
----·-------------·----·----··---

PHUO'NG TRINII VI P.HAN NGAU · NHIEN 

XTRATONOYICH VA (fNC Dl}NG TROI"iG LY THUY~T 
DAO llQNG NG.4.U NHIEN 

NGUYEN TIEN KHIEM 

Hi~& nay, phuong trlnh vi phlin ogau nhien d~ng ITO da va dang tro thimh mot 
cOng C\,1 c6 hieu qua trong vi~c nghien cUu dao dOng cUa d.c h~ co hoc d~6i kich dQng 
On tr~ng. Uu diem nOi b~t ella c6ng ClJ- nay Ia l1 chO n6 cho phep ta h~t hQp duQc cic 
phuong phap cua co hQc phi tuyen (phuong pMp trung binh hoa), v6i ly thuyet cac qua 
trinh Marc6p. Tuy nhien vie!' {rng dung phuong trinh ITO con co nhcrng h~n eM sau diiy: 

- N6 kh6ng cho phep ma r<)ng nghien ecru cac h¢ co h':c v6i kich dl)ng khac ngoai 
on tri\ng vil cac dang khac nhau ci\a phuong trlnh chuyen a<)ng. 

- Khi su dung phuong trinh ITO viec bien doi phuong trlnh chuyen dong phai 
tuan theo ·quy tii.' vi phan c%c biet phuc tap han nhieu quy t~c vi phan thong thuong trong 
gi:ii tich. 

N~u su dung phuong trinh vi phan ngau nhien Xtrat6n6vich, khong lam mat tinh 
ch~t che cua loan hQc chung ta khac phuc OUQC nhilng nhuQC di~m tren han nua trong 
rat nhi~u truong hQp hai cong cu tho cling m¢t ki't qua. Trong phan §1 cua bai bao nay 
gioi thieu hai each xay dvng phu0ng trinh vi phan ngihi nhien ITO va Xtrat6novich, moi 
lien h~ giua chUng (K~t qua nay dii duqc tribh bay trong [1]) tiep d6 chtlng ta se chung 
minh rtlng "quy tac vi phan thea Xtrat6n6vich hoan to~m trUng vOi quy t8.c vi ph&n thOng 
thuong. PMn § 2 irng dung true tiep phuong trinh Xtrat6n6vich vao cite he co h0c, ket 
hop voi phuang phap trung binh nh~n cite phuong trinh rut gQn cho bien d¢ va pha. Ph~n 
cu6i nghien cuu mi)t s6 he C\l th~. 

~ L PIHJO'NG TRINH VI PHAN XTRATONOVICH VA LIEN H~ VUI 

PHlJO'NG TRiNH ITO 

Qua trinh ng1\u nhien vee to K(t) ~" ix1(t), ... , xu(t))1 duqc goi !a qua trinb khuech 
tan neiu tOn t~i : 

a;(x, t) = .lim E 1-1- [x;(t + i\t)- x;(t)]l . I 
i\t--?0 I i\t x(t) = x \ 

(1,1) 

bij(x, t) = lim E \_!:_ [x;(t + i\t)- x;(t)] [xj(t + L\t)- Xj(t)] I I 
i\t'""O I L'lt . x(t)=x 1 

lim p II x(t + ilt) ~· x{t) I > olxlt)=x ! = 0, (! > 0, 
D.t~.o · - · 

v& (1.2) 
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tt('tlf: 66 F~- ia. tofln_ t 1_t t.rung blJ:1.b. -:<;.:c :~l.lih (l<·;- VQng), P h hZ1n x.J.c sn:lt. DDJ v(:li qua 
i.:.rtnh x(t) ham rni;l.t dO J:~~c srd{t 1_h,'-)a man phu~~ng t~inh: 

n n 

aP l"'\ a . --"- + -·--- j <~ 
Jt ~ D.xi ' 

-, 

-~ lb;;(x, t) Pl-
OXif).x i 

(1.3) 

Ghi su W1, ... , w .. la de qua trinh Viner khong tuang quan v6i cuong d¢ :. 
dt, ••• J ·un; •J\1, ··r, <f>m 1a die hBrh kh£t vi lien t\1C tr·en Rn X T 

