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VOl TIEl DI'N NGANG BIE,N DOl 

NGUYEN vAN TINH 

§D!T VAN Dit 

nE: phin ~ich ~~y du .,CaC •tii1~ chat ~(ln~ lllC• CUU• .ca.~ ~fe~ :~n pJ~ld ~!et.~.liQ"C l•an SO 
D dao dt;mg neng xoan cua cau. Phan lan cac ta1 lt~u da bJet clu mm g1a1 quyet bai 
to an dao d¢ng xolln cua diu treo dam c(rng v&i, tiet di~n ngang k,h 6ng deli [!, 2, 3 ],' 
A.V. Smirmov [4] tinh dao d¢ng xoan ciia cau lreo c6 W)t di~n ngang bien d1\i dl~ng 
hinh sin va giai Mng plnrang ph:lp glin dung Bubnov Galrrkin. 

Trong hili na:y se giai bai toan dao d¢ng xoan doi v&i cau treo c6 tiel di~n ngang 
bien dCH biing phuang phap rna tr~n c_huyfln tiep, m¢t phuang phap cho phep ta I~p 
chuang trinh may tinh lhu~n ti~n. 

§ 1. X.AC DlNH MA TR!N CHUYil:N TitP 

Trong tnr&ng hgp cau treo dam cirng v6i tiet di~n ngang bien dCii, Ia c6 the xem 
gan dubg Ia tiet di~n a m6i do~n (i- 1. i) dm ciiu Ia hang so. EJoi v6'i do~n (i- 1. i] d6' 
phtrang lrinh dao d(>ng xoan viet dugc : 

:22 

a18 (x, t) · c:t2S (x, t) b2 a2S (x, t) 
E.lw ax4 - G.ld ox~ - Hg2 ox2 + 

H<i + " a29 (x, l) + bq -. 2mpN 2 = 0 
Hg iit 

( 1.1) 

Trang d6: 

6 - g6c xoan [h.1] 
b - chien r(lng c{Ja cilu, 
E - mo dun dan hoi non, G -- mo dnn cUm hili XOflD 

JuJ - mo men quan tinh Hnh ~·.ua tiet di¢n, 

Hinil 1 

Jcl - mo men quan tinh xoan thuan tuy. 
p - ban kinb quan tinh ciia tiel di¢n ngang, 
q - trQng lu:gng m9t dan vj dai ciia cau, 
m - kh6i lugng m(>t dan vj clai d!a cau, 
Hg - Ivc keo ngang Hnh trong cap, 
l-Id . - lgc keo nga ng d9ng trong cap. 

Boi v&i ph uang trinh h·en ta tim nghi~m du&i d~ng : 

e = S(x)eijJl' Hd = Hde'UJl 

YJ,-_ 



Sau khi tha.y de df}.i lu:qng !ren vatl phuan
1

g trinh tl.1J la nh$.n 

1 v b , .,(\ Hci 
EJ0)l (x) - (GJ,L +- Hg) 8•' (x) - 2mp"tu"o' (x) + bq -- = 0 

2 Hg 
(1.2) 

Nghi~m t&ng quat ci'ta phuang trinh (1.2) dugc xac dp1h: 

- At At - A.2 A2 bqHc~ a= Ct ch-. X+ Cz sh ~X+ C3 cos- X+ C.t sin -X+ (1.3) 
a; a; a; a; 2mp2(t)2Hg 

Trong do:-

ai - chiet~ did cua do~n [i -1, i], 
(J) - tiin so dao d{>ng xoan etta ciiu, 

cori. At v~i A2 la cii.c nghi~m ci'ta phu:ang lrinh cti_i..c _!rung duqc tinh theo cong !hue 
sau day: 

V 'b2 - [ v 1 . Gh + -
2

- Hg SEJ 'l ,, 
wmP W" 

At,, = . 2EJ . + 1 + 1 + ( . h' )' 
w GJc~ +- Hg 

2 
. ., 

OA5 

Tu-ang tu nhu trong titi 'li¢u [5], quan h% ph\1 thu9c gifra 9 va Hct villt dugc bang 
bien thuc: 

k 

I 

~ s 9 <.c)dx 
2Hg 

u 

v&i : . 1 = ~ a;, f- d{> vong cua diem giila cap, h¢ so !-" dugc linh: 
i=l 

EcF c- d9 ben keo cua cap 

16f2 

!-".::: 1 + --0-

. _ sr 

( 1.5) 

