
Vit CHUYiti'l DQNG CUA cAc He CO' HQC VO'I 

Ll£N K~'l' KHONG GlU 

BO SANH 

§ 1. Mcr Dl:U 

Kb.ao sat chuy~n dong cua mot M co hoc, vi tri cua n6 duQc xac dinh nhil cac 
toa d¢ L•-go-ring SP (i = l.n). Gia sir ham La-go-rang ci'ta he lit L = T - II, o de: 

n n 

T= ~ E•Tjq<qi + }:•fq;+a*; Il=II(t;q;), 

i,j=1 i=1 

e:ic M .s6 ·~i· .~. a* Ia l).hiing hiun <Ia hi~! ctia cic toa do m& rong 'li (i =G) va thoi 
gian t, ll•till lh ... tr~n •uong d6i xung va khong suy bi~n. Gia su cac lien ket di).t len he 
c6 d~ni: 

f.(t,q 1) ;> 0; "= l,S; i= 1,n; S <n. (1.1) 

Lien Ht nhu v~y duqc goi la lien Ut khong giii hay lien k~t m¢t phia. Khi (1.1) 
Hy dau bang t' 1 lien k~t duQc goi lit o tr~ng thai cang, trong trucmg hgp nguoc lai lien 
Ht goi Ia a trang th:li kh6ng ciing. Chuyen d¢ng cua he vili lien kilt (1.1) co the xay ra 
theo hai giai ao~n : trong giai do:;.n dau lien Ht a m;ng thai cang, chuyen il¢ng cua h~ 
x:ly ra nhu la vili lien ket giu : 

f.(t,q;)=O; ct=i,"'S, (1.2) 

trong giai do~n tiep thea he se roi kh6i lien ket va h~ chuyen dong nhu Ia mot h~ tv do. 
Nhu vh, trong giai do~n dau chung ta c6 M ho-16-nom voi (n ~ 5) b~c tv do, trong 
giai do~n tiep theo _ chling ta c6 h~ v6i n b~c tt) do, tuc !a h~ khimg lien Ht. · 

Gia su rilng t~i thai ,m;m tt h~ roi khoi lien ket (1.2). Chung ta xet hai bai 
toan sau: 
BJi to-dn I: X:ic dtnh thOi di~m t1 cUng vOi vj tri va v?n tOe cUa h~ tq.i thOi diem nap 

1 . . -
q, = q;(tr); ql = q; (t1); i ~- 1, n. 

• 
(13) 

Bai todn II: Viet phuong trinh cht1yen di)ng cua M. sau khi h~ roi kbiii lien ket (1..21. 

Chri t!tick : Do dieu !den hlnh hoc cua lien k<'t, sau khi he roi khc\i lien ket, he c6 
the quay tr& hi lien ket, t\rc Ia lien ki't laJ c6 the trc\ lei tqng thai cang. Trang truimg 
hop nhu v~y. bai toan tra nen phuc t@p, vi kbi li.en ket chuyen tir trang thai khong cilng 
sang tr?ng thai ciing, c6 th~ xay ra bi~n tuong va. ch~m. VI ly do cl~ don gian vi¢c khao 
sat, chung ta giil thiet rang khi h~ rbi khoi hen Ht kh6ng xay ra hi~n tuQng va ch•m va 
sau ldll h~ roi khoi lien b!(t, h~ khong quay v~ lien ket. N6i kMc ai, chung ta 
gia thll!t rang : 

£. (t,q;) =F 0, v t > l!· 
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Nh1.t da noi 6 trfn, trong giai do~n dau chUng ta c6 the xem h¢ chuyfn dQag -vdi 
lien k~t giu (1.2), n6 c6 the viet trong deng ttwng duong [3, 4] : 

uong d6 

n 

LLxiqi+f:=o; «=1~S, i=t,n, S<n, 

.i=l 

n 

+E 
i=l 

{21) 

(2.2) 

Theo nguyen ly tuang thich, chuyen dong cua M v6i lien k~t (2.1) du<;~c mo ta 
bang phuong tri nh : 

d aL . aL ~ 
-- -.- - -.- = Q; + Q. 
dt aq, &q; ' 