Tich phi\n ITO, ky hi~u: (I) J d*x(t) dL<Qc djnh nghia nhu oau: 

u 

(!) f L <Pa[-x(t), t] d'W.(t) = lim \' <l>.[x(t;), t;] [W.(ti+l)- w.(li)] (1.4) 
i'HO £.... 

s CL _. 
1 i, C!. , 

trong c\6 S = t 1 < t 2 < ... < tN = u la m9t ,phep chia <loan [S, u] v6i do dai C\rc dai 
bang C.. Toan t1r nguoc v6i vi~c lay tlch phiin la phep lay vi phim ITO, ky hi~u d* la 
phep tinh thOa man: 

t 

d* J L <Pa[x(u). u] d'Wa(li) = E <I>a [x(t), t] d"Wa (1.5) 

S a oc 

N~u quA trinh x( t) thCJa man : 

t t 

Xa(t)- xa(S)""' f ~.[x(")1, o:]d1 +(I) f E "'•~ [x( 'r), 1:] d*WB(,), 

s s [) 
trong d6 tich phan thtr nhat hi~u theo nghia tich phi.i.n thuong, tich phiin sau la tich phin 
ITO, ta h6i x(t), 13 nghi0n1 p.huong trlnh vi pho\n ·ngilu nbi.en ITO: 

d*x 0 (t) = g" [x(t), t] d,t + E ""~ [x(t), t] d*W~(t). 

~ 

(1.6) 

.Qu~i trlnh ·,"lghi~m phuong tri.nh (L6)~ theo ITO la gua trl.nh khuech dn vbi de h~ 
sO (:Ll) Ia: 

tll(X, t) -·~ 

tb.1a ni5n phuong trtnh :. 

d*z(tl ... r !!.~. "~ 
L at 

+ 
i, k 

(L7) 

k 

z(t) = G[x(t), t] 

bij(x, t)] dt + 

(L8) 

.. ·''~~ 



Dtry chinh ia n\1i dung cfJng tht1c f'T"O. Dien d4c bi~t (J a~y 1a c\ s6 d: ·· 1 · 

xua1: bi¢n Gao h~tm b~c lui cl1a G va b; 1 nen (1.8) kh6flg phai lit ph(;p vi ph:/t~ t,, :D 
thong thuong. 

TiCh plf&n XtratOnOvich duqc dinh ngh1a nhu sau : 

11 

(S) J L <l>a[x(t), tf dW .(t) = 

s ~ 

lim.\' <P. [. x(t;+t) + x(t1) , ti+l + t1] [W.(ti~t) _ Wa(ti)J, 
il--">0 L_, 2 2 

(i.9) 

i: IX 

tuong t\t ta c6 phep vi phan Xtrati')nOvichJ ky hi~u nhu vi ·philo thu:Ong d. Xtfat6n6vicL 
aa. chung minh m6i lien h~ sau day giua tich phan (1.9) va (1.4): 

11 

(S) f 
s 

U· 

L <PJx(t), t] dW.(t) =(I) f L 4>a[x(t), t] d*W.(t) + 
oc S a 

1 \' a<I>. +- L., -- Gia cr~. 
2 . ax, 

i, oc 

Ta n6i x( t) la nghi~·m cil.a phuong trinh Xtratonovich : 

nf'u: 

dxa(t) = m 0 [x(t), t] dt + L "•~ [x(t), t] dW~(t) 

~ 

t u 

x.(t)- x.(S) = J m. [x(1:), 1:] d" + (S) f La.~ [x(-i-),-.] dW~('")· 
s s ~ 

(LlO) 

r, ·, 
\Lll) 

(L12) 

Tir (1.12) scr d\tng (1.10) de dang chirrrg minh duoc 'phuong trinh (1.11) tuong auong v:o.i 
plmong trlnh ITO : 

d*x 0 (t) = [rna [x, t] + _1:_ L 8""~- O"i~ a*J dt +\' "•~ [x, t} d*W~\t).. 
2 .Ehu L 

1, r~ ~ 
t)i~u nay chUng tO rang nghl¢rn cUa (L:ll) cllng la qua trinh khuecb tfm c6 dtc h.~ ~rS cL 
chuyen va khutch tan sau Gay : 

