
DAO DQNG NGAU NHIEN TRONG "' CAP 'lA 
• I~ A -,:c A""' ..C. 

DU'O'I KICH DQNG NGAU NHIEN ON TRANG 

KTEU THE ErtJC, NGUYEN BONG ANll 

TRONG nhfrng nam gan day xuAt hi~n nhieu cong triuh nghien c!Iu dao d¢ng trong cac 
. M clp ba [1, 2] do c6 nhieu b:H toan ccr hQc dua den. Trong Mi bao nay xet imh 

huang cua kich d¢ng ngfiu nhien len cac h~ n6i lrlm. ,, 

§ 1. Ht CAP BA OTONO~{ 

Ta xet phucrng trinh vi phan cap ba [1, 2] 6lon6m chiu kich d¢ng nglu nhi~n 
on tdng 

"x + 'l].X + !:Fx + 'l]Q24 = eF(X, X, X) + Vs6G(X, X. X) ~(t) (1.1) 

v&i 'l]. Q, (1 = const. t\ghi~m cua (1.1) ta tim (y' d!).ng sau 

• ' -- 'l]t X = Ce + Acos1~, 
• -'l]t ' ·x "" - 'T]Ce ~ AQsintp, 1p = Qt + 8 (1.2) 

.. ., -1lt 
X= 'T]"Cc -- AQ2cos'ljl, 

trong d6 C(O, A(t), H(t) Ia cac qua trinh Macop khuyech tan. Tir (1.1), (1.2). si'r d\lng c6ng 
thuc vi pMn Ito [3] ta nh$-n duqc hi: phuang trinh vi pMn Ito sau cho C(t), A(t), 6(t): 

'Tjt -'l]! _,- 'Tjt -'l]t 
dC = ~e et1CCe , A, 'ljl) dt + v ~ e ~~(Ce , A, 'ljl) d~(t) 

dA "" €et~(Ce",;:'lll,. _A, '~Jl) dt + "\;-B P2(Ce --'T]t, A, t!J) di(t) 

-llt ,-~ =·'T]l . 
d9 :;;:_;:: ~t;j-o(C:e , A, ~l) dt ·r v " ~a(Ce , A, '\jJ) d~(t) 

trong d6 · 
--Tit ,~'ql 1 

C!-1 (Ce . ' , A, tp) = Ft (Cr· , A, 'ljl) (~·tJ + TJ2f-
-T1t · ·' · · · (Qcos'ljl + 'Jlsin'\j.l) . , -'T]t . 

et~ (Ce , ,\, ~J) =- ·- Q(Qil + TJ2 J h(Ce , A, 1j)) + 

. 0'2(Qsin1-!J - 'l]cos'ljl)2 2 -'l]t 
+ 2AQ2(Q2 + 7]2)2 Gl (Ce . , A, 'ljl) 

-'l]l Qsin'\jJ - 'T]coscj! --r]t · 
et3 (Ce , A, 'ljl) = AQ(Q2 +'Till) Ft(Ce , A, cjJ) + 

a
2
(Qcos1j> + 'l]sin'lp) (Qsin1IJ ~ 'T]cos.'\j.l) " -'Tlt + -·----·''Q';-(0·-..---~--q----~-·----·-- f,-1 (Ce ' ' A. '·i'l 

)\", ",c"-f-Tj•)' 

(1.3) 



G ;-· ~11! 11'' 
-11[ ) _ rJ t,Ce , A, -y; 

~J(Ce , A, 'Jl - Q2 + 112 

R -1lt ) a'Gt (Ce -
1
lt' A. tp) mcos'Jl + 11sin'\jJ) 

~dCe , A, 1,jJ =. ~ Q(Q2 + 
11

2) 

-11t 
-11t '"·) =- a'Gt (Ce , A, 'I') (Qsin1,jl - 11costp) 

