
vi v.AN oi xAc oiNH PHAN r.vc DoNG Lu·c vA. 
a. • • • 

U'NG LY'C TRONG MQT H~ THANH 

BO SANH. 

TRONG chuyen khao [1] da trinh bay m¢t phuang pMp xac dinh cac philn ltrc d¢!1-g It.rc 
va cac ung h_rc ci'1a m¢t h¢ thanh. Trong Mi bao nay ch(mg t6i giai quyet van de neu 

tren bang m¢t phuo·ng phap tbng quat va dan gUm. _ , . 

§I. PHUO'NG TRiNH CHUYi:N IH)NG V6'I NHAN TU C{JA Mc)T CO' H~ 

ChUng ta khlto sat m¢t h¢ co hQc v6i lien ket h616nom d9-ng 

g01 (t, qi) = 0; ct = 1.-r; -i = 1, n 

ta si'r 
Nhu da biet [2], d~ xac d!nh chuy~n c1¢ng- ci'1a ca h¢ va cac pMn lgc lien kfH cMng 
d~mg cac phll'ang trinh sau: 

• -'·'-- 0 

d a a o n ilq d-- (T)o --(T) = Q., + _:?:; Qh _h : 
t Oqv oqv h=p+l oqv 

( 1.1) 

d ( I)T )o ( CIT )o n - ( ilqh)o - - - -- = -- +A« 
dt ilue~ <luc< ~ Qh au" .. . 

h=p+l 

(L2) 

b d6 T la bieu -thti'C d¢ng nang cua C(J h¢ c6 df,lng 2] : 

T = T(t, q,,, tl
00

, CJv, UO'.), 

ky hi¢u ( )0 c6 nghla riing trong dau ngolJ,c chung ta lay u., = u 01 = 0; &·ao u., = g 01 (t, qi)' 

qi la cac t9a d¢ m& r¢ng (i = 1~~); qv la cac t9a d(l mb r(lng d¢c l~p (V =J, p = n- r); 

Qw. Qh la cao l\fc ma r(lng. 

§ 2. XAC l}lNH PHAN LVC D()NG LVC TRONG cAc CQ' CAU 

Chung ta khao sat m¢t M n thanh noi v&i nhau Mng cac biin H~ A1 , ...• An, a do 
A1 Ia co dinh. Thanh AiAi+l -c6 d9 dai li, khoi hrqng IDi, con trQng tam Ci ci'ra n6 c{tch 
Ai m¢t khoang Si. Chung ta giii. si:r ding t:;ti Ci c6 tac d~mg momen Mi va ca.c l~rc thfmg 
dung Xi' cac !gc nam ngang Yi. Ngoai ra chtlng ta giii. thh~t them -ding lf,li di~m cuoi Ctla 
thanh thu n c6 tac dgng llJ'C thl\ng ctt'rng p' l~rc nam ngang Q va mom en M. Chung ta sc 
thao Iu~n hai bil.i toan sau : 
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Xac djnh cac phan lt.rc t~i c{tc bi1.n lc Aj(j = 2, n). Chung ta ch9n tr1,1c Atx thfmg 

dirng va trvc A1y nam ngang va c::ic t9a 9:9 m?· r9ng q;, Cij· q.J'(i == 1, n; j = 2.n), a d6 q; lit 

g·oc aifra thanh Ar, A;+t va true thKng· dinw All' con q' .• q'.' h\ t9a ct9 ciia cli~m Ai (j = 2, n). 
b . . • ~ .J J 

Di\ dang nhL~n thay rfmg h0 chiu cac lien ket holonom d~ng 

j-1 j-1 
q'.- ~ l; cosqi == 0; q'.'- 2 l; sinq; = 0; .1 = 2, n. 

J J 
i=l i=l 

C{\C 1\tc mi'l· rt;Jng Q;, Q' .• Q'.' s0 lit 
.I J 

n 
Q; = ,L: Mj + M - ('1\cosqi - X;sinq;)S;, 

j=i 
n n 

Q'. =~X;+ P; Q'J.' = 2 Y; + Q; j = 2, n. 
J '1' 

i=j i=j 

Chung ta dtra vao cac hien ph\1 U,i vi\ V,i ; 

j-1 J-1 
ur == qj - .2 l; cosq; ; v.i == qj'- .2 l;sinq; ; j = 2, n. 