(2.3) 

trong il6 Q; = Q;( t, q;, q;) la b,rc m& rong cua rae lvc kh6ng tk~, Qt Iii. phin lt,rc liea k~t· 
n6 du<;~c Xlic djnh mho h~ phuong trinh : 

n 

L F.;Qf + F. = 0, "= 1, s, 
i=1 

11 

L d,;Q; = 0, y = 1, p = n - S 

i=l 

(2.4) 

(:Z.5) 

CacM s6 F.;, F. !a nhung ham da biet cua toa d¢ m& rong, v?n toe mo .-Qng va 
thoi gian, chung duqc tinh theo cac cong thuc sau (1, 3, 4] : 

<Ji;= 

n 11 n 

F.;= L fa;aij; Fa= f~ + L Fa;O; + L fa;</li; 

n 

Laii 
j=l 

j=l i=l i=l 

(2.6) 

I aii\l l3. rna tr%n nguoc cl:a ma tt;;,{n qulitn tlnh Jlai'df, n6 cling Ia ma tr?n vuOng cip n va 
kha nghich. 

ck, rn, J) = - __ , +- - _,_ laky hH;u Ka-nt-to-phon (lo~; ba chl so) loql m¢t. . 1 (· aar . oa;i.; iJa*., ) . . " . . • • . . 

2 8qm &qk &q; 

Phuong trinh (2.5) bi~u dien dieu kien ly tuang cua lien kEt (2.1), [t,4J, o 1!6 de 
M si5 d,; la Ciic M s6 trong cac bieu tMc cua gia t6c La-go·riing duoc bleu di!o qua 
tac gia t6c gia khi ke den lien ket (2.1) : 
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p 

"\""''< (ji :;::.- L,; 

•1=1 

TV (2.4j, (2.5) chting ta tim duqc 

'- " . v > ~'_1.~ 

>-;'\ 

' ' 

(2.8) 

Sau do cluing ta tich phb h$ p!.,twng tr\i1h (2.3) ~6i .:lieu ki~n dlu de dirih chting 

ta titn du<;~c : 
qi ~ q,(t); q, = <L{t), i = 1, 11 

Thay (2.9) vao (2.8) cMng ta nMn duqc: 

Q:' = Q~(t, qj(t), q;(t)) ·= Q*(t) 
1 1 ' - - 1 

· Ia ham da bi~t cua t, 

(2.9). 

(2.10) 

Nhu aa biet, t~i thili di~m M roi khi\i lien ket, ttic Ia t~i thai diem rna lien ket 
chuy~n til trang thai clng sang tr~ng th•ii khong cang, philn h,rc lion ket can phai tri¢t 
t~eu .. V*y thoi,di~m 11 duoc tim ti.r phuang trinh 

Q;*(t) = 0 (2.11) 

Sau khi xac dinh thoi diem tt til (2.11) chtlng ta thay chting vho trong (2.9l 
cl..ung ta x:ic dinh duoc vi tri va v?n ti5c t11i thoi cliem M roi khbi lien Ht, ttlc Ia Cli.c 
dai Iuong (1.3) 

Trong m¢t siS trullng hop <\! the chimg ta c6 the ·xac dinh trvc tii'p thai diem tt 

ctlng v6i toa dQ va v<j.n t6c cUa h~ t~i thOi diem nay. 
Chung ta hay quay ve c:ic phucrng trinh (2.4), (2.5)· ChUng ta giii thiet r~ng: 

Fa =fo, 0, C< = 1;S, (2.12) 

Trong truong hQp ngtN< I:Ji khong ton t'li thai diem !! theo y ngbia n6i tren, nghi" 
Ia M khong th~. roi khili lien ki't. Truong h<;>p nay Ia truong hop khi (2.1) Ia tich pban d~u 
cua co h~ khong lien ket, tuc !a w h~ rna chuyen d;;,og clia no duo• mo ta bang·M 
phuong trinh 

d ilL ilL. 
-- --.- - -- = Qi; i =I;; 

dt »q, aq, 
Ch-.ing ta gia thi~t dieu ki~n sau duqc thvc bien: 

det II Fai \1 + 0. 
! d..... i 

Khi 0:6 Q~ (i = T,;) td~t th~u khi va chi khi 

Fo (t, q;, q;) = 0. 

