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SONG TRV TR(»NG iYll(H TRUO'NG DAN HOI 

PHI TUYEN V(H BHfN DP;..NG BAN DAU THUAN NHiiT 

B:li to:in truyCn s6ng trong m6i tnrCmg ditn "hOi. phl tuyen v6i bi{il d~Jng b::tn diiu 
thuiln nhilt dB. duqc nhien tic gilt nghien clru3 ch.ling h~Jn trong [1, 2) 3] xet d.c lo?~ s6ng 
ph&ng kbac nhau. T!'ong b~\i nay, chllng tu. kh8.o sat s6ng trv· Ap fh.mg l:Y thuyet tuyen 
tinh h6a cl'1a A. J-I. fysb (4] va cl~ra tren cir h~ thUc err biln da dua ra CLi v<Yi tQa d¢, 
tru, cht.'mg ta giili duqc h2i tottn truyen s6ng lr\1 trong kh6ng gian v6 h<Jn v&i 10 hOng 
hi~1 h trl.J· Trong tnr&ng hqp dan hOi tuy6n tinh khOng c6 (rng sufit bitu chlu dtc kCt qu~ 
nhiin dtrac trUng v&i ca.~ ket qua n0u lrong [5] 

§ l. M()T v AI H.¢ THUC co BAN CUA BAI TOAN 

TUYtN Ti:NH HOA TRONG Hl); TQA D() .CONG TRl)'C GIAO 

Phucrng trinh chuy~n d¢ng va ChCu ki~n bi~n vit'il d6i v6i kich dQng cUa tenxa 

t'rng sm1t Kiec kh6p 

Vi tim- p~·m = 0, 

N1tim _= pm tren S1. 

Li~n hQ v~t lf tuy en tinh h6a : 
tim= Ulim<:e>~VJ3Ua, 

trong d6 
c0imctl3 = (3~ + Vtuoa:Hfl~ + Vnuom)(aintf3 + bint13) + cimaJ3, 

da dna vao cac lc},. hi~u: & d~y 

aintl3 = Lin LtPc!Jo, cima!O = gma LiJ3cpell, 

hint!' [< gil3gtn + gnfOgti) _
0
_ + ~ ( aii'gnrgst + gitg!Osgrn + 

- DA~ 2 ° ,_ . 
+ 0 '"gts 0 n + 0 nt 0 ~~ Tl)"(' __ n. • "' . . . a J 0 

:s t:o t'> ;:-, g rs ()A~ W ' 

\'in= ( 0 in_&_ + 2c1nl'gis~(~,-'--.) + 3oPigmrg3nY<Jm~{~s ~), 
~ b OAJ. flA2 ° , P DA3 

<Do la th~ eta n hQj lmg y6i trong lhai ban dR.u 

¢
0 = (p(Al, A2, A§). 

Lien h¢ hinh hQc luyen tin h b6a : 

2Yij = v~um(Oj + \7jU 0 m) -+~ \7jllm(OT + \7iU
0m), 

Yij Ia kich dl)ng ella th:lnh phiin tenxu bien d~.Jng Grin. 

A1 = (gkP + gkiyju 0 1-')Vku;l> 

A2 = 2~(oki(g~ + \?juQV)VkU!J, 

•\3 -- 'j··,"cl>~c,.sj oJ' . .1 -~-,or)"kU • --~- • ,; 1 ;:-, j r \ J 1 v - P1 

Al, A2) A:l 10 kich d¢ng ei't;-1 {';\r b<'lt Li~~~~ !V.Ji s6 clw teuxo bien d:~ng Grin. 

(1.1) 

(1.2! 

(1.3) 

(1.4) 

(1.5) 

(1.6) 
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Trong hC tl)a cl¢ trq (r, 6) z) ten x 0' metric c6 d:;tng: 

=I: 
0 :1. 11 0 

:l p.:ii 
g;j = l: ' • 

,. 
r 

1 ! \ 0 0 0 

Trong h~ t9a cl(J nay phtrang trinh chu.Y~-;n ClQng c6 d:p,g: 

jim+ _l_t 1m+ _1_ sm(l" + t' 1)- r8';"t 22 - p·~m = o. 
'l 2 

r r 

trong a6 
.. ,.,~ •22 1 '21 "12 

pm = tulffi'-"'t"Uo;,~ + ruJlm Ul - - ((!}m + corm )u2. 
r 

Gilt tbiE'it bien dq_ng ban aau 13. thu3.n nhfit va c6 dong: 

