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-PHAN TICH. BAN TRVC HU'.ONG lU~NG LY TiiUYET 
TU'O'NG IHJ'O'NG 

NGUYEN MANH YEJ\l 

YJI' nghia thay the ket can thvc bi'ing ket diu trrang dnang nh~m don gitm tinh toan, 
- . kh6ng phai lit m&i me, .ma ngay tt'r the ky XVII, Euler L. da de nghi thay the 

nghien ctru mang mong bi'Lng h~ day mem tnrc giao, den na!Jl 1774 Bernoulli A. da, ma 
r.¢rg each ttrang duang nay vao ·nghiea c1ru barr M.rrg ca.ch dung lu&i dam tr\fc giao 
tuong duang. 

Tiep lJ.lC theo chieu, huang d6 c6 Timoshenko. Hrennikoff, PKaHHII,b!H, ... da mo hinh 
rn¢t vQ.t thE\ dan hoi lien tvc bang m¢t h~ thanh v6·i ca.c gia thiet tuong duong kMc nhau. 
Bai toari biin mong dan hOi .d:lng huang cling di'i dugc nhieu tac gia nghieu CITU bang 
cac phuang phap tuang duang nhu: Marcus, Ewell, Okubo va Abzanis, Wieghard, Riedel, 
Spierig, Lighfoot, Yettram va Husairr v .y ... va da du:a .b;li ket qua kha quan. 

; 

Gan bon bet, nam 1970 Elie Ab£i da trinh My m¢t duang l6i t<Jng quat d~ tinh 
toan tLwng duang gifra hai 11¢ dim hoi Cl'mg ch!u ngor.ii lt.rc tac d\lng nhtr nhau, bang 
each xet S\f tuang du:ang ve nang lm~mg bien d~ng dan hoi cua h~ th\fC Vit. h¢ thay I he 
tuang duang [1]. Trong l)r thuyet tuang dU'o:ng ciia rninh, Absi E. da si'r dl}ng cac 
nguyen ly b~en phan nang lu:qng d:uqc trinh bay ducri ngon ngfr rna tr~n va cHin den si'r 
d\ln_g cac phuang phap quen thu¢c ciia Ca hQC ket can nhu phuong ph8p lt!'C ho~e 
phuang phap chuy~n vj dt phan tlch cac ket cau tuong ctu·ang. -

Trong bai nay. chung t6i trinh bay ci'crh v?.n d\mg ly thuye! luung duang- nang 
luqng phan tlch cac ban mong dan hoi trt}'C huang' cac ket qua cl:;tt c1U:Q'C la tong qu~{t 
cho cac lOl).i ban trt.rc huang V$.l li~u bay hinh h9c, cling nlm cac ban clan hoi ding 
htr&ng [2]. 

Xd hai h¢ dim hoi (y;jl the+ tac cl\mg), co 1 h~ ti1:b \'11 chtu lac rhmg gieing i1han. 
The nang ti'lng c¢\ng ci'Ia h$ th(r nhat la :it' va •:L1r1 h~ th(r hai 13. :it'', drrr;.·c gia thi€1 L1 
bao t\Jitn. C;ic ham the nang nay (1H(,7C tinh theo c6ng th{rc: 

:IT +J Uodv + ¢ 1 _( 1.1) 
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v\] u~ B. !lie nang bien d'!mg elu'm m¢l r!un Yj the Hch cua h$ !htr nhtit va h~ 

'r hai, con chrgc g9i la m~t Cl9 lhe nang. til> la the nang cua ngo;_ti l!,re lac d\mg len h~. 

Ngtn'ri ta dinh ngh!!l. ding hai. h<· n6i tren ltwng dLwng nhau, neu thoa man dH~u 
~n bien phan sau : ' 

6:lt = 6:it' = 0 (1.3) 

Tl'r dieu ki~n nay, nguui ta co the· thay the viQc phan tich mt)t h~ thlJ'c b~ng 
hien c\ru m<.)t h~ gia /hrang duang c6 cac 1~~t d:6i xi'r khac nhau, mien l:'i chung ton 

cac lruong bi~n d~ng thoa man (!:ieu ki~n (1.3). 