. \<~~·" ., 
hij(X 1 t) = ~ a'k Uik CS'jk' 

d.d 

k 
GHi sU x (t) b quit trinh nghi~m ella (1.11) chUng ta se chUng minh .rktng quG \rir:h 
z(t) = G [x(tL t] th6a. man phuong trinh: 

dz(t) = [ oG + \' aG m;(x, t)] dt + \' aG IJijdWj = ~ + \' aG_ clx;. (L 
at ~ 8xi (_, Oxi Dt L th i 

i' j 

(1.14) chota cong thuc vi phi\n qua trinh khuech tan, hoim toan trung voi tl:·;,,_ 
phan thong thuang. To chUng minh (1.14). 

' " ij 

1: 
! 
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j ·""•It\ IS') j'" dct.'J ~ u £.,_._, = \'· ---. 
J 

11.15) 

(1:16) 

+ (S) J 
f r aG 

= ,l;;;- + ) -,-rat dt + " DG l 
£==~ &xi · 

Se Janh v6i ve phJi trong (1.15) ta c6: 

(SJ dz(t) = I I -- + \' -- mt(x, f . for &G aG 

J L tJt L, Bi.i l J JG 
t) .It + (S) L &xi Gik dWk(t). 

iJ 
Tir d<y, bo dau tlch phan ta se nh~n duqc (1.14). 

§ 2. PHU'O'?H.! P P TRUf'G BINH HOA TRONG PHUO'NG TRiNH 

VK ,PHAN D~NG XTRATONOV!CH 

. -~ . 
-,- (t) T ~dt) ":: sf[xCt)_, x(t), tJ + "Vs g[x(t\ x(t)J t] ~(t) (2.1.> 

~(t) ··- ~)n 
(2.1) tuG;;;~ 

·:1') b dao ham suv r6ng cUa. qu:l! trinh Viner W(t). T~ coi 
trtnh Xtrat6n6vich 11au: 

.D~i v6i ··--,.- :-,;·; --

(2.3) 

(ZA) 
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NO.i chung Phucng tdnh nay dr kbS ; ,_;:"1. :.::_.,._: ~:-r-,'J\ [,g _ph:ip 
gfin dUng. Phuong'·phip dm;K stt d1Jng sau Cay b phU:ong phAp tfung b!nh rronp: zco bt::,··c -phJ 
tuyen. De sir dtJng phuang phftp nay, rh1.tc hi~n pbep_ bi~n QOi: 

x(t) = a(t) cos<ll(t); ~(t) = y(t) = -- a(t)c0 sin<D(t); <!>(r) = ,,,t + 6 

3u dung cong thtrc (L14) chung ta dua h~ (2.2) v~ dang: 

0 . -,; 0 • -

. da(t) = -- f[acos<!l, -acvsini!J, t] sin<!>dt - -,:':... g[ J sin<i'<JW(t), (2.6) 
w w 
• -v-e -

d6(t) = - - f[ ] cosi!Jdt- --- g[ J cos<l:>dW(t). 
Ul L') 

H~ (2.6) g0 i lith~ c6 dang chu~n- D6i voi h~ nay.ta tinh duqc cac h~ sX (U3) nhu sau 

a ~-at = K. = -- f[ 

'" 
az = Kg .= - ~ I£[ 

<u / 

1 
l +-

2 
1 

J + --
2 

(tren aay [ l = [acosi!J, -awsin<ll, t]) 
va phuang trinh cho ham m~t a(> xac suiit ci\a a, 6 la P(a, 5, t) co 
aP a _ a . 1 a2 _ a2 _ - + -- (K.P) + - (KgP) =- -· - (D,P) + --_ lD"gP)+ 
at aa ae 2 aa2 aaiJ6 

(2.7) 

(2.8) 

Ly do ta goi (2.6) c6 d:;mg chuan chinh la vi cac M so (2. 7) trong phuong trlnh (2.8) ty 
1~ v6i s~ Ung d~,Jng nguyen ly trung binh h6a theo Khasminskl [2] d6i v6i {2.8) t:a duQc: 

uP ;r - a - _ 1 a2 - . a2 __ 1 »;~ ---
- + -- (K,P) + -- (KgP) =-- (D,P) + -- (D,gP)+ - --1 Dr1Pt,. (2,9) 

ilt aa ae 2 aa2 · aaao 7. 20 2 • · 

trnng d6: 