Ta di xac Cljnh 
1 if>n ~~ 

ul ~ u~=(AI-1)r, u2 _:.___ rufJ = 0, 

u~ = u~ = (As ~ 1) z, At, A3 I a d.tc h~ng sO. 

cac h~ sO (uimo:B. Tit \2.3) b- xac djnh cac th:lnh 

') o n e + ,-, o + n on ok ... rij= viu. villi villkviu 
J 

San khi tinh toan ta c6 kM qua: 

•ro 1 '2 ) ' 1 2 2 11 =- ( '1 - 1 ' Y 22 =- (:1-1 -' 1) r . 
2 2 

Tl'r (1.5) va (2.4) ta c6: 
\'in 
£...., = 0 

yo - 0 Y&i i :1:::., • .J· ij-

\'"" = g"" (~ + 2Y~ _a-+ 3Y.' -
8
-_ -) 

L_; &A? aA2 fJA3 

(2.1] 

>2.2) 

(2.3) 

pbiin "{~j theo 

(2.4) 

lrong d6 ta da k)r hi~u Yt== Y~r, Y2 = YE)e, ·r3 ::~: 'Y~z, 'Y~r, r8e• ·y~z I a c:'tc thS.nh phan v~t 

ly- ci'w ten xa bien d0-ng Ung v&i Y~I, 'Y~1, y;g . 
.,/o _ A(o ~~o ___ ,vo __ 1 (' 2 l) ~/o __,____, ~(" _ l (' 2 

1
) 

I 1 = rr = I 66 = i 2 - ~ "1 - ' I 3 = zz- -:- 11.3 - -
2 2 

Ta d:ua vao k:f hi~u toan tU:: 
a o a 

'l.~ = --+ 2"(i --o 
1 0Al &Az 

(2.6) 

va k:f hi¢u sau: 

(2.7) 



1Jinl!3 = 0 V()J i '-f.-·. hn;.lC l'l '4-- (:-, 
binin = giigllll~in 

Tir r I 4), (2.3) va. (2,8) ta c6 iltrqc: 

lilllll = Aft o:u + 2[jll) + o:i, 

I 
o} 212 = - "r~u. 

r'2 -

I 
(!.)1122 = -? Alcr.u, 

r" 
ul1313 = A1A3~13•. 
wZ11.2 = Ul1221~ 

w2222 = _1_ 0}1!1
1 

,.4 

w2323 = _1_ UJ13l3 

r' 
{•)3131 = f..r)313, 

w3232 = w2323, 

w3311 = w1133, 

w3333 = i.§ (~33 + 2P33) + d. (2.9! 

Si'r dgng (2.9), (2.2) vi (2.t) ta viet phuang trinh chuy~n O¢ng theo kich dr)ng cUa 

huy~n djch theo ca.c thanh philn v*t Iy cUa u 

+...!.. [Af(Cl!1 + 2~11) + o:,]u,,- +[l.{(o:ll + 3~11) + 2oci] X 
r r 
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(2. 10) 

-+ 

Jloltn toan ltrung lt.r, 1a vi&t d:ieu ki~11 bien theo t.J.u'tnh phiin v*t lj· ci1a vccta u 
~ -+ 

va P (ldrh .dQng cUa Iv:c ngoai hie d1,1ng tren m~t bien) tren m~_t bien r = ro: 

(2.11) 

1 . 
A1A3"'13 "r,r + -;:- )c1)·3"13 ue,6 + 

+ [lc~( OC33 + 2~33) + <X3]u,, + __!_ AJA31XJ3ur = qz. (2.U) 
r 

H~ (2.10), (2.11) va (2.12) cho phep gild b3i toan d(>ng cua m6i tnraug clan Mi 
phi tuyen, v&i hi6n dq.ng ban dliu thuiln nhl!t, trong h~ tQa tiQ tnJ. Trong tru&ng hqp 
b:li to3.n c6 d~c trung d6i Xlrng tr!J-C ue = Uz = 0 V:l Ur = Ur (r, t) thi phrrong trinh thlf 

2, 3 ciw (2.10) thOa man dOng nhilt. cOn phtrong trinh tb~r nhat dan v~ d~ng: 

1 1 p ' 
Ur,rr +-ur,r~- Ur = Ur (2.13/ 

r. r 2 AI(ocu + 2~11) + "'' 
£lieu ki¢n bi~n thit nh.&t trong (2.11) tr& thanh; 

[At(e<ll + 2~ll) + cq]u,,, + Afo:u-
1
- uri = Pr (2.14) 
r r-r 0 

Hai dii;u ki¢n cOn J~i tv thOa man <trong. tru&ng hqp b8i toan dang xet thi 

dH~u ki¢n can 13. P9 = P 7. =OJ. 

cac d::d luqng 17.:11, ~11· a1 dtrgc x{lc djnh theo (2.6) va (2.7). 

