX,Vhshr = / dx,vhzh
X;=0 X;=0

to be the time derivative of a positive energy &y,. Appllying the boundary conditions of

Egs. (23), we get

Zh h
(ep — a)a—th + hCaéVh

I= / dx
X=0 2 0X1 0X>

leading to I = d&;,/dt (with (23) again), with

1 2

g — 7/ dx —a)Vh2 hcaz],

b 2 Jx,—0 2 [p(EQO a) + u (24)
hC, =ep —a—hC.

7

Note that the integration by part of V"9x,Z5 makes a boundary term to appear, [ZE‘ Vh} «
2
and something should be said at both extremities of the equivalent surface; this is disre-

garded in the present paper. To ensure &£, > 0, one has to choose a < e and to ensure
C, > 0. In fact, this latter constraint is more restrictive since C > 0. Indeed, coming back
to the problem (17) satisfied by W, we have

0:/ dyWAW:/ dyW div (VW + e3)
0 0 (25)

:—/ dy(VW+ez)VW—|—/a dIV (W + y2) nW,
0O [@)

and the integral on d() vanishes because of the boundary conditions in (17). It results that
c :/ dy| VW2 > 0. 26)
o)
In the following, we inspect the bound on a to ensure that 1C < ep — a which guaranties
& > 01in (24).

3.1.2. Bounds for the a value ensuring a positive boundary energy &,

To find a bound for C (and thus on a), it is sufficient to remark that the homoge-
nized problem (17) admits a variational formulation from which a principle of energy
minimization can be associated, specifically

2 27)

E(S) < E(5), with E(§) = / [
Q
for any S admissible field satisfying S.n‘r =0and S — e, when y; — +00, and

E(S):/Q\VW\Z, with S = V (W +12) . (28)
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Using (26), we must have
C =E(S) <E(S). (29)

S

Y1

Fig. 4. The chosen admissible field S; S = 0 in the roughness and S = e, outside

We choose S piecewise constant along y;: for the y; values inside the roughness,
S = 0 and outside S = e, (Fig. 4). For this field, we have

S = €, (30)
from which C < S imposes the final (sufficient but not necessary) condition
& >0, ifa<o, (31)

and this holds for any shape of the roughnesses. Obviously, a less strict criterion can
be found for particular a shape. Fig. 5 reports the variation of C, varying a and ¢ for
rectangular roughness shape as we shall consider in the forthcoming section. It is visible
that increasing ¢ produce larger values of a allowing for C;, > 0; from the estimate C ~
pe/h — mt9*/16 given in [5], we get C; ~ —a/h + m9*/16, and the line a/h = m¢*/16
reasonably corresponds to C, = 0 (dotted black line in Fig. 5).

3.2. Accuracy of the homogenized solution with respect to the actual solution

In this section, we inspect the accuracy of the homogenization and to do so, we shall
consider the particular scattering problem of the reflection of a wave hitting the rough-
nesses at oblique incidence 6. We shall work with complex fields (owing to the physical
tields are the real parts of the computed complex ones); in the harmonic regime, the com-
plex fields (and we shall consider the displacement field U(X)) have a time dependance
in e~ and it will be omitted in the following. For an incident wave of the form

uinc (X) — efik cos 60X, +iksin 6X,
we discriminate the right-going wave, with X; dependence in e* %1 (corresponding
to increasing X; values for increasing time) and left-going waves with X;-dependence in

e keostXi (the incident wave is a left-going wave coming from X; — -+c0). In the actual
problem, this is done in the configuration of Fig. 6(a). The wavefield for X; > 0 reads

U(X) — |:e—ikC059X1 +Reikcos€X1] eiksinGXz + ueV(X). (32)
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Fig. 5. C, in (24) (with (21)) in colorscale as a function of a/h and ¢ for rectangular shape rough-
ness (and e/h = 0.5); the dotted black line shows a/h = 7'(4)2 /16 where C,; ~ 0

The boundary condition on the roughnesses are Neumann boundary condition
VU.n = 0, with n the local normal to the roughnesses. U (X) is an evanescent field ex-
cited in the vicinity of the roughnesses and vanishing at X; — +-oo. Itis worth noting that
U (X) = 0for ¢ = 0and ¢ = 1, since the problem is reduced to a one-dimensional prob-
lem along X;. With n = e; in these cases, the boundary conditions are ox, U (0, X>) = 0
(p = 0) and ox,U (—e, X2) = 0 (¢ = 1); it is easy to see that exact solutions are R = 1
and R = ¢?*¢°s? yegpectively (and U (X) = 0 in both cases).