1=1 J=l 

D9ng nang c,iia M duqc tinh nM c6ng thirc: 

·n . ~ • 
2T = ~. (J;qi + rn;vj) 

i=t 
.f 

o tl6 J; la momen quan tinh c·iia thanh A; Ai+l c16i v6i kh'61 tam C;, v~n t6c cua n6 b:'ing: 

Vix = Ui - S; sinq;q; ; .. 
v;y = v;- Si cosq;q; ; Vl = Ul = 0 

Sau m9t so phep bien di'5i d<Jng nang cua M cb th~ viet trong. d:;tng: 

n n n 

· 2T == .::?::: Aii~I~ + . ~ cos(q;-q,;)(mjSJ+Iimj) l;q; qi + :?.:: cos(q;-cJi)(m;s;+l;mr)ljqiq.r+ 
.1==2 J>;=l . i>j=1 

n . . n · · j-1 · j-1 

+ ,::8 rnj( uj + v}) + 2 ,2: IDj[ ~ /sjcosq.i~.i + ~ l;cosq;q;) + ~,i(Sjsin Cf.i~i + 2:1; sinq;q;)] (2.1) 
j=2 j=2 i=l i==t 

o-·do: 
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2 
i=l 

n 

eos(q;- C[j) (mJSj + ljm>ll 
j 

liCfiCJi + 

2; eos(q;- fJi) (m;Si +lim~' ) liqi Cfi 
i>j==1 . 1 

n 

m~- 2 · l 
1 mp; 1 = ,n . 

p=i+1 

(2.2) 



C<mg lhl'rc (2.1) nh;).n du:qec. nl1<'r phLwng ph{tp lruy (·b(r]lg. 

Khi ap dy.ng de plmung trinh 0.~) cho h~ duqe kbao sat, cb{mg L\ C(l 

j-1 ''J 

m1 (Sjsin qJ qj + ,L li.oinq; q;, + SjCOjSqj qj + 
i=1 

j-l - 11 
.,..... ':.4 

+ .2. li cos q! q l = AUj + 2 X:; + p 
i=J . I i=j 

( 

j ·- 1 . •) 

mt SJco2qjqj ·+ .2 L;cosq;q; + Sjsincuq~·+ 
·· 1=1 .I 

j-1 n 

+ ~ 
. •)) 

/;Siilqtc( == 'Av· .l + 2 'i; + (J; j ~ .. 2 .. n 
i=l i=j 

.. 
D~ xac dinh qi (i == l,n) chi'mg l:t sU: r.ll,mg phwmg trlnh (1.1), d6 la : 

n i-1 

(2.3) 

~ 

CUi 

Aiiqi + _L; eos(q; -- Cf.i) (mjSj -i-ljm~ ) Li-~i + ,2; cos(q;- qj)(miSi + l;m7 
)=i+ 1 J .i = 1 ,. 

.. 
) l_jqj + 

11. 

-"~ 
j=i 

+M .. t (Yicosqi~Xisinqi)S;+I;{co<Jq; ~ Yp-sinqi ~ Xp)·. i=I:;' 
. · p=i+1 P=itl 

Cac plnwng trinh (2.5) mi'> tii chuy~n d¢ng cua h~ du:gc khao sft.t. TU: (2.3) vii (~Al 

ch1mg ta nh~~ dugc. cac nMn til: ~uj, Avj (j = 2.n). D~ dang nhin thay r[ng cac nhfl.n ti'r 
nay chinh li!. thanh phan thing d(mg va nam ngang cua c{w phan ll,rc li~n k~t t~i han 
H\ A;. Tu ket qua nh~n dugc chung ta nh~ln xel rling c&c phan l~,~·c d9ng h,rc c6 d?;lng btnh 
phuung d6i veri vi).ri teic. 

Thi d(c 1. Khao ~at he 2 thanh. Gia s & r~ng 

X; = Yi ::.:."0 l\L = 0 ; P =~ Q = M = D 

ca.:; plnwng trinh (2.5) bll.y gia c6 d~ng : 

A11q1 + A12~l'2 =~ ill11JS1q; sin(q2- q1), tq_12q1 + A22q~ IIl':!i!S~~~ sin(q2 -~ cp). 