~ 3 .. SONG 'r:IU) 

Xet sOng tqt trong kh6ng gian vO hG-n v6i 10 hClng hinh trr.I ban kinh tr·jng trsmg 
thai ban (}3_n !2. R 0 . V$! li~u gi3 thi.!H Ht dan hOi J)~ trrCrng, nen thrqc v~l ihe biBn d:,1ng 
la tUy )", trqng thai bien d<Jng ban diiu 13 thn~u nh3.L GEt thi8t rang kich d¢ng c6 tinh 
chit c10i xlrng tr~lC va khOng phl.J thuQc v:'to fQa d¢ J': htr6'ng <'iQc tn,Ic hinh tqr. Khi Cl6: 
u = (Ur, o. o;, Ur- Urlr, t/, clOng thCri Ur thOa man pbuang trJnh 

82ur + .2_ 8ur _ .2::.::_ = _____ _.P ____ 8 2ur 

(?r 2 &r r 2 )-.t(.zH + 2~11) + a1 Dt2 
(3.1) 

v(l dieu ki¢n bi~n ~ 

2~~1) ·+- et1]ur~r + t..Toc11 J_ lil'l =- q(t) 
r )r=R 

(3.2) 

H- b{w kinh !0 h(Jng · lrong t.r~1ng thf.t.i lL_r ilhi~nj H = A:t 1H 0 , q(l) Jdch d¢ng ciili 
l1,rc m0-t tac O:¢ng tren bif!;J r ·= R. H¢ (3.2), (3, l_) c6 d~.ng ho3n tobn trllng v6i d~ng ci'ta 
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)l€: d€ gitti iJ~i to8.n v(j Sl,111g in_l trnn:t.; mfn irnnng c!Jn hOi tu,\.1'11 tinJJ kh!'HJg c6 1!it~n 

el~ng ban diiu. ll<) nay va nghi~m clta no d::l ~llrqc tnnh b:\y lrong nhiBu Utl li¢u, chltng 
h;ri trong [5] cho cac trtnJng hQ'p q(t)::::::: poe 1 rot hay q(t) = p(tHHt). 

· Do d6, vi¢c giltl blli toft.-n s6ng tr~1 trong truCmg hgp dan hOi tuyen tinh h6a hoiin 
to3.n tuong, ltJ.' nhu trong tru&ng hgp d?~n ~6i tuyen tinh kh6ng c6 trng sli8.t bap.(f_llu va 
ta c6 th& dllllg nghi~m dfi 1'6 ella b~ti toan Chm hOi tuyCn tinh cho b3.i to3n dang"-~et. Vi 
v~)r, tte gHi.i b~ti toan truyen Sl'lng tqt trong m6i .tru&ng a_an h()i phi tuyCn ta ci)l~ _can: 
tim d1c h¢ s6 c.:.1, a11, ~11- Cite h~~ s6 rnly .se tlm Cluqc nEiu cho d<Jng ~\I the cUa th6 d8.r 
hOi. Sati day; ta linh ·cftc h¢ sO c-:.1, a11, -~11 v-&i v~\i d::_tng the Clan hOi C\l thb. 

I. TRU"ONG HQ'P THE MURNAGHAN 

1 2 a 3 1 
<l> = - l-A1 + [.tAz + - .'q + bA,Az + - cA3. (3.3) 

2 3 3 

A, (-L, a. h, c lil cftc hUng s6 d:ln hOi. 
Ttr (1.4) chung ta nh~n dugc, 

2 2 o:1 = A()q - 1) + t"ll-1 - 1) + a(AJ-

<>n = 1- + 2a(Aj - 1) + 2btAf- 1), 

2 c 2 
~11 = [.t + b0-1 - J) +- (A1 - 1). 

