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NGUYEN VAN KHANG, VU VAN KHI~M 

§l. MCr DAU 

1hieu bai to:in dao dQng cUa ca cau va _may <il~u--t&i c:.lc Jfhua.ng_ -lrinb vi ph{ttf 
i~n d~i [1- 5]. Trong [2] da ap mvng phuoug ph:ip dao d¢11g c6 di!u ki~n d~ 
n daq d(>ng cua M m¢1 b~c tv do. Vi~c ap dvng phuong p~ap nay tinh toim 
g cUa h~ nh](~u h~c{ tv filo m6 t3. b&i h~ phuong trhih vi ph.dn .tuy~n tinh b~ s6 
i cOn it d;uqyc nghi~n Ciru. ' · - \ 

·rong bid Mo nily trlnh bay vi~c ap dvng. phuang ph:ip ilao d<)ng e6' iiieu kir'n 
~ xac dinh dtc L3.n s6 rieng suy rQng, rna tr~n d:l}i1g~rH~ng- sl,ly_---r(mg---cU_~ c3.c 
~ tinh h~ s6 bien dOi.-·Sau 0:6.. Ap. dtjJig rna tr~n _cil~ng .i·_i.}ng -~uy-_- tQng. -~e . .._tinh · 
> d(>ng ci\a b~ c6 V~ pb1d. Phuang phitp trinh bity a day !hl!~U ti~n khi si':r 
iy tinh clitn ti':r. l . . . 

lc TAN s6 RI:£NG VA MA TR!~ D4NG- RIENG Suy ,R()NQ .• 

. el h~ phttong trlnh vi phAn tuy~n tinh tbuai1 nhat 

-M(t) ~ + C(t) q = 0 
" . (2-l) 

6 M(t), C(t) lit cac rna tr~n !u~n'• hoan cihi Ivai chuky T. Gia !hiE! r~ng hai 
,nay ta-c:.tc rna tr~n_ thvc, \i6i xU:ng· va_· xac -~fu.h,_-t~_a:ng· .(flJo.ng .v~~ ·t_E [~-,- _--~})- · 

1~ giJi phuong lrinh (2.1) La ap dvng phuahg pha,p dao a(>ng c(> dieb ki~rt 
-ii d-qng d~ng nghi~m: 

'11 = E;(t) sin<l>(t) (I= 1, ... n) . (2·2) 

I 

<l>C!l = J O('<)d't" + Y, 4>(t) ';' O(i), (2.3) .. 

0 

''!O ham bi~u thirc (2-2) Ia cluqyc · 

~~ ;= Ei(t) tP(t)cos <l>_(t) + E;(t)sin<l>{ct) 

"I' =(ill - Et ¢ 2
) sin<l>(t) + ,2Ei q, + Ei <i>)eos<l> (t) · 



Theo [21 la ch~n di~U ki$n ph\1 l 

~E•(t)cD (t) + E;(t) ii> (t) "'0 (i"' 1, ... , n) 

Khi d6; · 

~~ : (E; - El cD2) sin<l>(t) (i = 1, ... , n) 

Tl!r ea< dieu ki~n (2.4) ta suy ra : 

dE1 d>l 
.-- = - -- (i = 1, ... , n) 

Ei 20 
(2.8) 

1'ich ph9.n l~n ta nh~n- du(jYc 

Et(t) :,. d;fl(t)-0 ' 5 (i = 1, ... , n) (2.7) 

1i li dt€ hang s6 tich -phan. 

ThE bi1u thirc (2.7) vitO (2.2) vit (2.5) ta c6 : 

(2.8) qi = d;O.(t)- 0' 5 >in<l> = a;(t)sin<l>(t) ,, 
~~ = -d;O(t)-0'5 Q2(t) sin<!> "' -a;(t) 02(t) sin<l>(t) (2.9) 

a;(t) = m;O(t)- 0' 5 (2.10) 

n•ctl = o' -: o,75o-znz + o,5n-1n (2.11) 
Chii y r~ng n4.n 

{2.12) 

QZ(t)" Q 1(t) 

TM cite bi~u thuc (3.8) va (2.9) viw PJ;uang triuh (2.1) la nMn dugc h~ phuang 
.b d•i s6 : 

[C(t)- 02(t) M(t)]; (t) = 0 (2.13) 

H~ phuong trlnh (2.13) c6 nghi~m khOng t~m thcrong khi: 

l~(t) - 02(1) M(t) I = 0 (2·14) 

Giai h~ phuong trinh (2.14) ta du<Yc cac ham O'(t). Cac hitm nay drrQ'c g~i ·Ia 
l~n s6 ri~ng suy r<)pg. Gia sU: phuang trinh (2.14) c6 c:\c nghitm don. Khi d6 ta 