Tren CO' s& dKng thl'rc (1.3) va (1.5) ta nh~n chrgc nghi¢m long quat sau day; 'sau 
k!Ji bien dM va thqc hi~n cac phap tirih tmin phl_l: 

( 
A.t * ) ( At ,,y, ) e = Ct Ch ~! X+ cl + c~ sh --;;-:--, X + c2 

(1. 6) 

( 
' 'Ao *) ·( A~ * ) + C:~ cos ~x + C3 + Ct sin ~x + C,i 

v6'i: Ct = -- sh1
- 'At, c~ = -- 1--,- ch ____:___.t,t , . c3 =-.-sin- ll,z, * s l s( I)* s J~ 

At a1 At a1 A2 a; 

C1 = - 1 - cos ---A·, , s = . , K = - fl.7) "'' s ( I • ) baiqK hqEcFc-
~-2 a; - 2mp4w2Hg- bqlK 21Hg~t 

TU: phu·ang trit1h f1.6) ta tinh cac d~o ham cua ham 6(·1:) to·i d:;to ham h~c bon, t\r do ta 
. nh~n drrqc : 

0(x) cr + chxul d' + shxut Cs + COSXU2 c~ ·+ sinxu2 Ct 

fJ'(x) UIShXU1 U!ChXU1 -u2SillXU2 U2COSXU2 

B(x) = 
EJw -ur chxut 

--
2 

-uishXUl 2 ' 
t\2 COSXU2 U2SlllXU:J 

(1.8) 

Ux) 
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tr 

IT I ""fu!.rl] H (l)J) v b' At ~. 
G.Id +- Hg 

d6: 
2 . 

mg Ut= __ , 
U2 = u= 

a; 3i EJm s 

B(x)= -EJwfl" -Bi rn6 m.en 

I b2 ) 
L(x) = ( GJd + 2 Hg 8'-E.Jw9''' - mo men xo!n. 

a ky hi$g; 

lnx=fl )J = /Ti .. Jj, [u(x:;::: o )) == [ui<O)), 

jnx = a1)j =: {Td [u<x =ail] == (u(::u)]. 

1i hr d~ng thl'rc (Ul) viet duqc: 

rong d6 

,->11 + 1 c*' c; + 1 ~· ~1 2 ~4 

[uiCO)j 
0 Ul 0 uz 

-
-u3 0 u; 0 1 

(1.10) 

0 2 q 2 ' 
U U1 - Uj 0 u U2 + u~ 

.U: d6 

(L11) 

Thay dang tl1Li'c tren Yao phuong trfnh (1.1) 1a duqc: 

( 1 12) 

,.a tu d<J rUt r'a ; 

1.12 
2 

\12","1 
2 - - (1 + C~) 1!2'\T:l 

2 

Vj vrv~ VI VfV2 

., + 1)3 rr"u;; 

ru:- 1w)]:::: 0 2 0 
···n:J 

---·---
1 ''" VJ 11,14) 

u; u 2v! 1 + c~ u2v·: 
1 1' 2' 

Yj VJ'V2 Vi .\C jVJ 

u3~- u2u1 
0 1 0 111 

"\t2 v~ 



trong do: 
. 2 2 

Vi== ll (1 + C*)+ ll (1 + C4i'3), 
2 1 1 

vF= c•(u2ut- u3)- C>ll< (u
2
uz + u3). 

' 4 . 1 2 2 
(1.15) 

Sau khi thay X = &i vao rna tr~n [uh:)] tt'r plmang trinh (1.8} ta nh~n duqc; 

C* -t- chAt C* + shAt C* + COSA? C* + sinAz 
1 2 3 ~ 4 

utshAt UtCh At - li2Slll A2· U2COSA2 

[ Ui(lJ.i)] = -u2chAt -u2sh At 2 i\ u2sinA2 (1.16) u cos 2 
1 1 2 2 

(u2ut - u~)shAt (u2ut- u3)chAt 
. 1 

(u2u, - u3)sini\, 
~ 2 ~ 

(u2u2- u 3)cosAz 
. 2 

'Tir dieu ki¢'n can biing ciia nut « i » ta nb~n dtrqc rna tr:).II nut : 

[Wi] ~ [ 
0 0 0 

·" 0 1 0 0 

0 I) 1 0 ,, 0 0 1 
' -

( 1.17) 

v&i: 
2mp2a·w2 

V= I 

EJw 

Cuoi cling ta viet duqc rna tren chuy~n w;p cho mlii do~n: 

(1.18) 

D6i voi cau treo c6 k dO::}.U : 

k 

[P] = n {pi] (1.19) 

i=1 

Con doi voi cac dao d¢ng phan d6i xirng thi cac h~ so Cl , c; , c; , .c; bang khOng. 

