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VE MOT DiNH LY. CUA LY THUYET THICH U'NG 
CUA H£ DAN DEO 

NGOYEI'< vAN PH6 

§1. MUDAU. 

' Thich irng (Shakedown) lit thn~t ,,gfr do W. Prager d(1t ra, duqc hnu theo 
nghla ~au; 

i\1¢t h~ dan - d8o IY hrbng cl.Jju t:ic d1,1ng cUa tiH LrQng thay dOi t.heo rnQt quy 
1ui}..t tt'ty y trong m¢t mien nB.o d6, 1rong g(ai dol'Jn dlu cUa qua trinh t11].t t3.i m~t sO t'li~rn 
cUa h~ c6 the roi vao giai do~n d8o, song hi· m¢t thOi gian nao d6 trb eli h¢ lam Yi~c 
hoil.n loan t!iln hoi (nghiO: la kMng bj pha ho;;i deo), thl b~ duqc,:gqi Ia thich u·ng. 

LY thuyCt va th\rc nehi~m d!l __ chtrng minh Sl! tOn t:,.i clia tr'~ng thai thich trng. Tieu 
cquiln thL'h ling luCri lnOn ~ugc mb .r¢ng. ' 

LY thuyet thich U:ng 16 nbi€u tTr.g cll,lng trong linb to:in d.c kCt cau chju till trQng 
va nhi~t dO biln thicn. . 

Nam !938 E. Melon da chirng minh djnh ly thich irng tva tinh thli: nMt cho v*t 
th~ ba chien b:lt kY chju tac dt,mg ella tiii trl)ng. 

Nam !957 w. Prag.~r d!i ma TQ:Jg dinh ly tren oho truerng hqp dbng t.hai chju 

! lac d1,mg cua lai trQng va nbi~t no' [1]. 
Nam H76 [2] chung tOi "mt rna r(>rig djnh lyE. Melan b[ng each thay gia thiiit: 

-~ - ·-3 p (xl, V P(t) E G, \:1 x E V (!.!) 

bang gia lbiet : 
--+ --+ --+ -

3 P[lp(x), \1 P(t) E Lip E G, V x E V ( 1.2) 

---;.........,.. --+ 

trong dO p(x) 1:1 tru·Crng lrng _suf!t du khOng pht.t thu¢e thOi gian, P(t) l:i tvc tile dyng l~n 

b~., tla th&i ~ian, G li mi~n bien thi e.n ("li~ h.rc, ~r In lfm C~ll dli nhO cUa P, P.:j_"p{x) Ja truOng 

ling suilt. du khClng ph~ 1bu¢c thCri gian tmg vCri L\.p. 

Nh6 Sl};" m(J r(mg tren ma la dB. tim dw:;rc mi€n thich t'rng rOllg hun theo ueu 
chuiln E. Melan. 

Trong b3i nily, clning t6i chUng minh m¢t cHnh lJ\ m&i ·d~ st; tlnch lrng, trong dO 
bO gia lhi€t ([.!) ma tbay bai gia lhiel. 

3 p(x, u dOi v&i rnOl 'p(t) E G. 
--;.. ---3>--+--------+ ---:;.. --'l>- --+-!> __,.~------'). 

Vi p ~ p(x. P) mil. P = P(l) nen ta c6 th~ vi~t p(x, tl = p(x, PJ. 
' 

Tren ca s& dinh lj m&i, ta gi:ii b3.i toan thich 1Ing de dang han. 

Cling trong bii nay. sau khi c-ht'rng minh djnh lj vi hal h~ qu:5., ch1lng t6i pbat 
bi~u bai tuan rnt€n thich 1rng, neu phnang ph:lp gi3.i va thi dv 
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I. PR<lil,l' IDI~!J iDlN!-l LV: 

Hi iliin -dio ly tu(Jng thick ting trin mien tdi trrng G, nfu tqi mOi Jam P E G 
• ......,.........,.__,.. __..,... --s>- -> 

~ p(x, P) sao cho f(p + cr'~ 1 ) < C, \1 x E y, 
--~> ··->- '--'?> _..,.. 