I V~lO kj hi~U: 

v;(t) =, at(t) 
a 1(t) 

(i = 1, ... , n) (2-15) 

Thay nghi~m fl'(t) cua phuang tr!nh (2.14) vito M phuorlg trinh (2.13) giai ra 

du!'c v\_1 i(t), .,~''(t), ... , v~11 (t). Cho i bi~n thion tir 1 d~n n ta du<;rc rna tr~n. 

vill v(2) v-!nl 

<n v 2) VCn 1 

!_(t) = 
vz ( 2 (2-16) 

v~n y~2} v 

-;;; 



Ma tr~n !_(t) dtr<;l'c g9i Ia rna tr~n d•ng riong suy rc)ng irng v&i .. M phtr5'ng 
I (2.1). 

Bang each chirng minh Luong 'tv nhtr trong (G], ta c6t~~ chirng minh tin!)ich't 

giao ella cll.c ,vect'a ;c~J; 

;ciJT M;6q=; 0 khi k ;jo 1 

;wTc';tkl == 0 khi + 1 

§ 3. DAO D()NG CUA llil: CO Vt PH,.\! 
' ' : ' 

B~y giO ta Xet h~._phua~g trinh ~T ph:ln 1 tuyen· tilih. c6 vf phil0' 

~(t) ~ + C(t) ~ "' f (t) (3.1) 

!hiet M(t), ~(t), l'(t) tdn hoa'l theo t v&i elm kj T· qc rna lr~n M(t}: ~;, ~(tY.!it 
na tr~n thvc d6i xlrng va xac .d!nh d\!~ng' v&i t E [0', T] 

Thvc hi¢n phep bien dOi 

q = v(t) ; (~.2) 

tg d6 V(t) tit rna tr~n d~ng rieng suy r¢ng cua phtiang hlnh (2.1). B~o hinn h.i~H 
(3.2) la duqrc : 

~ = ~(tl: + v(tl; (3.s) 

· ~ = ~(t) ~ + 2V(t) ~ + v (t); /(s.,) 

(3.2) vii (3.4) vao phtrBng trinh (3 1) : 

(3.5) .· 

n ben trai phtrong tl'inh (3.5) v&i VT : 

BAy giir gi<i>i hin xet tm<'mg h<;r)l khi rna tr~n d~ng rieng suy r'c)ng !_(t). Ia ma 
bien thh3n chi,lm: 

i\Ol !_(t) = .:':o + <~1(1) . , 

Khi do neu· bO qua eke vb cling h~- h~c mQt, phuang trinh (3:;)-: .. c,6 d'-ng: 

(il.7) 

.., 
.:':T ~~; + ~Tcvp "' vT f(t) (U) 

Theo lii1h cltiit lrl,l'e giao (2.17) vi (2.18) ta c6 : .. · 

vTMvJ 
rn~(t) 0 0 ··r 0 - rn;(t) 0 

'~-- l '· 
' . 

rn"(t) 
' ,,;-. Q 0 

,_;',, 



ci t' · 0 

vTc v = 
0 c~(t) 

0 0 

H~ phuo·ng trlnh (3.8) b1Jy gilr c6 d~ng 

' . . 

0 

0 

c~(t) 

m*(t) P; + c;'(t) P; = hi(t) (i = 1 .... , n) 

d6 bi(t) l:i c:ic thi. lh phlin cua vecto 

b(t) = VT (t) 

cac d~i lu~ng pi (i = 1, ~· .. , n) duqc gQi Ht cac tQa d¢ chinh suy rQng. 

(3.9) 

Be gi3i cac phuang trinh ·vi phan tu)ren tinh h~ sO bi~n dOi tu~n hoil n (3.9) ta 
l srr d~ng phuong phitp illao i!i)ng c6 ilion ki~n ho~c phuang p:cap WKB [1- 3] 

Chu y ding cac l~p ljl~n a tren c6 th~ m& r(>ng cho trulrng hgp ,M(t), f(t)·va 

kllOng tuan hoan. 