L•ic do chiing ta nh~n &uoc:; phuong triah (2.4), (2.5) ,-a (2.11) 

n 

\' ~ q; + ~"- = 0; 0: =1, s, 
L aq, at 
i=l 

chUa (Zn-1) ~n lq\. q/, t1l· 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

N6i .chung 3s < 2n+i. nen bai toin sen\ lai giiii (tuc Ia setinh duoc cac d0i Iuong 
t

1
, qj, qi) neu .chUng .ta tim 6uac (2n + 1 ·- 3s) tich phan aau eua M (2.3) . 
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lJt d~:wg t·nay d'tng trong gLti do~m tfep theo, tU,.; Ht sau kld rai khOi lien kift 1 chuytu 

dOng cria h¢ s< ouoc m6 tii bang he phuang , trinh: 

d 3L ilL ---. ···~---~Q;; i=l,n (2.17) 
dt aq, aq, 

voi di~u ki¢n <lau (1.3) 

Thi dt~ : Khiio sat chuyen .d9ng cua con He 

Ch~t di~m M c6 kh6i Iuong m = 1 va ai) dai ceia day OM bling / = c<>nst..T,.i th<Ji 
-.~. 

di~m clau con lac l~ch voi phuong thimg clung mi)t g6c bang 'Po ya nh~n ilu<?C v~a t6c v 0 · 

tbang g6c v6i OMo trong mijt phitng thOng dung. . . 
Hay xac dinh van toe vit vi tri cua chat diem M khi day chuy~n tcr trang ·th:H caO:g 

sang tr~ng th:E khong ding va viet phuong trinh chuyen cl¢og cua ch6t diem M trong giai 

d'o~n tiep .1theo. 
Chon cac tr\tC Ox nam ngang va true Oy thdng dcmg. Vi tri c~a ch~t diem M duqc 

xac dinb 'oho cite tQa GQ X va y' Phuong trinh lien ket co dang . . ' . 

x2 + y2 - 12 < 0 (2.18) 

De tim vi tri va v~n t6c cua con lac tai thoi aiem t1 ch-.iog ta su dung dieu ki~n 
(2.15). Ham La-go-ding cua con lac Mng 

1 . . . 
L = T ~ fl = z(x2 + y2)+ gy 

Theo cling thirc (2.6) ch,;,ng ta c6 

F • = ~2 + ya + gy . (2.19) 

Do d6 dieu ki~n (2.15) l~y dang: 

(t1)2 + (y')2 + gyl = 0 (2.20) 

n6 cho chung ta xitc dinb ~~. y1, x1, y1 chung con thoa mart d.c, phu()lag trlnh sau: 

(xl)2 + (yl )2 - l' = 0 (2.21) 

(2.22) 

=oe bai to in c6 19.i gHii chling, ta c~.l tim th~m rnQt tich ph;ln d~u. Rb r i;Lng h¢ ·cO 

l ich phiin nang 1 uc;mg : 

Tir (2.20) ritt ra rig ay: 

Tir (2.20) va (2.23) chung ta nMn au~c 
yl = (2g/coscp 0 - v!) / 3g 

Tcr (2.24) chi:ng t~ thay ding vein t6c dau cua con Uc c~m thea man. 

v3 > Zglco:vro 

Toa a¢ x1 duqc xac dinh tir (2.21) 
xl = y/2 _ (yl)'. 

con Vl duqc tinh tir (2,20) 
V! = 1/ = gy1 = V(v~- 2glcos<p,) /3-

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2,27) 

Chuyh d¢ng cua con lac sau kbi lien kh bi m~t, t>ic lil khi day ~a bi chimg se 

duoc mil ta bhng phuong trinh : 
;=O,y=g, 

voi di~u ki~n cllu (2.25 ). (2.26) va v6i moi t > t1, 

(2.2.8) 
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§ 3, i>i.HAO SAT TRI!Ul1G HQ'I' KHI TRf:N Ul): D.~ T d. LIEN Kih GH! 