Trong il6 p (x, PJ Ia trtti>ng ung sudt du, f = ' Ia ilieu ki?n dJo, a'~J Ia ling suiit ilitn hOi 

ltj tuJng ung vai tdi trrng P. 
2. CHU'NG MINH !ljNH LV: 

' 

Ta xet hai kh6ng gian, khOng gian ba chi~u {xi I la kh6ng gian b~ chi em va kh6ng __,. 
gian tlti tn)ng d€ bi~u di€n sg bien thiEm ella t3.i trQng P theo tl::&i gi:tn• sO ehieu ella 
khOng gian tai tr9ng Mng s6 tham •6 bi~n thien d¢c l*p cua t1ti lrQng (hinh 1). 

Hinh 1 

Ta lay Po E G tlly :f ,.-a_ ~~hqn mQt l~.n C$-n dU nhO L\p(! cUa Po. Trong [2] chiing trt oa 
cht"rng minh duQ'c rUng, c1i8u ki~n d€ h$ lhich lrng tl!i Pt:> {8 

('') ----;;- ·-+ 

Np6Po = 0 \'X E; ;)p, \/ P E 6po 

__,. 
Trong ci6 flpo IU lfLn c{tn czJa P 0 , Pb.Po Ja !rrr&ng lrng su5_t d1_r kh6ng ph\1 tlrur)c th&i giar> 

-> 

14 



BAy gib tn chlmg minh ding, nEh.1 thOa man cac h~ thUc sau da.Y 
~~~ 

3 p (x, p 0) ~ 
~ ...... 

L p - 0 'f X E v, ~ Sp 
c •• l ~ ~ 

NP - 0 'f X E Sp 
- ~ ---> 

j(cr~'J · + p~'} ) < c 'f x E V 
Q - -

tl:tl ta suy ra c6 t(jn t~i m¢t tan c~n ~Po ella Po thOa man cac dieu ki¢n (,), nghia J:i 
M thich 1rng t~i P o• 

____,. ____,. ___,.. ___,.. 

Thqt v~y, khi thba man f [ tr~'l + p (x, P
0
)] < c 

____,., _,., .....,.. ~ ___,. 
thl se thOa miin f [ cr~~l + < + p (x, P 0 )] < c v6i e = J < I > 0 dt! nhO, vi f < c xac 
dinh mQt mien mO. 

- -.. ---> 
. a~:l Hl lrng su4t dan hOi lrng v&i t3.i trQng P 0 thi cr~:l + e: 13 lrng sullt dan hai 

ling v&i tlti tn;mg thu~c lln c~n 6.P 0 ella P 0 

Nhu v~y \a di! tir ( *' ) suy ra ( * ), nghia Ia ta cb(rng minh duqc ding ( •• ) 
""' cftng Ill. dieu ki~n du d~ h~ thich irng t:J-i P 0 • Di~u d6 xay ra v6i lfPo E G thl b~ thlch 

irng tren G. Binh ly dtrgc chirng minh. 

Vi 

He qua 1 : Miln tdi trpng tki<k ang Ia man loi. 

TMt v~y, gQi m~n thich irng Ill G. 
-+ -.. 

Giii sU: PJ E G, P2 E G ta cAn chirng minh 
...... _,. 

tJ.Pt + (1 - !J.) P2 E G, \ftJ. E [0,1]. 
--':!> -+ __,. ___,.. 

Pt E G => 3 pt ( x, P1) ,.. 

{ 
_,. 

L pt = 0, 
---> 

N pt 0, 
-.. ---> 

f[tr~e) + p!] <c. 
1 

-+ ~ -+~ 

va ·vi P2 E G "" 3p2 (x, P2) => 

~> -> 

L p2 = 0, 

N P2 = 0, __,. __,. 
r[ a~'J + p2] < c 

2 

Do R == [a : f~cr) < c !Ja mH~n lOi. ntm eRe tO hqp l6i 

1L [ ~,~l + -;;~] + n - tJ.) f";;k + ;~] E R, I' E [0,1] 

hay 
~ ____:;,. ~ ~ 

f I [tJ.<>~'i + (l - !J.) cr~; 1 l + [f.IP1 + (l - !-') pzJI < c, l' E [o, 1] 