K, = lim 
T _ _,_..()<> 

T T 
1 f K,dt.= J.-; (a, B): Kg~· 
T ..,. T _____ ,,<:-':· T 

lim 
l 

0 

T 

D" = liru 2: __ j'"' Dadt =-..:;: JSia, B) : 
T-..,oo T 

1 [' 
D(~ :::.:;; .l:i.n; __ .. __ _ 

1 .-;_.o.:, T ,,. 
0 

T 

= lim ~ ! D26 dt = L1al3(2.t, iJ). 
T·----70"Q T J 

0 

R6 d.ng (2.9) la phuang trlnh FPK tuang lrng dm m()t h¢ phuong td.tlh ">'.i phS.n ng~u thien 
Xtrat6n0vich nfw d6~ ta gQi n6 la h~ phuong trlnh rUt gon ci_·la. (2,6). Tz1 t1rn hi!~ rUt gQn 
nhtr sau. Giit_ sU n6 c6 d<;~.ng : 

da(t) = M(a, S)dt + N1(a, 6)dW1 + Nc(a, 

d6(t) = P(a, 0)dt + (i!(a, 6>dW; + Q2(s., b)dW,, 
(),, :li) 

J.1 



l 
trot.g d6 <>xrL, \'f/'1. k ci:c ro:inh Vln::':,· kh6ng tuung qu:u~ ;:"{! crtOng a~; r)1~ 6'2_. Thee} ;;6ng: I 
thtic \1.13) d.c h~trn: M, l\h, N2 , 1), Db Q2 thOa man h~ ~ 

. 1 I 2 DN! ' 2 JN, . 2 &N2 . 2 iiN, ' l '7 
M -r - .• - . cr1 - •. -- N, + cr1 ·--;-- Ql + oz -- Nz + cr2 -- Q2 = },a; 

2: I "" . ae · a. ao . . 
P + -.- '"' ·-- N1 + "l ---01 + cr2. --Nz + crz --02 =-Ko; 

1 \ 2 iJQ1 z 3Q! 2 8Qz 2 8Qz ~ · ~ 
2 1 Js ·. ae ~. ae . (2.12) 

H* (2.12) gom 'j phuong trinh ciia 6 lin vi v~y c6 the d~t 
"1 = "" ~ cr, luc d6 (2.12) cho nghi~m :. 

them di~u kie. n, vi du •• N o 2 = ' 

1 - , 1 Die · 
Nj = -., ·D, ;Q; = -. -=-; Q~ 

cr." cr"" Da 

i5,n 8 _ I:li 0 
D, 

1 =--
"2 

M ~ K, - 2:_ &D, 
4 &a' 

1 D,g 

D, 4 

aD. -;e; 
D -

p = K + 2:_ _ _::Q_ &D, -
e 4 D, aa 

1 lme 
-486' 

1 &Da6 ---
Neu D

0
e = 0 ta c6 : 

va ( 2.11.) c6 d9ng : · 

2 aa 

1.
N21 = --D,· 

? ' 

2 1 -
Ot = o ; Qz = -De ; 

"' c;• 

M=Ko- 1. 
4 

, i!D 
i!Da - 1 6 

P=KO --.--
iia 4 ae 

d ( (
- · 1 a iS, )· a t) = K,-- --· dt + 

4 &a 

,. . {- 1 alSe ). 
dOlt) = Kg -· ·-·-- dt + 

\ 4 iJ6. 

l\i = K~ --
4 aa 

1 ~I-=---:~~-

~ ¥ D"/Du 
4 

1 =-- Vnii dWz. 
(J -

1~ 1. 1 . - JD, 1 aD;, ') . 1 1;=-
da = \ l',- 4 y De fDa aO- 4 ·a;;-c· dt + ·;; 1 Da dWL 

( 
"" 1 ,---;==---- 80a 1 a'De ·) 1 =- · 

de= Ke - -- v D.,D 5 -- - ---- dt + ,-- Voe dW1. 
. 4 .. &a 4 ae G 

(2.13) 

(2.14) 

(2.1?) 