~E xuc dinb cac nhan t-t'r AJ. f..~. ehung b sii: d1,mg dt<: 'phu:cn;g trinh (2.3) ~·it (2.4) 
.. . 2 "2 

rn~(/1 sin (jHJl + s2 sillq2q:: + /j cos cpql r S3 cos q2q2) = AI 

'" .. ·2 ·2 
m2(/J cos q1q1 + S2 c·os cpq~ ·-it s'ln IJiq 1 ~s:~ sin cpq2) "''A~ 

~) 'I ') 

a d6 ~ Au c"' J1 + m1Sl + rm.lj' ; i;.2~ = J? + m2s; ; A12 = me, It S2 eos (cp - {jl) 

'Fu d6 c'htmg ta nh~n duqc : 

Al = - ID211~~A~ 1 f Au [Az2COSC[1 - s~ ffi2Sinq2sin (q2 :..__(h)] - m; s~ ~~cos ql cos (q2 - qJ) l -
·2 -1 :2 - 2 2 2 I 

- m~S2q2Ao IA22[A11COSq2 + ll ill2Sinql sm (q2 - qJ) j - m2 s2 11cosq1C03(q2 -· i}iJ . 

< • 2 -11 [ 2 ( . '+ 2 2 .2 ' ( i 'lv:l = m:allq1Ao -All A22Sillq1 + ill2S2cosq2sin q~-qllj m2 s:2 11smq!COC cp.- q1Jj + 
•2 -1 :2 . ' . 2 2 2 . ' + m2'S2q2A

0 
jA22[-Ansinq2 + z1m2COSqi3lil(q2- ql)) + m 2 S2 llsmqtcos(q~- qlJj 
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') 

i'r d6: Ao = AuA23 - .\j2 

Dl! dang c.h1 ra n\ng t\J vii /..2 la cac lhanh phll.n th&ng dtrng va n!i.m ngang cua 
pban l!lC CUa ban le n6i hai thanh. 

Bai tociln thil' hai: 

Cluing ta gt£• su_ dng chuyen c1¢ng c:1:'ia h~ duvc klt6o sat ii tren b~ ran:g buqc. boi 
dtc lien kH hi'l'onom di\1-ng: 

qktl - q k =c=: . () ; 1 < k < ll ... 1 (2.tJ) 

Chung ta Sl' XllC dinh phi'm lLrc !;;ti ban le A j q = 2, n) va ph an ilJ'C cua li@n ket (2.6). 

Ro rang rtmg s~ b~c tll' do cii.a h$ b! giatn di m9t, 

Trang tnrerng hgp nt1.y cluing ta aua vao cac bii~n ph1.;1 nhu sau: _ 

ek = qk+l - qk 

El(ing nang cua h¢ ba v gia co d~t-ng 

21' -

n k 

(2.7) 

+. .2:. mi (uj + v~) + 2 cos (qk + ek - <1il (rnk+l sk+l + lk+lmkt 1) liqi qk + 
k+l+J = 2 i=l 

D "" .. 
+ _2: co~ (qk + 8k- qi) ( 01iSd-li mi ) h+I6k q; + 

i=k+2 . 

\ ' k 

+ ~cos (qk + 6k ·- ql l lmk+JS k+t + lk+I rn:+l) l; t\qi + 
i=l 

n 

+ 2L: cos (qi- lfj) (mi sj + lj m*J.) liqiqj + 
i>i=2 

n 

+ 2 !Hj ( vS j (jCOsqi tij + 
k+t+j==2 

Il 

,2 Lcosqi q,)-· uj (Sjsinq.q_ + 
k+I=f=i=l l J 

j-1 

+ 2: l;sinqi ~i] + ml:,l [ ~k+l ~ sk+l cos (qk + 6J..J~k + 
k+l"i'=i=l l 

k ' . ! . ) ' k. . l 
+ _2 li cosqi <'Ii - uk+l . sk+l sin <<i1: + e): >qt - L li sin qiqi + 

1=1 i . . • i= 1 

lk+1 (qk + 6k) I cos tqk + 6k}- sin (qk + 6k)j ~ n1; (v1 - u, )] + 

mk+l [~k+l cos (ql: + tlk) -l~k+l sin (qk + 6~:)] sk+lek; (2.8) 
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D~ dimg nMn duqc 

n • 
2To = 2 Aii q~ + (Akk + Ak+l, k+l + rnk+l Sk .. J-1 + lk-I-1 m;:+t) q~ 

i=1 ' 
n 

+ 2. L; cos (qk - q5) <rn.~si + lpnj) lk+l q" qj + 
j=k+2 
k-1 

·t- 2 2: cos (qk - qi) (rnk+1Sk+l + lk+t in=+t) lj qi qk + 
j=t 

n 

+ 2 L: cos (qi - qj ) 
j>i=l 

' i,j=f=k+l 

. . 