Cac toan ti'r L ya_ N Ia cac toan tt'r tuygn tinh va thuiln nh~t n~n - __,. 
L [tJ.p! + (1- !J.) pz] = o 
~ -

N [tJ.Pt+ (1 - !J.) P2J = 0 
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~ •----">- ~ ~ 

Y$-y (l.pl + (i. ·- [Li pz !d m:~t tJ_-u& ;p {rng suBt ii)U' cOn [.UJ~~·1 + (1:-- u) qf~ I Ja I nx&n.•·.o. &n12 1 Pz · ~-
-> -)' 

sua~ dlln hOi Iy tuU11g frng vfri tO hqp l~i b<lt k}- cUa. P1 va Pz. N6i each kh3.c, mgi tCJ hqp 
~ _,. 

lbi cUa Pt va P2 t.lCl'l th(w_ ma_n dii?u ki~n din djnh 1}·· V~y mit!n tB.i fn;mg thich Ung l_a 
mie.n IOi. Do dO, d& tim miCn thil:h lrng ta chi din tim bien d1a ml~n thich lrng. Khi tim 
duqc m¢t sO hfrti h<)n di'&m bien, ta nOi l:;li. bJlng cf1c c1oq.n thing hH:y m~t phlln:g la c6 
mien thieh 1fng gfin Olmg (cf,\n «iu&i ella mien thich ling). 

_,. 
H~ qua 2 , Ndu /(") <;;; c Ui xti•g qua gdc tki mien tdi trp,.g thick icng ciing Ui 

xung qua gk 
_,. --.. 

Th~! v~y, Ia gii\ SIT p E G, !a can chirng minh - p E G. 
_,. --... 

U'ng v6i p ta co tmg su&t ctt'm hOl a~81 (xJP) 
_,. -=-- ~~ 

(T·ng v6i -·P ta co (mg su~H dail blJi -cr:,el (x, p) 
_,._,._,. 

Theo giil th i~l P E G Hrc 3p (x,P) => 

I 
--.. 

Lp = o. _,. 

I 
Np = 0, - ~ 

f ("''' + ~). < c p 

Do gia thW f(cr) <:;;: c !l6i xirng qua goc, rna t~i -P ta c6 

~ -L(-p)=O 
~' 

N( -p) = 0 

r ~(e) ~ 

\ 
f(-" p -p)<< 

Nghia l:l 3 (-p) ae tq.i - P thOa man r:ic di~u ki~n ella dinh I)·. D6 1a dieu phdi 
cbt'rng minh. 

§ 3. I'Hkr BIEU BAI TOAN TiM Mli';N THicH irNG 
DIJ(n D~NG Bill TOAN C\fC TIH 

f:)inb I}· tren lit_ 1llbi1 Jd·Qn 01J ctw sv lhid1 lrng, rl~ thi-l_nh l~p bEd if1 ~1'1 trrang t'rng 
v&i G:jnh l)' dO Ia c{m ln·u }- f <::: r ,:_:('_ d?iu Cltin tim nghiCn:1 b:\i.to3n trC.n miPr: mO·, vj Y;Jy 
c6 the x3y r:J lnn'rng hi:ri-~ khFlllg c6 nghi~rn, Do d0. Ia 1\:ay· r •:::.~ r· !J('yi f -~'( r, vir lil 

h3ng s6 th1_rc ngbi~1n {gift t rj trung bin h) Y{t nghi('m b.J.i to:1n ·{Jn r1jnh dUi, v6J f ·< {~. 

J\.h6ng mill tinh ch<H t;)ng qu~Lt~ IH. bl~ll cliBn h.rc nhu san: 

Trong dO /q t;\ de thurn s6 bi~n tluen dm lvc vfl_ chl1ng c6 the thay d6i .tUy Y; 
Pi"' 1 !~t e{lc th~tnh pldl!1 ella h.rc cu s?r dl.f\fC ch911 t-nr6c. Nhu \'~Y· l;:bi c:ic Ai hit?n thieo thi 
~ ~ 

p bien thien y;'j nglrQC l:_:i. \'i v~y, dC X~lC dj;1b p Ia chi din x:!!.r- djnh anh ci'w (:J IJ·ong 
k:hOng gian c~c Uwm sl:l ! id I· Qu8. pb€p biCn cH~i (co--- dUn) h ('/) n. 