The reflection coefficient, with —|R| = 1 by conservation of the energy, is character-
ized by its phase. As written in (32), the phase of the reflection is defined by

Ul

inc /
ll|2

R= (33)

with U" = (U — U™) and where we choose the plane £ corresponding to boundary
between the roughnesses and the plain elastic body, Fig. 6.

The homogenized problem (23) can be translated in terms of a complex displacement
field UM, With VP — —iwU", we get = — pox. U, where the arrow means going toward
complex fields. (23) can be written in terms of the complex field of displacement U" only,
namely

AUM +KPUM =0, for Xy >0,

ounh o2uh o2UP

— (0,X2) = (e@ — 1) =5 (0, X3) + hC——- (0,X>),

ax; (0X2) = (ep —a) e (0, X2) + Pye (0, X2) (34)
ounr

lim —ikcosOUM — 0|, with u™ = uh — uie,

X1 —+o00 a 1
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Fig. 6. Reflection of a wave U™ at oblique incidence on the rough boundary of the elastic body;

(a) in the real problem with U" the reflected wave and (b) in the homogenized problem with uhr

the reflected wave (the system of coordinate has been shifted of a, here a < 0; light grey region
show the actual roughnesses, but they do not exist in the homogenized problem)

In the above system, the origine of the X;-axis has been shifted of a (Fig. 6); to keep
the same definition of the reflection coefficient, we want

and now X is the plane X; = a. An exact solution of (23) can be found, accounting for
(35), of the form

LIh(X) — |:efikc059(X17a) + Rheikcos()(Xlﬂz)} eiksinBXz’ (36)
and applying the boundary condition of (23) at X; = 0, we have
1+ ikh cos0z,(0) » e a
h _ a 2ika cos 6 — c ¢ 2
k= 1 —ikh cos 92a(9)e r zl0) = <q)h h) +Ctan”é. 37)
To begin with, we report in Fig. 7 an example of the wavefield in the actual problem
together with its homogenized counterparts obtained for a4 = —e and a = 0 (the configu-

ration is described in the figure caption). The agreement ‘LI - Uh’ /|U] (in L, norm) is of

20% for a = —e and of 5% for a = 0, which suggests that small a value is preferable.

In fact, something is not very convenient in the form of (37). We have found that at
leading order, the roughnesses behave as a flat free boundary, and as previously said, this
will be exact in the two limiting cases ¢ = 0 (leading to R = 1) and ¢ = 1 (leading to R =
¢?kec0s9) "In both cases, the elementary problem (17) has a trivial solution, W = constant,
since I'is a boundary y; = constant, whence C = 0. But neither e nor a being zero, R" does
not go to the expected values; strictly, this is possible since the homogenized solution is
an approximation of the real one, but it is annoying to constat that going to higher order
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may degrade the prediction, even if this concerns limiting cases only. To avoid this, it is
possible to renormalized the reflection coefficient (37) identifying (1 + iae) /(1 — iae) to
¢?% which is true up to O (%). We get

R* =¥, 1 =2kcosf (pe+Ctan?0), (38)

and this renormalized version goes to the expected values for ¢ = 0, 1.

>

| J
il

(@) U(X) (b) U"(X),a = —e (© U"(X),a=0

Fig. 7. Reflection of an incident wave on the free edge of an elastic body with step roughnesses
(kh =1,e/h = ¢ = 0.5,0 = 20°). (a) the solution in the actual problem U (X), (b-c) the homoge-
nized solutions U"(X), (36)(37), fora = —eand a = 0

We report in Fig. 8 two series of results. The color scale panels show ‘Rh — R‘ as

a function of ¢ for a varying between —e and e. The error decreases when a increases,
which is a bad news since a has an upper bound (2 < 0) in order to ensure a positive
energy supported by the effective boundary (&, > 0), as discussed in the previous sec-
tion. Next, the error increases when ¢ or 6 increases and in both cases, this is because R
departs from the value R = 1 obtained in the absence of roughnesses, see e.g. (38). Next,
the upper panels reports |[R™" — R| (black lines) as a function of ¢ together with the set of

errors ‘Rh — R‘ corresponding to a < 0. As expected, the error vanishes for ¢ — 0; this

is less true for ¢ = 1 except for 6 which does not question C (when C is concerned, only
the singular value ¢ = 1 would lead to R™" = R for C = 0; but until ¢ = 1, C increases).
From (a) and (b) , we observe that Rren is a better estimation of R and we built it indeed
to do a better job; unexpectedly, it happens that this is not the case for high ¢ values
near the grazing angles and we do not have explanation for that. All the observations
reported in Fig. 8 are recovered for all k and e values; increasing k or e only produce a
global increase of the errors.
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‘R _ Rren