Trang tnrong bQp £, g kh6ng ph~ thu()c thai gion t, cac h~ s6 (2.10) chl !a h~m 
cUa a: vi~c ngbien c-Uu Se thu~n ti~n hon nhieu, Ta se ¥-et. ky truOng hQp' nay trong phau 
ti~p tho<>. 
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\) -day ci.ln luu Y dmg yi~C tbn h~ ph-u.oug Lrli"d1 cut· g<>L ii '::}.(! l·~i~t bji Vi tro-ng 
nhieu truimg hqp, khi (2.9) ):hong giai duQc thi (2.11) cho phep ~ghien cuu bang cac .phucrng 
phap khac nhu : phuong phap pho, phucmg phap phiin b6 chuan hay tn;c tiep gii\i hang 
phuong phap so. 

§3. Vt BitN fli) DAO D(ING m'rNG CUA MQT SO H~ CO' HQC 
vl'n KicH »ONG oN TRANG 

Xet truang hop c!~c bi$t cua M (2.1) : 

·~ + ,}x = d(x, ~) + v< g(x, ~)~(t) (3.1) 

tron3 tmimg hop nay, de dang nhiin thay, o\c -h~ s6 tinh theo (2.10) cho ta cac ham chl 
ph\1 thuoc vao a, hie d6 (2.13) cho ta : 

1 ,,~ - :1. HD 
Nt(a) =- yD, ; N 2 = o; M(a) = K, --

4 
·--' . 

a Ia 
vi v~y qua trinh a(t) thoa man: 

da(t) = M(a)dt + Nr(a)dWt(t) (3.2) 
l'li!u nay chtrng to rang bien do a sau khi tien hanh nhu tren .da cluoc tach ra khi\i pha, 
vi viy c6 th~ nghien c{ru bien d¢ m¢t each rieng bi~t. Doi v6i' bien d¢ a ham mit d¢ xac 
•dt thea man ph\!cng trinh : . 

ar a - . 1 a' --- +- (KaP) = - -- (D,P) (3..3) ot oa 2 a a?. i · 

m~t a¢ dung : 
/) - 1 a' -- (K,P) = - -- (D,P) 
aa 2 aa2 

· Phuong trinh cu6i cho nghiem: 
a 

P(a) = .5 exp j:z 
D, f K,(a2._ da/ 

D,( a) \ 
0 

hang s6 C xac dinh tit dieu ki~n : 
+= a 

-+-= J ~D~~(-a)-·exp )z f 
-oo 0 

K,(a) 

D,(a) 

(3.4) 

(3.5) 

(3.6) 

Sv hoi t~ ci\a tich phan (3.6) chinh la di~u ki~n can ct~ tl\n tai rn~t do dirng (3.5). 0 
day chUng ta quan tam den hH~n dQ a

0 
cUa cht d<) dUng ~dy r·a v-Oi xac sua't km nh£t, 

theo y nghia th~rc te che 0¢ nay la che dQ dUng On d~nh ci1a h~ dang xeto Ttr (3 .5) a
0 

thOa 
rniin phuong trlnh: · 

l dDo. ·=-;· f , 
-"·- ~-~ :·::.· 1\.at_a l, 
2 da " 

Thly cic bi~u thUc ClJ th~ cUa K!l. va -D~ vao (3. 7) sau mf~t. s6 tinb toim ta duo:c: 
2n 

h(a) = _.2_ J f[aoos<ll, -a,nsin<ll]sin<l.l d(l) = 
27t 

0 

2n 

(3.7) 

0 

g%(acos$, -a(,\Sini!J]d<I> - ..:_ 
1t J ~ g[acos<J'>, 

I! a 
<) 

-- awsin$ ]•in 2<l) d<I•! < 

(3.8) 
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l o'2 

~:~ 
f[ B,cos'\}), (3.9) 

Neu _(:t" = 0 ra du(Jc phuong trlnh bien d¢ d(m.g quen thut_)c trong ca hQc phi tuyen. Ta 
l:'lf~h!fn c:/-n..1 mQc sti ht;' r:1/ rhC. 