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B~d toan tim miCn thich trng Ht : 
:\i _.., max 
-> _,. 

(I)' 
Lp = 0 v X E y, ri Sp 
--... -> 

Np.=O'I/xESr 
_,. (e) ---"'" __.,.,. 

f(ap + pl <" V x E V 

~ -----">(e) _to)·-
1rong dO p, Ai lB. ~n, Ak (k + i)Ia tham s6, cr p dtrqc bi~u diCn qua Aj va- Pl"' 

-;~e)= L 

(!)" 

_,. ~ 

Lp = 0 v X E Y, ri s,, 
Np ~ 0 lfx E Sp 
-----+(e) ~ -)1-

, f(" p + p) < c v X E ,. 

Ak (k + i) Ia tham so,"'< o. 
~ 

Neu l(cr) < c d6i ximg quo g6c thl theo h(· qua 2 ta chi giJi (!)' v&i Ai > 0 sau 
d:6 suy ra mien ling Yri"i Ai < 0. 

(I)' va (I)" 1a nhftng b:li to{u~ quy ho::;tch that-a sO 1rong kb6ng gian ham. 
Ghi chU: Khi th8.nh l~p d.1c t~:li to.Qn nr hay II·" Ia 03. chon m¢t 1ham s6 nao 

t16, ch&ng b~n Ai Jam IDlJ.C lieu~ c:ic tbam s6 c6~1 l;:d ella lili trong Hm1 tbam s6 cUa 

hili toan: 
Nbu v~y. m¢t van de dt!Q'C d~t ra Ja 

kbi cifin h trAo vai t rO ella cac t bam s6 t8i trong 
thi mi~n thfch trng cO cluy nhfit hay kh6ng ? 

E)(~ dang· chlrng mjnJI r3.ng, vi~c chQn 
tham s6 n:lo tarn ~n Ht tily )", mi€n thlch lrng 
van duy 11 hfii. 

Th~t v*y, ta xet cho tnr(yng ho·p ha~ 
tham sO t:ii tn,Jng ).1 vi'l A2-

Gi3.. sir khi chQn A1 18.rn iln, ta c<'> 111 iCn 
thich trng GL khi cliQn Az 18.m :in ta c6 Gz. 

H> Q =o G1f\G2+ 0 
~ -> 

Xet P EQ, F' rf G2 

F' E r G, rr Gl hi'n GJJ 

Do 

Lp = 0, 

thba man Np = o. 

~ 

"*Y P E Gz, nghla 18. G1 Y3. G2 trUng nl!au (Q = 0). 
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Ung 

Ta dua h:ii tofm quy h(Ji;tCh tham 36 Cil tlr v6 h~ur vB bfru b11n chi€u b8ng c8.ch 
phiTang phAp sui phAn hay ph·8.n tir hfn1 hi-:;n [3], San c16 gi9.i b.ii toan quy 

ho-ar:h tham :s6 ths,:;.o d.c thutd toitrt thich 
hqp [5, 6]' ' 

Hink 3 

Tbi dt;: Nhttm m~Lc dich minh 
h9a vi:t so s3.nh~ ChUng ta cbQn rnQt thi 
dl,l rHi dtrgc giiii the9 dtc phuung phap 
khi,c ubau [4, 7]. · 

Tim mi~n thich 1:rng cUa thanh 
tr(m, chin tac cll}ng d6ng th&i keo va 
xoiin b(ri l1,rc P vi m6meti }I, bien thl€n 
quanh cUe gl!l. trj cho tru&c Po vU 11'1

0 

M = ~1, + ilM 
P =Po+ AP 

M = M0 + AM = (t-~1 + "Af)}J* =9 

pr, = (A~.·1 + Aj)M*, 

I Ll.M = t-!M* 

P = P, + 6P = (1-l:z + "A2)P* =9 

1-22 -p* 

),1 p* 

Trong d6 M*, p* la c<lc tai trc;mg ca sO xac d~nh tnr&c Af, A~ 18. cac tham s-fJ 
-i~n thien cua tai lrQng. 

D~ tinh toan dan giB.n 0 dAy ta cb<;>n M<~J = L P* = L Nghi¢m f18.n hOi ctYa bai 