Nguai ta cling d:a di Mn xet tucmi duvng gii:i·a· hai h$ trong m(lt s6 tru(rng hgp 
the nhu sau : 

1. MQ.t do the nang cua hai h$ bang nhau, tuc la _: 

Uo = U~ 
2. Mat d¢ I he nang cua hai h~ khac nhau m¢l luqng khong d1'li 

Uo' tl'rc lA : Uo = u~ + llo 

3. :rt = etl'C, 

mg d6, ot 1;! mt)t h~ sc'i b:H ky va th~ tich cua hai h¢ ldl.ac nhau. 

Nhu v~y, sg luang thrang c6 lh~ thl}'c hi~n gifra · 
- h~ lien h;te voi mt)t h~ lien hie kh:ic. • 
-:- .M lien h,tc v6i 'm¢1 h~ roi l'l}.C. 

- h~ reri rl!c v&i mt)t M rai rl!c khac. 

§ 2. PHAN TiCH BAN DAN HOI TRVC HUO'NG BANG LTTD 

<!· 

(1.4) 

<L5) 

(1,6) 

Chung t6i da dung m6 hinh thanh tu:ang duang d~ thay thif bim tr1;rc lm&ng. Cong 
~C dtrQ'C tb\fC hi~n gom hai buoc ro r~t : 

- Ngb,i~n cll'u mO hinh tuang duong theo L TTB 

- Thi~t l~p ph uvng tdnh chinh tiic theo phtwng phap chuy~n vi cho cil. hr&i cac 
hinh luang·duong. 

2.1. Nlghiin c:U.u cac mo hinh t~.rcrng cftrcrng. 

Da dugc dung hai lo:,li m6 hinh tuang dtwng: 

- Mo blnh cbii· nh~t c6. hai thanh cheo 

- Mo hinh chfr nh~t kh6ng c6 cac 
thauh cheo 

2. a. m. Me hinh ~~:hiS nh4ilt 1!:© hli:lll 
~kil:ln!l'i dwee (hinh 1) • 

M6 hinh gom 6 thanh duqc noi cung v&i 
nbau & hai dan thanh, hai thanh cheo kh6na n6i 
v&i nhau i! Cli~m gifra cua chung. ,_ 

Mo hinh duqc clH)~ d6i xung, ril~ng hai 
Hinh 1 thanh cheo duqc gia thie~ bo qua d¢ cirng xoan. 

Gi6ng nhtr m<.)t phlin ti'r Mn mong dan hoi, t:;ti 

)i dinh ciw. m6 hinh, duqe xet den ba thimh phan chuy~n vi: chuy~n vj tMng dung w 
hai g6c xoay 6x va 8y. Nhu v~y ca mo hinh c6 vee to chuy~n vi ntit: 

i u IT = [ (tlj (!3 83 (L'4 as eli W7 !h flo W10 ell el~ ] (2. 1) 

t! 
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='lang hrqng bii~n d~.tng 'd:'tn h(\i t:itn m<'l hlnh tuong dncmg, dnqc xie d!nh httiilg 
tong cac nang lLn;rng hien c!~ng dan h(!i do UOI\ va do xoan Uch llty trong h'rng thanh; 

W = (px + Pccos
4
et) ( 

02'~ )

2 

+ (py + Pcsin 4et) ( 
19200

2 ')

2 

+ 
ilx~· - iy 

(4pcsin20tcos2
et + r X + r y) ( 

32w) 2 

+ 2Pcsin2~cos2et (. 
02~ • f»

2

~) (2.2) 
ilxlly . ax lly 

Trong d6; P:z: =·Exh:a; Py = Eylyb; Pc ~·Eclclc r X= P.Jxa; r y=GJyb •. _. (2~3) 

Ix, ly, Ic m6 men qwin tinh tiet Ji¢n ctia cac thanh trong mo hinh Ex, Ey, Ec. dl;ic t
1
rung 

dan hoi v~t li~u theo cac phtrcrng x, y va phtrang cheo. 
a, b, l, la chi~u dai ciaa caq thanh trong mo hinh c:x. la g6c nhQn hqp gifta thanh 

cheo va tr~c x. 
Nang lugng bien d~~g dan hoi cila m¢t pha~ tu Mn co cung kich thu&c' v&i mo 

hinh luang dtrang Va e.6 be day h; dll'Q"C xac dinh tbeo [3): 

U = _-;-·ab 1 Dx ( ::~ r + Dy ( ::~ r +2D~ ::~ :;~ + 4Dxy( ll:~~ r t (2.4) 

Trong do, Dx. Dy, la d¢ cung u6n theo phuang X va y. 
I?~ d¢ cung uon trong m;;lt phKng- ngang cua him 
Dxy d¢ cting x·oan cua ban. 