2 
(3 4) 

Nh& (3.4) ta ho3.n to:ln xftc d~nb duqc cic h~ s6 ciia plurang t:inh (3.1) va dH~u 
ki~n bi~o (3.2), do c16 x{tc d!nh dlrqc tOe d¢ truy0n s6ng trlf 

' Aj(o:,, + 2P11J + "'' c- = (3.5) 
p 

n~u chD tnr&c bi€!n d~ng ban diu, tlrc cho trn&c AI. 
Trong trmJng hqp cho tnr&c tr<~ng thai trng su:'it ban dau thi tnr&c bet ta can 

xac djnh A!. Gilt siT.trng suiit ban- dtlu c6 d(lng: 
0 0 0 

crrr = cree = 0', (j'zz = O, 

(3.6) 
(.JOQ = 0'80 :::::::; 0'0 = Q 

rv z rz 

0 0 0 !' . ] .• so·-0· d'Ay crrr' cre6• ••. , crEiz a cae th:lnh phiin v~t J cua ten xa trng suilt 1
1 trong tr,ng 

th<'d ban d~l_u. Trang h¢ tQa dQ cong trvc giao ta c6: 

S0 ii = (1-A~ + aA~ 2 + bA;)g1i + 2(!" + bA~)·( 1 i + Cy~i·(ki 
\'i v9-y trong tnrCmg hqp clang xel ta nh?n duqc W~n hi¢ 

cr~r = f.A~ + 2·!L~(~r + aAl 2 +- b(A3 + 2AfY~~) + Cyi?i,· 
Thi! (2.5) viw (3.7) \a din cl~n: 

3('' 21, - AI -· 1) ], + - ( A1 - 1) C• 
2 - 4 

TlV phuang trioh 

0.1 -· l) [ )d !" + (a + 
3~) + : ) (1-I - 1)] = ". 

ta se tim dttqc }.I. The gift tri ci'ta P.f vao (3.4) ta xac dinh U:uqc "-v 0:111 ~11 

(3. 7) 

(3.8) 

(3.9) 

2. TRU"ONG HQ'P DAN HOI TUYEN TiNH KHONG CO liNG SUAT BAN DAU 

(3.10) 
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\o, II) 
Th6 \:3-1 1) Y8.o (3.1) ta nh::u1 duqc 

cr.11 =f.., Af (au + :2(311) + a;1 = }. + 2[1- (3, 13) 
Tt'r (3.12), (3.1) la nhftn dune c~i_c ke-L quh tcrang t'rng cUa l.Y thnytH dan hOl tuyen 

t111h kh6ng c6 bien d-%ng ba~ dilu "[;l) 

kich 
q(t) 

§ 4. vt DlJ 

Xet fl·u·ong hqp tren bien_ r = 
dQng cl1a lvc m~t c6 d<Jng: 

'OOt 

H0 (Bu hiln kinh 10 hbng tron-g tqtng thai ban d~lu 
q(t) = p

0
cos wt hay bi~u rlien dU"&i d:.lng pfn'1:c 

= Poel 

<¥ 
· ~" t a<jl 1 t · va ua ur =--~ \.11 ' ar fhra vao ham 

(~ + .2_ a 
ar2 r Or 

( 4. l) 

va (3.2) dKn ve: 

hay: 

ar2 c 2 

R: ban kinh 10 hOng h·ong trr.tng thai tq.- nhi~n. 
Nghi~m ( 4-1) thOa man di~u ld¢n ( 4.3) c6 cl~ng : 

c 

A=- Po l(2i.i ~11 + C<t) tc 2 ~: Hf 1' (kB) + 2<Zt1 k 2 A~ Hlll (kH)( 

Trong lru(J·11g hQp cian hiJi tu::fn tinl1, kh6ng c6 U:ng sn:lt ban di:lu ta c6 
? ~ 

2Ai~11 + o:1 = 2p-y A1 ail= A 
w 

c = q, k = ~ ) ( c1: l6c 0¢ s6ng dQc) 
l'1 

[51 

(U) 

(4.3) 

(4.1) 

Khi c16 dt~ k6l (Itiii nhf.Ln i'l:l .. r(YC trtm,_~ ,·~)·i kCl qui\ nht tr(lng 
Dia chi 

Truirng fJ?-i .. hrc Tbng hy•jJ I-lN. 
Nk4n ngay 30/11!1984 
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PE3IOME 