@ 0=0 (b) 6 = 40° () 6 = 80°

Fig. 8. Top panels report the error |[R — R™"| as a function of ¢ (black lines) and the set of the
errors 'R —RMfor0<a<e (grey zones). Bottom panels report the error |R — |RY| (in colorscale)
in the plane (¢,a/h); the dotted black line indicates the limit value of a/h below which &, > 0

4. CONCLUDING REMARKS

We have studied a homogenized problem which can replace the actual problem of
the reflection of shear waves at the rough free boundary of an elastic body. Parameters
characteristic of an equivalent flat boundary enter in a boundary condition which differs
from the usual stress free condition. We have inspected different forms of the boundary
conditions, being all equivalent up to the order of validity of the model. This has been
done addressing two aspects, (i) wether or not the homogenized problem is well suited
for a numerical resolution in the time domain (which means free of numerical instabil-
ities in the time computation) and (ii) which formulation gives the smallest error in the
model when compared to the solution of the actual problem. The first aspect questions
the equation of energy conservation; the homogenized boundary condition makes an
additional term of energy to appear and this energy must be positive in order ensure a
consistent computational method in the time domain (and as so, it is not optional). The
second aspect is of less importance; firstly because no definitive answer can be given,
the error being measured in a particular scattering problem with no guaranty that the
optimal homogenized problem will be the same in another scattering problem.
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APPENDIX 1. SIMPLE PROCEDURE TO GET C FOR RECTANGULAR
INCLUSIONS

Mode matching is a simple way to get C. We consider the solution W = W + 1,
satisfying AW = 0, VI/NV.n‘aV = 0and W — y; for y; — oo. The field W can be written

_ N _coshay, (y1 +e)
Woy) = Z @n co:hane

W, (y2), 0>y >—e

W(y) = = (39)
WHy)=w+ Y wie "MW (), 1y >0
n=—Ntn#0

with a, = nm/¢@,b, = 2nm, and

2 .
W, (yz) = \/;COS (anyz + %) , W;L (yz) — elb”yz, (40)

the transverse functions (forming a basis) adapted for solutions being respectively peri-
odic and with zero derivatives at y» = £¢/2 (Fig. 9).
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1/2

©/2

—p/2
—1/2

Fig. 9. Mode matching configuration. The solution W™ is written for y; > —e/h, (39), and the
resolution involves only matching conditions at y; = 0

Now, we will ask to W™ to match (on average) their value and their first derivative
at y; = 0, and this latter matching on the derivative will be done accounting for the
boundary conditions at y; = 0 and |y2| > ¢/2 (note that W™ satisfies by construction
the right boundary condition on I', both at the wall y; = 0 and on the boundary of the
roughness at y, = £¢/2). To that aim, we use the following relations

@/2 ¢/2
[ AW Q) Wy () = [ dpa W (0,2) Wy (v2),
-9

@/2 oW~ 1/2 IW+
d 0,y) Wy (1) = [ d 0,2) Wit™ (1),
[y O Wi ) = [ o (0,5 Wi ()

(41)

with W,;* the conjugate of W, (W,, is real). The first relation is the matching of the values
in the region where W, is defined. The second relation has more information: we have
used that the d,, W = 0 for |y2| > ¢/2, from which

1/2 OW+ /2 oW+
d 0,y2) W™ () = / d
/1/2 i (0,12) (y2) o 2,

3 (0,y2) Wy (12), (42)
afterwards we ask, on average, d,, W" = 9,,W™ for |y2| < ¢/2. We get for a matrix

= — (w0~ + (gt
system for the two vectors w™ = (w,),_, _andw"’ = (w,), o .