VA LIEN KET KHONG GIU 

<!>ia itt cac lien k<t d~t len M duqc vi~t thilnh hai nbom: 

fa (qb q2, ... , qn) <;;;; 0, <X= 1, S1 

g~ (q1, qz, .•. , qu) = 0, ~ = 1, S2; Sr + S2 = S, 
(3.1) 

(3.2) 
Chung ta se ghii quy~t bit! toan da neu a trien. Gi!i sif ri\ng t0i thai diem t

1 
h¢ 

sf rili khi\i lien ket (3.1). 

Nhu 0 tren, chting ta_ xem rang v6i mol t < tt, h¢ chuvea d¢ng du6i tok dQng ciia 
.cae lion k~t gift va ly tu<lng (3.2) vil (3.3) · 

(3.3) 
cou voi moi t > tr h~ chju chi lien ket ly tuong (3.2) 

Trong giai do•n d~u chung ta c6 M voi (n-s) b~c tg do, phuong trinh chuyen d¢ng 
cU.. uo c6 d~ng · · · 

d aL aL . * . ~.. . -
--.-- -=Q,+Q,o+ Q 1 ;r=l,n, (3.4) 
dt aq, aq; 

trong il!l Q~o vii Qj Ia cac phan hrc lien ket cua de lien ket (3.2) vi! (3.3). !* xac dinh 
11hiing ph~n l1,1c .lien ket nay chting ta su dvng nguyen ly tuang thich [3]. · 

n n 

(3.5) 

n n 

L G~, o~o + L G,,o~ + G~ = o; 13 = 1, s2 (3.6) 
i=1 i=l 

" n 

i=l 

do o•o. o· \' ~d Q": * - 0 . 
Yi , i .:::::: ' /_; d'i i - ' 

i=l 
(3.7) 

twng do de d~i luang F •'· G~,, Fa. G, duoc tinh nba cac eong tbc;c (2.6), khi lien ket 
(3.3) duac viet trong d~og (2.1) vil lien ki't (3.2) auQc viet trong d~ng · 

n 

n 

Ctc phcwng trlnh (3. 7) b~u dien clieu ki¢n ly tui'mg cua cac l!<n k~t (5.2) va (3.3) 

trong ·do cac dai hrqng d~ 1 va dcr, auqc tinh nho phuong phap cla neu tren. N6i each 

hac, d~, (d"') Ia cac M so trong bien th1rc c1r. gia toe La-go-rang duqc bi~u di~n qua 

co gia t6c giil khi kC a~n co\c lien ket (3.3) (cac lien k~t (3.2)). 
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Khi giUi c:;ic phuvng trinh (3.5). l).tl) vi't ('3.7), chUng tc<t nh¥n d~.ty~ 

(3.8) 

Khi tich pbiin cite phuong trinh(3.4) voi di~u ki~n dh, ta c6 
. q, ~ q;(t) (3.9) 

va do do 
Q~'. = Q~· (t); or = ot(t). (3.10) 

ChUng ta giii thi~t rang (33) kh6ng pbai Ia nhUng ti<h phan d~u ella H. tile' Ia [2J 

n 

L F.;Q~, + F.$0, 

i=1 

(3.11) 

troug do Qi, la nghi~m ciia M phuong trinh 

n 

L G~;Qf, + G, = 0; ~ = 1, S2, 

i=l 
ll 

L d~,Qf. =O,y =f.P2= n-S~, 

i=l 

(3.12) 

(3.12) 

no chiuh Ia phan l~c sinh ra do eac lien ket (3.2) khi bO qua iinh huang cua lie" k¢t (3.3) 
Dieu ki~n d~ h~ roi khbi lien ket (3.3) Ia 

Q{'(t) = 0. (3.13) 

Tir a6 chung ta xac dinh duqc thai di~m t1 vl~o~heo do xac dinh duqc vi tri vii van 
t6c cua M t~i thai diem nay. 