oim !a (7] 

2J! 
'1'~z = --4' 

7ta 

Ta xet tren 

r 

d.c 

q --· 

Khi ,16 

Trong a:o 
),.vi 

' a 

• p . 
f1z =: -- 'a ta bh.n kinb ella uet di~n ngang ciia thanh. 

""2 
bien khOng 

T*z 't'* = 

"' 

thu nguyen. 

a* 2M ..,. ' = -, m = --3-

"' na 'r:; 

'<* = 1. (Aol + )q)q, 
cr* = 1 . (Ao2 + \z) 

p 
p = 

Ta chQn m<)t trrrCrug 1;rng .;.;uat rln klv'ing tlnl' nguyen _ph!J. thuQc mQt th6ng sO chua 
Ute C!-"luh v.. l:i 
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r; = 0, " = + -: q) 
Tnr&ng ITng suit tOng cQng ht 

T = T* +-::; = (Ao! + f.!)q + rx ( 1 - : q )• 

rr = a-c. + ; = /,o·l + A2 



Khi p = {1 1 ta chr;m dii§u ki~n d€n I c ! -<t L BB.i toitn thich ,Yng Ll 

) - 1 < (\,1 + ;,, )q + " ( 1 -- : q ) <; L V q E [ o, 1] 

I ).1 > 0 At vft (t. J;i an -

v6"i cac dii:>u ki~n 

Ta c-hia dot;~.n [0, 1]. lh~tnh 10 pb8.n b~ng nhau. X&t gUn (i.Ung· chl t:Ji cac nUt chis, 
b:li to<in ,thieh __ lrng __ trU tbUnh -h~d to:1n (}Lly--hof~ch Luyen tin h. li~li to:in (1.6 c6 l_h'e gi3.i 
elf d;J.ng b~ng thu$-t toan dan hinh hay httng phu·ang pbL'1p c10 thi lren rn~l ph~ng (1,1; cf.). 
Thea il!<h ly E. Melan, bu(>c phi'ti thoa man dieu k1¢n (1.1) 

I ->-----o-- -
3 p (x), If P E G 

do c16 n.ghi~m cUa b8.i to~m 18. 

bo~c 

4 4 3 / __-2 3 
-- n:a 't's ~ M ~ -· na 't"s, 0" = 0, T 2 -q- j, 

3 3 3 

2 3 4 0 

- -rca 't'a < M < - 1ta "-rs, cr =- 0, 
4 

'r21--q 
3 3 

I (M 0 = 0, ~Mmax = 2n:a3-r~) 
Theo djnh ly cbl'Ing 16i vira thu f!u:qc & phan § 2 thi 

- i_ 7ta3-re < _jJ < _i rca3-rs 
3 . 3 

3 

mien thich lrng Ia 

( M0 2 0, Mlmu ~ : 7ta3-r, ) · 

TruOng hqp p. m + 0, ta dUng dieu ki¢n deo -r2 + cr 2 < 1 
Bai to~w tbich trng 18. 

v&i dtc di~u ki~n 

- ~ <; (A, 1 + J-. 2 )q + "( 1 - : q ) <; ~ 
Al > o, \1 q E [o, 1) 

~ "' 1/1 - (),oz + Az) 2 li tham s6 

Nghi~m !rang truCrng bgp M0 = li, P 0 = 0 lfi 

4 _, ., / .-- 4 _,--, 
- - v 1 - p- """ m ""'' - v 1 - p 

3 ' 3 

1· Eljnh lj; mi.~ chtln,r, tQi cbnng n11Dh (r rb.;ln § 2 chlrng 10 tieu ohu?u1 thicb lrng 
cua £. 11dan 18. qu:i c.l11~L lrf>n co f-.0 dj.nb !_:\·- m~'i vi0(, iiFI1 mi81i thlch ling duqc d~ 
clang hun. 

NhO dtc h$ thU·c d(ii ugB.u trong qny ho~_ch toao Iwc ta c6 th8 l<~p b8.i ·to~m d6i 
ngJ.u va pbf:tt bi~u djnh 1y t1Cl! nghu tnD"ng t1~· nhu djnh 1~Y ctQng ella W. 'f. Kolter [1]. 