< FAtanIh(Ae) _tBF* ) ( XZl ) = < 3 ) (43)

with | the N~ x N~ identity matrix, A = diag(a,),B = diag(|bs|), and F., =
2

¢/2 ¢/
/ , dyaW,i* (y2) Wy, (y2) and S, = / , dyoy2W, (y2). The expressions of Fy, and
—@/2 2

S, are given below

Fnn = g [sinc ((an — bw) @/2) "% +sinc ((an + bw) ¢/2) e’i””/z} ,

(44)
21
=



320 Agnes Maurel, Jean-Jacques Marigo, Kim Pham

The system of the form Mw = s with the matrix M being square (this is not always the
case in systems written using mode matching). Next, M is invertible and the system can
be solved to find w in the least squares sense (as done by the operation M\s in Matlab).
Then, we want to determine

C=— /olya2 Ledy /Z/;P— ayz] (45)

where we have used that W (y; > 0,y2) = W' (y) — y2 is periodic, thus of vanishing

contribution. It is now sufficient to write C = ep — w;, tanhaye/a, [W, | (sz/z

C=ep+2 gztanhanew;‘ (46)
(r an

The procedure of mode matching is longer to explain than to encode; below is a script
working with Matlab.

function C=CoefC(phi,e,Nd,Np)

to get

nd=1:2:Nd; np=[-Np: —1,1:Np];
Nd=length(nd); Np=length(np);
an=ndx*pi/phi; bn=2xnp*pi;

for mm=1:Np,
for nn=1:Nd,
a=an(nn);b=bn(mm); n=nd(nn); EX=exp (lisnxpi/2);
temp=sinc ((a—b)*phi/(2xpi))*EX+sinc ((a+b)*phi/(2xpi))/EX;
F(mm,nn)=sqrt (phi/2)*temp;
end
end

M=[eye(Nd),—F’;
Fxdiag(an.*tanh (anxe)) ,diag(abs(bn))];

s=sqrt(2/phi)«(((—1)."nd—1)./an."2).’";S=[s; zeros (Np,1)];
w=M\S ;wm=q (1:Nd);

C=phixe+2xsqrt(2/phi)*sum(wm. ".* tanh (anxe)./an);
end
APPENDIX 2. THE SAME PROCEDURE TO SOLVE THE SCATTERING PROBLEM

The procedure to solve the scattering problem for an incident plane wave is quasi
the same than to solve the static elementary problem. Now, we look for U(X) being the
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solution of (32) (and the whole story is to compute U®"(X) in X; > 0, which requires to
compute U (X; < 0, X») in the roughnesses).

N cosa, (X1 +e)

—(X) = - > > —
U0 =Y U (), 0> X > —e
u(x) = | N+ | (47)
UT(X) = e ™ XU (Xo)+ Y Rue™ XU (y2), X120
n=—N+

and with o, = n7t/ ¢ as previously, the bases are defined as

2—6
u, (Xz) = ; n0 CcoS <0‘nX2 + %) , g% — 2 — “%’

which ensures that U~ satisfies the right Neumann boundary conditions for X; < 0, |X;| =
¢/2 and satisfies the Helmholtz equation AU~ + k*U~ = 0, and

2
U (Xo) =ePr¥e, B2 =}2 - (ksine + 22”) .
Again, U, is chosen in order to ensure (i) that U™ satisfies the Helmholtz equation
AU +k*U" = 0 and (ii) that U™ satisfies the so-called condition of pseudo-periodicity
U™ (Xq,h) = U" (X4,0) e (this condition is imposed by the form of the incident wave).
Now the same matching as (41) are used, leading to a matrix condition involving

¢/2
Gy = / /zdxzu,g* (X)) U (X2),
-9

Vosine (Bne/2), "
" { & [sine ((an — Bu) 9/2) 772 4 sine (@ + ) 9/2) 2], n£0
(48)

We get a system of the form

—tG* I R S1
< iK  GAtan(Ae) ) ( u > - ( sy )’ (49)
The source terms are now due to the incident wave and we get
Sin = Gon,  San = ikodno. (50)

The scripts below allow to compute the reflection coefficients R, (and R = Rp). For a
graphical representation of the solution, see below.

function [R,Rn,un]=ScatteringPb (k, theta ,be,phi,Np,Nn)

np=—Np:Np; no=Np+1; nd=0:Nn;
Np=length (np); Nd=length(nd);

betaO=kxsin (theta); betan=beta0+2snpxpi;
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kO=sqrt (k2—beta0"2); kn=sqrt(k2—betan."2);
alphan=ndx*pi/phi; an=sqrt(k™2—alphan."2);

for mm=1:Np,b=betan (mm);
G(mm,1)=sqrt (phi)*sinc(bxphi/(2xpi));
for nn=2:Nd, a=alphan(nn); Ex=exp(lisnd(nn)xpi/2);
temp=sinc ((a—b)*xphi/ (2% pi))*Ex+sinc ((a+b)*phi/(2xpi))/Ex;
G(mm,nn)=sqrt (phi/2)*temp;

end
end
M=[-G”  eye(Nd);
diag (1ixkn) Gxdiag(an.xtan(anxe))];