Pa(Ce ·. • A. 't" AQ(Q2 + 
11

2) · 

I 
-'T]t -'T]t -'T]t 

Ft (Ce , A, tp) = F (Ce + Acos'\jl, -11Ce -

- A.Qsin\jl, 'T]2Ce -'T]l - AQ2costjl) (1.4) 

-'T]t -'TJI . -'T]l 
· Gt (Ce , A, ''\jl) = G(Ce + Acos\jl, 'T]Ce 

Q . ;!, 2 -'T]t Q2 
A sm-r. 11 Ce - A cos'I.(J) 

Dung pht'p the D = Ce-'T]t ta dua (1.3) ve d?ng ~hu~n 
dD = -'T]Ddt + Eett(D, A, tp) dt + 118 ~t<D, A, tp) d£(t) 

dA =~ ea2m, A, t!J) dt + 11-----;- ~2m, A. 1!JJd£(t) 

d8 =' • E:X3(~. A, tp) dt + 117 /33(0, A, 1V) d£(1) 

(1.5) 

Xet (1.5) ta th5.y d.ng A, 8 la cac bien ch~m con D la bien nhanh. M~t kh:ic do 
tinh ph!}. th u¢c lien l\JC CUa nghi~lll J?hUO'ng lrinh Vi ph an lt6 thea !ham SO [ 4 J neD y(yj 

t du l&n ta c6 the xap xi D = o. Khi do (1.5) c6 d?ng 

dA = ECt2(0, A, 'ljl)dt + v--;-- /32(0, A, '\f-1)d£(t) 

d.O = E~J(O, A, cp)dt + 11-;- /33(0, A, tjJ )d£(1) (1.6) 

Ap dl}.ng phuang ph:lp trung binh h6a [3] cho (1.6) ta nh?n dugc 

dA = E~(A)dt + 0'22(A)d£t + 0'23(A)d£2 

d9 = E Ct3(A)dt + 0'32(A)d£t + o'33(A)db 
trong d6 . 

T 

·~i (A) = M (C'j,ll) = lim Tl fo:J. (0, l\., ~"lt + 8) dl, i = 2,0. 
. t T~'(l 

() 

96i v&i h¢ (1.7J Ia l~p dm;rc phuong trinh FPK sau 

3\IV a - ll - 1 •3" -- = - E - (et2(A)W)- 5- ( ets(A) W) ·I- -- E -- (K22 (A)vV) + 
?Jl ?JA 1}8 . 2 oA 2 . ··· · 

o't 1 all · 
~>: - 0 - (K2a(A)W) + - ~< ""(Kso tA)W) . ?Juoi\ 2 ou" .. 

v6i cac ki hi~u 

(1.7) 

(1.8) 

0.9} 
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Trong nhUlu tnr(rng hqp phu:ang lrinh FPK (L8) cho nghi~m du·ng 

A 

We! (A) = h exp ~ -2f ct:~.(Al_ dA l 
Kn(A) l K22(A) ~ (1.1(}) 

M~t d¢ dung W ct L<\) (1.10) c6 th~ d:,tt eve trj & t:,ti cac gia tr! bi~n d(l A* xac djnh bbi 
phtrang trinh 

(1.11) 

~ 2. H~ CAP BA KH(}NG OTONOM 

Ta xet phuang trinh vi phan cap ba kh6ng 6t6n6~ [1, 2j chju klch d{>ng ~ (t) 
on trang 

trong d6 F, G la cue hftm tuan hoan theo 't' =It chu ky 2J'C. Xt\t mien c¢ng .hucmg 

(2.2) 

Khi tl6 c6 th·~ viet (2.1) nhu sau 

. ( 2 " ·x + 11·-x + ·.£. 1) x + 11 (£. r)~ x = /'F'at. ·x. X, x) + -v-; O'G <rt. x. X.. x) :; (t) <2.:.1> ..... q q 

vai - . 
F = F -:-- ~X - 'll~X 

Nghi~m cua (2.3) ta tim & d:,tug sau 

X= Ce-'llt + Acos'\j), 

· -'!Jt P 1 r X = - 'l]Ce = - Asin1tl, 
q 

X = '!]2Ce -'l]t - ( ~ IrA cos1!1, 

p 
1p =-It+ e. 