w =Ill» (x,y) ham chuy"~n vi cua ~an 

' /-

So sanh (2.2) va (2.4) d~n den M plnrang lrinh sau: 

4 1 
Px + PeCOS Ot = - ab Dx 

2 

. 4 1 
Py + Pcstn Ot= 2 ab Dy 

• 2 2 .1 
Pcslll acos 0t = 2 ab Dv 

'Yx + 1' y + 4pcsin2cicos2
a = 2ab Dxy 

. -'} 

(2.5) 

Giai h~ l2.5), chung La xac dinh duqc cac d~c trung u6n va xoi\n ctia lhanh theo 
cac d~l' trung cita ban. 

Px = + ap [ Dx - :: Dv] 

.. 1 [ 
py=Tab Dy 

(2.6) 

1 
Pc = 2 ab Dv 

1x + 1y = 2ab [Dxy- Dv} 

Neu gia thi~t d:¢ cung xoan ti l$ nghich voi chi~u ch\i cua thanh th~ co th~ tinh 
dt.rgc d~c tnmg xoan CUI. tung thanh. 

2ab2 2a2b . 
r X = a+ b [Dxy- Dv]; ry = a+ b [Dxy - Dv) (2.'1) 

Tu (2.6) va (2. 7) suy ra cac d~c trung hinh hQc eli a tiet di~n $,ac thanh ghi trb 
mo hinh (h. 1): 

Ix = ~ [nx - Dv a2 
] · 

2Ex b2 . ' 
(2.8) 



:2.1.2. Mo hinh .;:hY. lfllh~t &ih©~1g th©JI!ilh .:Mo (hinh 2). 

M6 hinh gi:lm 4thauh du9·c n6i ctrng ,r6·i 
nhau a cac cl:i'uh. Mo hinh chiQ'C chQn q6i xu:ng .. 
Cac chuylln v~ mH ciia m6 hinh cfing duQ'c xet 
giong nhu: (2.1). 

Hinh 2 

'rong 0:6 cac ky hi~u da c1uqc gHti thich a ph~l.n tren. . .. 
Nifng lu:qng bii~n d~ng ctan hoJ ciia phan tir biin c6 cung kich thu6·c vM mo hinh 

a c6 be day h. v&i g.iii thiet bo qua cii.c thanh phan n<)i l~rc mahg [3] 1 

1 ~ (
02w)2 (o2

t
0)2 ( 02w )2~ U = - abh Dx --2 + Dy - 2 . + 4 Dx. y . --

2 ox . · oy .. . oxi'ly ,. 
Tr.on!l. 0:6 cac ky hi~u cling da du:qc giai thich. o phan ti·en. 
So sanh (2.9) va (2.10) se dan den h~ phuang trinh : 

1 . 
Px = -ab Dx 

2 

1 
Py=-

2
-abDy 

r X + r y = 2ab Dxy 
Giii thiet d9 cirng xoiiu t1 l~ nghtch v&i chien dai thanh, chling ta c6: 

(2.10) 

(2.14) 

, 2ab2 
,.,. 2a2b 

( x = --.- Dxy; I y = - 1 - Dxy (2.12) 
a+lJ a+b 

Tfr (2.11) va (2.12) c6 the xac c[lnh duqe d~c tnrng tiet di~n cac thanh: 

Dx Dy ( 
1x=·

9
E" b; Iy=

9
E-a; 2.13) 

• X ~ y 

2b2 · 2a 2 

.Jx = Dxy; Jy = ( Dxy· 
G h + b) . G a+ b) 

NMn xet : Cac ket qua (2.11), (2.12) v!J.' (2.13) c6 th~ nh%J,n drrgc tt'r cac ket qna 
2.6), (2.7) va (2.8) bang each thua nh$.n :ding Dv = 0. 

2.1.3. !!lh{!ull H"i11 11m© !]irnlhl !ih@Hllh t!lf©'filg daJJ'©'Ii'll~, 

Sau khi eta xac dinh dtrqc cac c1i).c trung hinh hQC cua cac thanh trong mo hinh, 
la c6 th~ th~ W~n hanh phi'm tich mo hinh bing phuO"ng phap chuy~n vt (ho~c phuang 
pMp lgc) quen thu¢c c1~ xay dgng ma tr~n d9 cu·ng (ho$.c ma tr~n d¢ meni) ciia mo 
11inh [:;!]. Cong vi~c nay khOng c6 gi kh6 khan, 

2.2. Jhiet l~p piu.rtHi~ trinh c:hinh tt\\c theco phl.i'©'ii9 phap 
c:huyen vi duo c:a il.l'6-i cae me hiDh tl.i'o-ng d11o-ng. 