IJ,HJUIH)J.PITI.lECKHE BOJ1Hhi B HEJliTHEtlHOfl YDPYfOfl CPE)J.E C 

HAI.lAJlhHhiMH 0 D,HOPO )J.H biMJII il,E<!JO PMAIJ,IUIMII 

B pa6oTe, c IIOMOll\bK> ocHoBHbiX cooTHOJIIeHHfr JJHHeapH3oBamwi\ reopHII yiipyrq~TH 
npH KOHe'IHb!X HaqaJJbHb!X ,llecpopMaiUI>IX, B IIKJIIIH,l\pH'IeCKOll CHCTeMe KOOp,l\HHaT, .IISJI0-

1 ,',, 

lKeHO peJIIeHHe 33,1\a'IH 0 pacnpocrpaHeHHH IlliiiHH,llpH'IeCKHX BOIIH B 6eCKOH8'IHOM IIpOCT

paHCTBe C IIHI!llH,l\pH'IeCJCOll ITOIIOCTbJO, Tlo,l\y'IeHb! .KOHKpeTHbJe pesyJJbT3Tbl ,1\,T5£ cJJy'IaH 

yiipyroro noreau:nam Mypaaraaa !I rapMOHH'IecKoi\ HarpysKH. 

H(H NGHl CO' HQC LAN THU NHkr CAC NIJ6'C XHCN 

H(>i nghj liin thir nMt ve Cu hQc gifrn cac Vi$n Han litm khoa h9c cac nu:6c xi!. 
hQi chi'L nghlu se duqc tien binh t!}i Praha, thU dO Ti~p Kh3.c, trong khoilng thai gian 
tlr 29-06 den 03-07-1987. M!Jc dich cUa HQi nghi 13 truo dOi cac kEH qua nghiCn ciru khoa 
hQC, gi&i thi~u tinh htnh, huynh btr6ng phat !ri'en cac chuyen ngEmh Cu hQ.C a cUe nu6c 
XHCN, c&c phuang phap va c6ng c~1 th~re nghi~m hi~n d~i va th3.o ht~n ve cltc kb3. niing 
U:ng d1;1ng cftc th3.nh b~m Cu h9c. 

HQi nghj se tifn hanh theo 10 ti~u ban: 

1. Ca hQC cA.c h~ v~t ran_: cic h~ meu ch'lnh, tay may' ngu&i may' l)r thuyet con 
quay, dao dQng, cite h~ phi tuy€in, dtc ket c:lu kh6ng gian, ttrung tile ci'1a cOng trinh vA 
mOi trmJng. t6i uu h6a .. ; 

2. Ca h9c v0-t d.n bien d~ng 

3. Cu hQc cac diu trttc Y~t chat: Cu bQC cac dlu tr(tc v~t li¢u hOn hqp~ CO' hQc. 
h6a-Iy, Unh hu·Ung di.c qua trinh cOng ngh~ den c{lc t1nh cMH ca hQc cUa h~ tb6~1;;, x3.c 
Gjnh dtc tbOng s6 ella v*t Ji~u ... 

'*· Cu dta hQC: bi.en d::_t]lg va On ciinh ci'tn eic kh6i CHit, aa. Ly thuyCl 1'-~\.C c6ng 
trinh ngilm, m6 hinh c:J.c qu:i trit1b Cu-d)n_ . ., 

5. Ca sinh h9c. 

6. Cu hQc dtc chU.t lOng Ni u-tun. 

7. Co Iwc: cf"l_c h¢ chfi.t lOng 

8. B¢ng l~rc hQC ch[t khi va c:ic h~ nhiGu pha, ttno di3i· nhi¢t vft Kh6i ltrqng~ 

9. L)- thuyet r6i va. li'rp bien elm c:iie chfit khi 

10. Tv dQng b6t:t cf1c phuang phb.p nghiCn clru ca hQc: cftc mO hinh v$-t lj v;\ 
C'ac phuang ph:ip thvc ngbi~m, cac phu-ung phti.p tinh ... 

C~lc bao cao tQ-i hr)i ugh~ dtrgr triuh biy bhng tieng ~ga ho~c ti€"ng Auh. 
et kh{tc vC H¢i nghj c6 th~ hOi'& Vi~n Ca hoc thu6c Yi~n Khoa h9c Vi¢t N 11 m. 

Cac chi 
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