q 

Tuang tv nhu lroug nwc 1 ta c6 h¢ phuung trinh san: 

dC = ec'l]t ct.!(Ce-'llt, A, \j), lt)clt+ 1/f: e'l]! ~!(Ce.,..'llt, A, t/J, It) d~ 

(2.4) 

(2.5) 

dA = Ect2 (Ce -11t, A, 1f', It) dt + l/ 8 ~2 (Ce - 711, A, t!J, It) dG (2.6) 

c!8 = ECX3 (Ce -'l]t, A, 1p, It) dt + l/E'~s (Ce -t'!J, A, 1)l, 'Yt) dG 

trong d6 

cxj = FJ(Ce -'l]t, A, t/l. It) [ ( ~ I r + 113 rl 

( 
p ) --q I cost/J + 'Yisint/l F 1 

p [( p )2 ~] , --r -r +1r 
q lf ! 



(p ) [p ((p. )2 ?']-' ~2 =--a q I cos'ljl + 7]sin'ljl Gt q ly q I + 1r) 

( 
p ) [ p "' (( p )2 2)]-1 ~3 = a q I sin'ljl - 7]cos'ljl Gt A q I 7 I + 7] 

. cac ki hi$~ Ft, Gt dtrQ'C dung tuong tt;r nhu i'J lll\lC 1. 

Gi6ng nhu a ID\lC 1 tt'r h~ (2.6) ta xet h~ con sau 

dA = sa2 <o. A, 'IJl, ro dt + ·{6 P2 <o. A, tp, It) d~ (O 
d8 = sas (0, A, tj:l, It) dt + lfs p3 (0, A, 'ljJ, It) d~ (t) 

Ap dq.ng phuong pMr. trung binh h6a [3] ta c6 

,.trong d6 

dA = sa-; (A, 8) dt + a22 (A, 8) d~t + aa3 (A, 8) d~2 
d6 = Ect3 (A, 8) dt + a32 (A, 6) d~t + aa3 (A, 6) d~2 

[ ( 
p ' = ~1 a3 O, A, q I t + 6, 

[ O'ij] lh can b~c hal cua ma tr~n 

(
Kzz (A, 9) 

8 ' 
K:l2 (A, 6) 

Phuong trl nh .FP K cho h~ (2.8) se Ia 

K23 (A, 6)) 
K33 (A, 8) 

_a_. ( a2 (A, 6) w)- _a_ ( a3 (A, 9) w)· + _!_' c
2

2 
CK22 (A, 9) W) + 

aA 38 2 ilA 

(2.7) 

()2 1 02 
-- (K23 (A, 9) W) + - -ry (K33 (A, 9) W) = 0 (2.9) 
oAaa 2 aa· 

Phuong trinh (2.9) n6i chung viln kh6 giai. D~ khiio sat chung c6 th~ si'r dl)ng m()t vai 
phuong ph:ip de nghj trong [5]. Ta eM y cac h~ so cua phuong trinh (2.9) trong nhi~u 
trubng hgp la cac da thfrc v6i so mfi nguyen cua bien d¢ A do d6 nghi~m co thE' tim 
du6i dfJng 

co 

ln W = !k ln A + 2 <l>i (9) A; 
i=O 

§ 3. vi DV 

Xet dao d¢ng ngfiu nhien cua h¢ Cffp ba Van der Pol v&i anh huang cua ma sU Culon 

(3.1) 

2-TCCH 



Sau khi tinh toan c6 

Thay (3.2) vao (1.10) ta nh~n duqc 

~ 'l]Q2 ( , A 4 
Wd (A) == h A exp -- A2 - -- -

0'2 8 

Ham (3.3) se c1:)_t etrC tr! f:).i gia tri A* 

~ = 'l] [ A *2 ( A *2 - r) + 
4Q2 2 4 

Trong truang hqp khong c6 rna sat Culon 

ho = 0 

thl tu (3.4) ta c6 

2 hoA * ] 
:rcQ 

A* = v 2 + 2 ,/1 + ~' 
0 v 2Q2'l]. 