(3.10) 
Bien dtT:ng tlv)a tmln (3.9). xet mQt sO d0ng C\1 tb:~ c~a £: -, 

a) £ -=: f(x) ta c6 : cr2 /4aw ::;:o 0 -:~~ 
dieu nky chling tO a

0 
----7 co, hoan toan hqp lji bOi vi khi, C6 kich dQng d~ng On trang, 1a 

qui tr!nh co pho keo dai tir -= ilen += luon luoti xay ra c<)ng huang vii neu kh6ng 'I 
c~) tl1:it sit thi bi@n QQ se IOn <vO cling. 

b) f = 2k ;, luc nay h(a) = hoa, phuang trinh (3 .. 9) cho nghi~m: 
a~ = a2j4w2 k 

Neu ta g<;•i ty sl\: A = a~oo2Jcr2 = 1/4k la M s6 dong hrc cua h~, so voi h~ cuong buc 
nen d~1:lli.: 

~· + 2k; + w 2
X = Qsin(vt + oc) 

t..rong tn10ng hqp · cQng huCmg v = .w, _h~ s6 dQng lqc dta n6 bang 
. . f,

0 
= 1/4k2 

ta tMy: AI f, = k, Tir eta y c6 thB rut ra ket luijt san: Neu k > 1 iinh huang ci\a kich 
dt;rr1g nga1~ nhi.§-n mc_tnh han kich dQng dleu hoa va nguQc hti khi k< 1. 

f)J&u ciang ch .. Ct y nua 0 cHy la a~= cr'2j4b.o2 chinh la phuong sai c&a qua trlnh x(t) 
t.\nh b~fig phuong ph3p GUng. 

c) f ~o:- (:l. --· x2 ) ~ phuong tdnh (3.9) c6 dQ.ng : 

I!Ja ( az_ \ z -"' ~-- - 1) = v f4awj 
2 fj . 

' 
a, = Vz-~i:-:3-~l+-;;2{zw2 

:·.1bien ic1 n.1 t~lng blf.n df,, d;m dQng. (Xem [4]) 

S::-

x + e:!J5ign i. + {t,_.J,+ & )x o:::: G. (3.11) 
L'lk l/ , y;O,t phtwng trinh (3.8) cho ta nghi~n~ 

a0 = 32i\c.)/r.cr2 

f_tel.;'. ·r.htr,:::: cu6i d.k' th:iy u1er> dQ dao ctQng tY 1~ thu~.n v6i h~ s6 rna sat kho va d 1$ 
~:.ghtch vtd cu0o.g dQ kich dQng ngau nhlen. -lii~n tuong nily nguqc h£n v6i tru0ng ·hop 
ktch d{}ng .n.goiolj ngdu nh~en. _Nhu: v~y trong h~ cO ma scit kht) cuOng dQ kich dQng th~m 
st t_,g?w. nhtf:n d.ng t?tng tb_l h1€n G¢ dao dQng clUng dng nbC, · · 

b -1 I<" nxhi&n c{ru h~: 

"i 



Trang 

'''"("2 ) ----1= 
2 4 

2 . ' 'I" a; crt;:::;; :x G" ~-'-; 

De dang nh~n tMy phuong trinh cu6i cho nghiem : 

,/ 1 • 
ao = 0 va a.= 2 v 1 + 2(/)z (err -

RO rang, kich dQng tham sO ngau nh.ien l1 x Hun tang bitn d,) . dQng cOn kich 
dQng d<:tng ma sat- nh6t ngau )lhien lam gi3m biCn d:Q_; n#u cu0ng rl() ci.l2- cht'tn;i b~mg nhau th1 
chting tv khU nhau bien dQ dao dQng van bang 2. He(tc nCu tiing {h<~-;~c giolm} cubng .~6 
ct'1a hai lo<:ti kich dOng sao cho crt - a~ = const thi bien dQ cho d~)r~g iu6n .luOJ! khOng d~i 

T6m lq.i,phan nay chi phan tich anb huOng cUa d1c d;;mg klch dt)ng ngau nhien Aen 
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