Ban tn,rc hu6'ng can phan Hch, duqc chia thanh ml}t lu&i cac phan tu chfr nh$,t 
lily y chQn, mi5i phlin tu: tuO"ng dtwng v6i mo hinh thanh. V~n de d~t ra la ghep cac 
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lnO hinh thanh tlrang clttang l;;ti lhanh lu&i ("~(". mo hinlL Tht_rc chat lil ght'jl dlC 11lcl 

tl {).n d¢ eimg, cite yedo- chuy.en vi vit cite vecto- n·go;;ti lvc ci'1a lt'rng mt' hinh. C(,ng vi~e 
r1mJc thrrc hi~n t\t dgng h6a theo chuang trinh LTTDl xa LTTD2 viet bang ngon ngli: 
~.·OI\TRAN IV. Theo sa do kh6i du6i day (h.3). 

So- d<> khoi LT'l'Dl va 2. 
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§ 3, THi DV TINH TOAN 

Du6i day la hai thi d\1 tinh toan da drrgc th1,tc . hi~n bing chuang trinh L TTB1 
\a LTTD2 tr~n may tlnh di~n tir MHHCK - 32. 
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Tfhl d~l i" Xiic djnh tnxcmg ehuyen VI dta mql ban b<liollg cot ihep goi dan gi;in 
theo 4 C::J.nh va chiu ll,l'c t~p trung iJ chinh giua ban, Ket qua dugc so s:'mh v6i phtwng 
phap- Phan tiir huu h~n 'l2 va ket qua thi nghi~m [4]. gi&i thi?u tren htnh 4. 

Thi dlJ- 2. Xac djnh tr~ng thai t'rng su(t va chuyen vi cua m¢t ban luqn song, g6i . 
dan gian theo hai c~nh ng:!i.n, ch~u tai trgng phan . b6. Ket qua dugc so sanh von phtrang 
pha.p Phlin ti'r hfru h~n [21 gi&i thi~u tren hinh 5. 

§4. KtT LU!N 

Ly thuyet luang dll'<:mg dem d~n cho ngu<'ri ky su thiet ke m¢t c6ng ctJ Unh loan 
cling ct}inh xac ~htr phtrang phap cac phan trr h"il'u h~n nhung trong m~t s6 tnrang hqp 
Cl,l th~ n6 con de dang ap d1.1ng han, bai vi ktH cllu thqc lien tl}c dl dugc chuy~n v~ 
m~t M tuong dtrang c:iu t~o bang cac thanh" mC;t lo~i k€t cau khlt quen thu¢c doi v6i 
nguai ·l<Y s Lr x~y dvng. " 

Vi thl!c chat ly thuyet .tuang duang la mOt bai toan v~ truang, do d6 kha nang 
rna r¢ng ap dt,mg l"lla n6 vao nhieu hili toan thuqc ca:c linh ygc khac (nhi~t dim hOi, ket 
c~u nen m6ng ... ) cling gan gi6ng nhU' phuang phap cac phiin tu· hfru h~n rna chUng ta da 
dugc biet den. ti• 

Cling v6i vi¢c xay dgng chtrang trinh h,r d¢ng h6a tinh toan lren may tinh di~n til, 
ly thuyet ltwng drrang c6 the giltp do· dlc lvc cho chUng ta troog cac thiiH ke c6ng trinh 
thl!c te v&i d9 chinh xac day du tin c~y. · 

Dia chi: NhQ.n ngdg 22/t/1980 
lJq.i hoc Xay d{rng 
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SUMMARY 

ANALYSIS OF ORTHOGONAL PLATES BY THE THEOHY OF EQUIVALENCES 

The Prineiple of the Theory of Equivalences is to replace the Solid Body by l!il Ficti
ons Body which is easier to calculale. 

Using an Equivalent Solid made up of Bars with Geometrical and mechanical pro
perties, the Problem of the Orthogonal Plates is then replaced by a Problem of research 
of the internal force state in a structure Using method of deformation~ 

The computer progra'm intended for Minsk- 32 is segmented in two~ part11 utilizing 
only internal Memory. · 
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