IC 

Kbi thay (2.7) va (2,9) vao cac phuang trinh (1.1) va (1.2) chUng ta duqc: 

j-1 

- ffij (sjSin qi qi + ·~ li sin qi ~i + Sj cos qj ~: + 
~ i=l J 

j-1 , n 

+ 2: li cos qi q~ = AUj + 2 Xi + p; 
i=1 1 

i=j 
I '-1 .. J .. • ? 

lllj (Sj.cos qi qi + ~ li cos qi qi- Sj sin qi q 1~. 
i=l ' 

j-1 . n. 

2: 1; sin CJ; q
2 = A vi+ 2: Yi + Q; j = 2,n. 

i=1 ' I i=j 

k 

mk+l(Sk+lCOSfhCfk + 2: 
i=1 

k 

~ i; sin qi q~ -
i=1 

1 

k • 

+ ~ li eos Cfi q~ 
i=l 

1 

n 

.. 
li cps Cfi qi 

n 

2: 
j=k+1 

n 

2 :Z Xj + 2P 
j==k+1 

+ L cos (qk- q5) (rnj Sj + ljrn~) lk+l q1 ..1 .. 

j=k+2 . .. ' 

(2.9) 

(2.10 



+ 

k-1 .• 
+ L ('OS (qk- qi) (mk+l sk+l + lk+l m:+l) lj Cij + 

j=t 

k 

+ I: sin <crk- crj) <mk+l sk+l + lk+l m:+l ) lj ~.: = 
j=l 

n n 

A.ak + M + . E Mi + cosqk[Yk+lsk+l + (Q_+ E yi) lk+d -1 
i=k+1 i=k+2 

n 

sin qk [Xk+l sk+l (P + E Xj) lk+l] 
i=k+2 

.. . ' i • k * .. 
Au qi +cos (qk- q;) [ok (m;Si .. J-lim1 Hk+t + 61(mk+t6k+1 + h+t mk+1) liqk + 

b~(miSi +lim~) lk+t + 6~(mk~tSk+1 +he+! m~+1Hi] sin (qk-q;) q; + 
n n-1 

2: cos(qi- CJ.i) (mjSj + ljmj) ]j q 6' + 2; sin (q - qj) (m;Si +.l;rn~) lj qj + · 
j=i+l . . j=i+l 

n i-1 
""" «< .. ·~ :; 2 
. .::::;., cos (qi- qj) (miSi + l;mi') lj qj+ ~ sin (qj-qj)(mjS;+limi) lj qj = 
J=l j=l . . 

(2.12) 

n n n 

M+2:Mi+cosq;[Y;S;+h(Q+ :;E Yj)]+sinq;(X;S;+li(P+ Z x,rr]; 
j=i j=i+l .i=i+l 

a do i =1= k + 1. of = o khi k < i. 6i' = 1 khi k > i; o:, = 1 khi k < i; oL = o _khi k> i. · 

ll 

2 cos (qk - q,;) (mjSj + ljm~) Ok + h+t) qj + 
j=k+2 . .1 

k-1 
~ $ * .. 
...:;:, cos (qk- qj) (mkSk + DlkttSk+l + hmk + h+lillktl) li CJ.i -r 

j = 1 

n 

~ sm (qk - qj) (miSj + ljm~) Ok + h+l) q7 + 
j=k+2 J J 

k-1 ' 

L: sin (q~ - qj) ( mkSk + illk+tSk+l + lk m ~ + lk+tm ~+l) lj <ij = 
J =1 ' ' 

n 

J\llk + 2 (M +. ~ Mi) + cosqk (YkSk + Yk+t0k + Sk+t) + 
i=k+l 

(2.13) 
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11 

(Q + 2 Y;) (lt, + lk+Ilj +sin qk [X~c.Sk + \:k+l(lk + Sk+r) + 
i=k+2 . 

n 

(P + ~ X;) Uk + h-rl j. 
i=k+2 

Thi d~r f:: . 