Trang tm&ng hqp ciiu treo dam cl'rng v6i W!t di¢n ngartg kh6ng. d()i thi : 

[P] = [u(l)] [u-1(0)] (1.29) 

Si'r di}Dg di~u ki~n blen va trng dl}ng phuang phap gan dimg dan, ta e6 th~ tinh 
duqc ian so dao d¢ng xoan cua cau treo bang each cho cac dinh lhtrc tuang trng cua rna . 
tr~n chuyen tii'f p bilng khOng. 

§ 2. THi Dll) 

D~ minh hQa cho sv dung dan cua phan ly thuyel c1i'i trinh My trong phiin nay Ia 

tinh vi d\1 CIJ. the cho diu treo v&i cac s0 li¢u ky thu~t da cho trong Uti ll¢u [2]: 

l = 500m. b =21m, q = 147,0983kNm-1
, E = 20,593.107kNm- 2 

Ec = 15.6905.t07KNm-2 
, Fe = 0,2m2, Jw = 525m6

, Jd = 4,5.10-4m4
, 

G '== 7,9433.107kNm-2
• Hg = 91936,4063kN, 2m = 4220,8188kNsec11 , 

v&i (lieu ki<,'n biE'!n: 8(()) = tl(l) = 9"(0) :::: 9''(1) ;:;:: 0 



Tinh chu h:li lr 

a) Dam cl'rng c6 liC:t rli,;n ngang kh6ng doL 

b) Dii m cirng c6 lict di~n ngang tlmy dl\i, chia ra 5 dof!n nhu hinh 2. 

Chuang trinh tinh roan viet lheo r·1g6n ngfr Algol va du:qc tinh t?.i Trung tam tinh 
loan cua trrrcmg Elni h')C Bach khoa Pozn;in, 

Ket qua Hnh loan nhu sau: 

I 

T1l.n s6 dao 
d¢ng xoan WJ (1)2 WJ (l)4 

-- -·- --- ·-· -.-· 
Trucrng hqp a/ 1,243 1,732 2,196 2,650 

-- ----
Tnrang hgp b/ 1,672 1,960 2,80\J 4,369 

Hlnh 2 -. 

Phuang phap gio·i thi$u tron·g bid nay cho phep ta xac dtnh dugc tan so dao 
d¢ng XOan cua ci:lu trco dam c(rng vai tiet di~n ngaog bien d/)i. U'u di~m ciia phtr7UJ 
phap nay lit vi.~c l:itp clnwng trinh tinh toan c1uqc d~ dang vi phan chi1 yeu dm tinh 
loan la tht,rc, hi¢n phep nhan cac rna tr~n ... 

~ Tt'r ket qua tlm duqc ta nh~n tMy neu d(> chtu' xoan ciia di'tm. cfrng tang len th\ 
tan so dao d(>ng xoan cilng tang len, mi;ic du Illc .. d6 d() chiu keo cua cap ·v;\ kh6i llrqng ~ 
rieng cua cau kh6ng doi, Thf d\1. tan so duo c1(>n~· chfnh Wj trong tnrcmg hqp ,, b)) l&ll. 
hcrn trong tn:rane hqp a/ t6·i 34%. 

Dta clli Nh(ln ngdg 1611211979 

Bq.i h9C xay dr,rng 

' 
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SUMMARY 

TOHSIOt·L",L VIBRATION OF SUSPENSION BRIDGE \VITH 

A VARIABLE CROSS SECTION 

The transfer matrix method to torsion'al vib_rations of a suspension bridge with 
variable cro&s sections is reported. 

The method described above is particularly suitable for implementing an efficient 
computer program, A numerical exampl? is also givens. 