Sau khi h~ roi khoi cac li~n ket (3.3) chuyen d¢ng cU. ni> se duqc mii tJi b~ng 
phuong trinh 

d &L . »L . 
-- --. -- = Q; + Qj. (3.14) 

dt Bq; Bg; 

Trang m<)t so truoog hQp c1,1 th~ chlimg ta c6 th~ xac dinh tr\!C ti€p tkoi ai~m t1 
cilog vai vi tri va v~n toe ella M qi thai diem nay. 

Gia thiet rang ma trijn 

L F .;(Oj; + Vjil (3.15) 

d;j 

e6 h~ng n. Trong (3.15) Bji Ia ky hi$u kiJ-r9·nech-ke, con Vji chrQc tioh the.o cOng th>ic 

" 
Vji ~ - E G~j ~i (3.16) 

~=1 

trong do Ji. = det II A II, con A~; la phon phu d,i s6 cua yeu t6 G~, c~a wa tr~n II A II· 

liA II = !li::11 (3.17) 
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Philo. h;rc crt se. tri~t t1t11!1 kbl V21 chi kl~i 

n 
r"\ - ;,_ ~, ~~ L. Fo:i(Ji·c; + '-''""'o; :.:c 0; 0'. = 1~ :), 

i=l 

N. . . ' < (n 2) (~ n' ['> '0' . (n oo)· .r gG~H ra-ta c6 2e pnuong trlnu ;~. , _ _,.jb \j.-'-..-J va :;ott. 

n 

L ag, • . . -· 
--.-- qi = o ~ ~ = 1, s2, 

aq, . 
i=l 

" 
i=1 

(3.13) 

(3.19) 

(3,20) 

Nhu v~y chung ta nMn duQc (2s + SJ) phuang trinh chua (2n + 1) an Itt, q/. <i.~l· 
Noi chung; (2s + Sl) < 2n + 1 nen bai toan se giai duqc neu chung ~~ tim OU\7C 2n + 1 -
- (2s + •t) cac tich phan dlu. ' 

· Cku thi&k 
1. Phuong phAp trinh bay tren le tat nhien con c6 hi~u luc trong tnrong h~p h~ 

chiu cac lien k~t khong he.-16-nom tuyen tinh ho~c phi tuyen ildi v6i v~n toe ~a ca truong: 
hl'p tuy!n tinh d6i voi g ia t6c. 

2. Cung c6 th~ su d1.mg nguy~n ly .. Gao:xo ch,o bai toan da neu tren, 

~ fJja cki: 
Truilng Jiiiqi hpcBdch kkoa HN 
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ON THE MOTION OF MECHANICAL SYSTEMS WlTH 
UNILATERAL CONSTRliiNTS 

The niOtion- of ·th~ system -\vTith unilateral constraints being im:posed may be divised 
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PE3!0ME 

EOJIHbl JI5IBA HA Ul1JH1H)l;Pl1YECKOYI IIOBEPXHOCTH YIIPYrOJ1 

CPE)l;bl C HAYAJibHb!Ml1 O)l;HOPO)l;Hb!Ml1 )l;EC!>OPMAUI15IMI1 

B pa6ore rrsyqeuo pacnpocrpaueuae BOJIH Jil!Ba ua U:IIJillH.llpll'!ecKoil noBep
XHOCTII ynpyroi\ Cpe)lhl C H8'!8,1hHhiMH O)IHOpO)IHbiMII Ae¢opM81l,!ll!MII. MarepflaJI 
C'!HT8eTCl! Cll<HM8eMhiM H BH)\ yrrpyroro IIOTeHIJ,li8Jia npOH3BOJ!hHh!M. floJiy'leHO )IHC• 
nepunouHoe ypaaueuHe ,!!.Jill oapel\eJieHHll CKopcrH pacapocrpa neHHli BOJIH a 
o6rn;eM cJiyqae, a B cJiyqae, KOr)la ,!l.JIHHa BOJIH MaJia no cpaaHeHHIO c pal\liycoM 
U:HJIIIH)Ipa, Bhl)\eHO np!!6Jll1ll<eHHOe )\IlCnepll,UOHHOe ypaBHeune. 