Bay gia eh!wg ta khiio sat thi dt.t 1 khi ke den tr~:mg luqng cu,a cac kMu. Ngtoai 
ra gia S{r rang chuyi!n d~mg c1h h~ rang hu~e hoi lien k~t C{> d~ng 

q2 - q1 = 0 (2.6)' 

He viet phu:ang trinh ehuyen d(lng dm h~ chl111g ta s{r d1,tng phuang trmh C2.13), 
-no c<'J d~ng: 

(At! + A2:!) q1 = e sinq 1 ; 

G = Gt + (h, 

{'. = l GJSJ + G~ (h + S2)] I G' 

Ch v~ Gz la tn.>ng luqng cua ca.c thanh A1A2, A2A3. ~ 

a do; 

Be xac djnh cac phin lqc li13n ket chung ta viet cac phuang triuh (2.10) va (2.11):. 
. .. . 2. 

- m201 + S:l) (sin q1q1 + cos q1q1) = At + G3, 
.. '2 

rn~H1 + S2) (cos q1qt- sin q1q 1 = A2 

( A12 + A22) q; = - S2 ~::in q1G2 + A:,. 
I . 

Sau rn(lt s6 phep bien Joi ch1wg ta f~Al dugc; 

A1 = - G3 + m:J (lJ + S2) sin\lqt(6°J 1 GC...: m2q~(b + S2) co~ q1, 

A2 = - m2 llt + S2) sin q1 [(6°)- 1 CG cos q1 + qiJ, 
~·1 = G sin q1 [S:~G2G- 1 - C(6.

0
) 

1 lm2S;:(S2 +h) + 12)). 
ao 2 · · ~ 
u = J1 t m1S1 + h + m2 (lJ + S2l . 

De dang !hay rAng lq, A2 la cac thanh ph~n tuang l:rng th~ng dtrng va r&m ngang 
cua phiin h;rc lien k~t ti.d hiitn l~ A~ va A:l la mom en phim lvc cua lii"n !<!H .'Vi!'. 

Bai to an xae djnh C~{(' n¢i h,rc trong cllC_ than h. Thanh AlA quay (jtUUih dihr. co 
djnh At. Hay :>.ae djnh dtc thanb phlin n¢i ll.tc t~i tiiH di¢n A:J nAm each A1 m\lt do~n 
IJ. B(> d~l.i tlllanh ,~qA bang 1. · 

ChCmg ta cl> the xem Lhanh AtA nhu m(lt h¢ gon. hai lhanh AtA~ vll. .A.2.A u61 v&i 
nhau Hh6- Mn li:' ,-\ vii. .::huy-t:n d(mg cua chung h1 rang buye bai lii'n ket (2.6)'. & .:u. qt 
va q2 la g6c gil.ua th&nh A1A2 va A2A v&i tn,u:: th~ng dung At·X. Nll.u vf!,y chung tEt c;~ m6 
hinh O:a du<.Jc l;Mo !Sat a thi dlft 2. Neu ky hi/Au M la m6men u6n tf!,i IHH di¢n A~ thi g~ 
dang c6 duqc 

M = A3 = G sin q1 { S2G~ I G - C(l.l
0r 1 [JU2S2I S2 +h) + h]}. 

Bfly gio chung ta ~de d\nh 1\rc keo va tgc nen t~i HH di~n A2. Tu k~t qua b th\ 
d1;1 2 chung ta c6 

, ~ . '2 
N = A2 sin q1 -j- 111 co,~ q1 = - ID2G1 + S2) q 1 - G2 co~q1. 

Q = cos q1- ~>!sin q! = G s.in qt. [G2/G- m:aS2(h + S:<)/0°) 



Can ra. PSJiii co th~ ph!J•rmg trtn ~:9.r r.tn:th frqrlil !.h:\1 n•?i 
111c t~i m?t tiet diP.n bat k}· cua M nhieu thanh. thi rl1_1, cue m<1t eo ca11 tay q-uay thanh 
truyen hay CIJll mgt CO' can 4 khau hof}.c m<)t CO' can phur h~p han. Dien nay er'l th~ lh1!" 
hi¢n <111c;r: nhcJ t1cn d.fl gHd ph6ng lien kel trong ('rr h9c giai tic:h. 
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SUMMARY 

ON THE PHe>BLEM 6F DETERMINATION OF DYNAMICAL REACTION FORCES 

AND COMPONENTS OF INTERNAL FORCES OF A SYSTEM OF LINKS 

In this paper it is presented two problems. By 'the results ~:tf the first prtnblem 

we obtain a simple method for determinating the hinge l'eaction forces of a system of n 

links. Using th2 results of the second problein it is possible to easily determine the 

¢omponents of internal forces at any seCtion of a c<"rtain link. 
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