S1=G(no,:) ’; S2=0xkn;S2 (no)=11ixk0;
S=[S1;S2."];

Va\S;

Rn=V(1:Np);un=V(Np+1l:end); R=Rn(no);

The graphical representation of the solution is done simply following (47). However,
is N~ is too large, this may conduce to numerical divergences, because a, become com-
plex, thus cosa, (X1 +e) / cosa,e diverge for X; < 0. Obviously this limitation does not
concerns the resolution of the system as presented above (since the mode matching is
performed at X; = 0 and does not question X1 ; 0). As given below, we simply use a trick
to avoid divergence of the solution for X; < 0) (truncating the solution for diverging cos
ane. Alternatively, one has to consider the solution written as

N

U= (X) = Z [Anelﬂn(X1+€) + Bne—lﬂnX1i| U, (X2), 0>X;>—e, (51)

n=1

and to apply matching conditions at X; = —e and X; = 0, and at X; = 0, itis
he/2 ou-
dXo——(—¢, X)) U, (X2) =0,
[ 28X (%) Uy ()

to get a final system on (A, By, Ry).
function Graphic(k,theta,be,phi,Rn,un,L, Nrough, dx)

%truncationifneeded,
alphan=(0:1length (un))* pi/phi; an=sqrt (k2—alphan.”2);
[max,Nd]=min(abs(cos (anxe)—1el10));

0/000

Np=(length (Rn) —1)/2;
np=—Np:Np; nd=0:Nd—-1;
Np=length (np); Nd=length(nd);
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betaO=kx*sin (theta); betan=beta0+2*xnpxpi;
kO=sqrt (k2—beta0"2); kn=sqrt (k"2—betan.”2);

Nl=floor (e/dx)+10;N2=floor (phi/dx)+10;
xIlm=linspace(—e,0 ,N1) "xones(1,N2);
y2m=ones (N1,1)* linspace(—phi/2,phi/2,N2);

323

Unn=1/sqrt (phi);Ur=un(1)/cos(an(1l)*e)*cos(an(1l)*(xIlm+e)).*Unn;

for ii=2:length(nd),
Unn=1/sqrt (phi/2)*cos(alphan(ii)*y2m+nd(ii)*pi/2);

Um=Um+ un(ii)/cos(an(ii)*e)xcos(an(ii)*(xIlm+e)).*Unn;

end

Nl=floor (L/dx)+10;N2=floor (.5/dx)+10;
xlp=linspace (0,L,N1) +xones(1,N2);
x2p=ones(N1,1)«linspace(—-1/2,1/2,N2);

Upn=exp (1lixbetaOxx2p);Up=exp(—1i*k0*x1p).*Upn;
for ii=1:length(np),
Upn=exp (lixbetan (ii)*x2p);
Up=Up+Rn(ii)*exp(li*xkn(ii)*x1p).*Upn;
end

figure
for ii=1:Nrough,phase=exp(lix*(ii —1)*betal);
pcolor (xXIm,y2m+(ii —1),real (Um.*xphase)), hold on,
pcolor (x1p,x2p+(ii —1),real (Up.*phase)), shading flat,6 axis
end
axis equal

auto



	1. INTRODUCTION
	2. HOMOGENIZATION OF THE ROUGH BOUNDARY
	2.1. Position of the problem and notations
	2.2. The matched asymptotic expansion
	2.3. Determination of the equivalent boundary condition
	2.4. The final homogenized problem

	3. DEPENDANCE OF THE HOMOGENIZED PROBLEM ON THE -VALUE
	3.1. Energy conservation in the homogenized problem
	3.2. Accuracy of the homogenized solution with respect to the actual solution

	4. CONCLUDING REMARKS
	REFERENCES
	APPENDIX 1. SIMPLE PROCEDURE TO GET   C   FOR RECTANGULAR INCLUSIONS
	APPENDIX 2. THE SAME PROCEDURE TO SOLVE THE SCATTERING PROBLEM