2. Troug thtlC tf h{' c(l th~ pb8.i ch tu nhf:tng 1fti trqng bi€n thit-n rol~ng P = P 0 + 
-> 

+tiP(t)~ Trang d6 chl~P (t) thay ~10i thBo th&i gian thi. clic ket qu3. tren day cling 

f'6 th~ ftp dt,mg duqc, chl ciin cUi bien chtlt iL 

tJia chi 
Truilng tJa.i h9c Tlng h~p HN 

Nk4n ngay 4/7!1985 
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SCMMARY 
1 

ON A THEOR'EM OF SHAKEDOWN THEORY 

J !1 {his Shi;ke,lo'iVE 
--? _,_ -

tlition there is a thne independent residual Slres's field p ( x) for V P E G E.Melan's 
__,. -+ - ~> ·~ -+ -

orem is changed by the condition 3p (x, P) at any point PEG,], e. p = p(x, t) 

By whieh, the author shO\VS the \Vay of solving the Shakedown problem hy the 
.hods of parametric Mathematical progrumming. 

For illustnltio.n, \Y~ consider the sin1ple example of a Shaft subjeeted to lensio~ 
and torsional forces· 

TIEP l"fikt-1 TRANG THIET B! NGHIEN C!J'U CO HOC 
dJA Vl~l,i I--IAN L/i,N\ KHOA HOC LIE!~ XO Gll'l L~NG 

'lthl qn~1, l:_,j Jl;) N<)i dfi tO cilt-rl' l!~ hAn giau c3.,; irnng thiet bj nghiCn dru ca hQc 
3 vi~n !U:n !fun ld10~1 hr;;c Li0n Xll g1:l·i i~ng vi('ll I<hot~ lH)t? \'i(:l. [\fJ.m, 

Tham <hr- [,c_-;_(~ll !0) vC- phln \'i\:l 't'bm cc~ ~;[10 flU til:Jl sJ NguyCil_ Yttl~ D;:.n~ Ph6 vi¢11 

r0Jlf ·kiem \(\ng tbn ; .. }- vi0n f~hon hr_,~ rvt N;1m. i difn ctic ra ipnn chth~ n~'li!g cUH 
:n, rnQl. sD ··fq' LQ nr:hV~P C(rn e!':- ]l(,')(', i di¢n nQl sO Cfi qur.n th(lng till~ tuyCn 
1yCn. Trnng bu ·i If\ di'>ng chi ,\. L LU!<i !h;J:11 -Uw kboJ h0c d~.i .51~r qu{w Li<~ll X6 i~l 
~e~i !'ohm dB: tr;:to !(1ng ltrvng tnrng lhdil b1 v:~ d~tnh ~:{~_dl dec !-hiet bi Cia gU:i snng .. }JOng 
1 NgiJy(:o Yan f}'JO di'i tiep nb{ln v:i b~y t,S l6ng eJm on c1J{\il 1l.18.nh {10i vL)·i vien Han 
m khn;~ hQe Li&ll X6 n6i chung va vi(~n t\'ghiE'n clTU !l][ly n6i rieng ve st;r giUp au qu:;" 
n cila ·vi0n H.-\ I< ldm khoa hoc Li~~o XO deii v/1i nghnh ca hr,w. nu·6-c tn. 

, L\-tt d_iiu vii;:l Ehoa hl)c Vi~l Nam ([i] nh~ln Chr(JC mi)t s6 ml1y tinh brung t1_r, cUe 
~n& th:t~t b.i dif:l ti:'r ph1,1C Vl)_ cbn vJOc nghif~n c(ru ca hqc mrty, mQt s6 lhiCt hi quang, 
1 i~t, y hqe v.y •.. vlri t(',ng gi8 1:-j kho:':Uig 25 qn1 rUp. Btin el:my&n gia cUa viG·n Nghien 
w JT;:ly ·vi~u ru,,-, Llm khon 11\H~ Li6n XO dli ~ang giUp dV ld.p (1(d., hu(rng d~n slr dt_lng, 
Tl 'bieu th-;'n• lin:, hinb. Cl) t\10 d8 chuan bj cho -d%c gli·.i l dr:d s:1.n. 