Trong truang hgp tien dinh 0' :::: 0 ta c6, 

K~t qua nay da nh~n du!!c trong [1, 2]. Neu c6 kich d¢ng ngh nhi~n a =!= 0 thl 

A:> 2 

(3.2) ' 

(3.3) 

(3.5) 

(3.6) 

(3. 7) 

(3.8) 

Xet trucmg hqp c6 rna sat Culon ho =/= 0. GQi nghi~m cua phuang trinh (3.4) khi ho =f= 0 

* la Aha. Khi d6 ta c6 

(3.9) * A 
0 

M:;tt khac tl'r (3.8) suy ra ve ph:ii da (3 9) se duang. Do d6 

$ * 
Ao > Aho 

Nhu v~y rna sat Culon trong tmong hqp ngftu nhi~n cftng lam giam gUt trt cua bit\n d¢ 
dao d¢ng dt'rng. 

Trong bai bao nay dtr tac gi! c1a sir d\tng cac phuang pMp quen' biet cua ly 
thuyet dao d(>ng phi tuyen va plmang trinh vi phan ngl'm nhi~n d~ nghien cfru dao d¢ng . 
ng!lu nhien trong h~ otonom va kh6ng 6t6ni'nn cap ba dtr6i kich d¢ng « ~n tr{ing )). Cac k~t 
qua thu duqc trong truang hqp khOng c6 kich d¢ng ngau nllien deu trung hqp vai ket 
qua trong [1, 2]. 

Dia ch1: 

Truong fh;i !we Glao thOng sal b() 
Vi~n Ca h9c. 
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PE3IOME 

CJ1Y4AHHblE KOJ1E5AHI15l .B CYICTEMAX TPETbErO llOP fl,D,KA llO,ll, 

,D,EHCTBHEM CJ1Y4AHH~IX B03MYW,EHI1H THDA 5EJ10f0 WYMA 

B .!\8HHOfi pa6oTe npH JIOMOUJ,H TeOpHH CTOXRCTHqecKHX AHf!Jf!JepeHL(H8JlhHblX ypaBHeHHll J1TO 

II 8C!fM11TOTHqecKIIX MfTO)l,OB HeJIHHefiHUfi MexaHIIKH IICCJTe.!IYIOTCH CJiyqaifHhle KOJie6aHII51 B CIICTeMaX 

TpeTherP rropll.!\Ka IIO.ll .11eltcTBHeM cnyqaifHhlX BOJMYII\eHHH Tllrra 6enorn rnyMa. DpHBe.lleH npHMep 

ypasueHHSI BaH Aep DoJill TpeTbero nOp51AKa, no.11 AeHCTBHeM CHJihl Ky JIOHa TpeHHSI 11 cnyqaJiHhiX 

B03MyUJ,eHHil. OonyqeHHOe 9HaqeHHe RMllTIHTY.!\hl CT81(lWHapH0f0 C'JiyqaifHOfO KO.~e6RHH51 B )leTep

MIIHIIpOBaHHOM CJlyqae COBJiaAaeTCH C 3HaqeHHeM, llOI!yqeHHhiM B (1, 2]. ilOKa38HO qTO CHIIR 

Kynoua TpeHHll yMeHhrnaeT auaqeHHe aM!IIlliTY.llhl TRK2Ke npn c11yqae AeifcTBI:lll cl!yqaifHh!X B03MY

W:E'11Hlt. B pa6oTe pacCMOTpeiiO TaKlKe CJlyqafiHOe K0,1e6an11e B HeaaTOHOMHblX CIIC'TeMaX. 
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