§ 4. THi m;:r 

f)~ l:im vi d\1 ta xet h~ phuong tril1h vi, phftn dao dQng d:_lng ~ 

3 + 0,2sint 

3 + 0,2sint 

3 + Q,2sint 

5 + 0,2~int 1 [ :: 1 = [ 
2cost J· 
4eost 

Phuong trinh tlin so (2·14) .My gi6· c6 dang 

[ 

(3 + 0,2sjnt) - 2Q2 3 + 0,2sint 

3 + 0,2sint (5 + 0,2sinl) - 2!J2 ] = 0 

Kbai tri~n ta duqyc - -
2!J4 - 2(4 + 0,2sinl)Q2 + 3 + 0.2sint = 0 

Phuong trlnh (4.2) c6 hal nghi~m : 

: d6 

BiH c:ic -t~n 

¢ng : 

Tr~ng d6: 

sO 1·il!ng 

i:'ir = .2 (4 + o,2sint + v'il) 
2 

fi£ = ..!_ (4 + 0,2sint - Vt;). 
2 

ouy rQng, ta d~ <dang tinh 

~( t) [ 1 1 ] = 
vl(t) v,(t) 

duqc 

t+v''£ ( 1-VIi 
V 1 ( t) = .__:_c__;_:::_ , Y2 t) = .,-:~:-:--:-

3 + 0,2sint S + ti,2sint 

rna tr~n dang 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

rieng 

f 

i'-:· '. 

I 

' I 
I 
' 



Do cac ham v1(t), y2(t) 1a d.c hilm hiCn thi&n cham nen ta c6 the bien dOi h.~ 
nrong trinh vi pb~n (4.1) ve d~ng ve trt~.i' tB.ch rO i nh~ua 

Thvc hi~n cac phep tinh 

T 
[ 

m~1(t) 0 ] , 
V MV = 
- -- · () m 2ft) l ' ~T f = [ 

0 

c;,(t) 

nh•n duqrc 

m i1 t = 4 +- 1 + v-s. ) 
'9 + 1,2sint + 0,04sin 2 t 

( 1 - Vb. ) m; (t) = 4 1 + 2 \ 9 + 1,2sint + 0,04sin 2 t 

( 
1+-.f/5. \ 

c~\(t) = 3Vi'>: r 2(5 + 0,2sint) 1 + J 
g + 1~2sint + o,04.sihl2t 

c ,(tl = - 2V"S. + 2(5 + • mt) ( 

1- v!l ) 
3 + 0,2sint 

B~ thu duqc d.c phuang trinh don gi3.n han,, ta th~rc hi¢n m¢t ·sO phep bi~n 
5i giin dung. Truoc bet chu y r~ng 

9 + 1 2sint + 0,04sin2 t 
--:-----

1
------ ,' .2. (1 - -

0
-,'

4
- sint} 

( 
1,2 0,04 ') 9 3 

9 1 +-sin!+-- sin-t 
9 9 

1 = 

viS.= V10 + 1,2sint + 0,04sin2 t"' V!O + O,OG ·{10 sin! 

W: d6 ta nh~n duqc bi~u thtrc g:in dUng ella cac kh6i hrqng StlY rQng 

m 1(t 4 c 10 + flO 2o + 11V10 
sint) = = 

Jg5o 

m 2(t 
( 10 - V!O 20- uV1o 

sin!) 
9 . 1350 

B3t1g each tuong tv chllng ta nh~n duqyc -eac bi'&u thtrc gan dUng: 

* 100 + 28 v'to 2oo + 56Vi0 
c 11 (t) = + ------ sint, 

9 675 

* (t) = 
1oo ~ 28 vio 200 - 56\liO 

C22 + sint. 
9 675 

h, ( t) 10 + 4\110 10 n 110 - ------ cost sin2f, 
9 225 0 

h,(t) 
10 - 41/lii 10 -- viii 

= t.li.lst - sin2t. .3 ~2" 



Cu0i cling c~c phuong trinh chuyen d¢ng na don gi3n h6a trong cac t9a d¢ 
hinh suy rQng c6 d~ng : 

4 ( 
to + v 10 20 + 11 Vlil . ( too + 2sv' iO 2oo + 56'v' iO 

sin t)p, + 
9 

+ 
6
,
5 9 1350 ' 

to + 41/iO 
3 

cost -
10 + Vlil 

225 
sin2t 

.. \ 
s l_TII ) Pi 

(4.7) 

( 
10 - i/10 

4 -
20 - 1nllo ) .. ( 100 -- 2sYlO 200- 56ylO ) ..::.::.-:-::::;;_;_:.:_ sin t p 2 + .=::.___.::::__::::__ + -"-'-'--'-''- s in t p 2 

1350 9 1350 9 

= 
1o - n11o 

3 
cost -

10 - v1o 
225 

§ 5. K:ltT LU!N 

sin2t (4.8) 

(; d:ty pbat tri~n phucmg ph:ip ctao d\lng c6 dH~u ki¢n tinh.to:ln t!l::~o. d~mg ella 
llc h¢ luy~n tinh m6 t3 bUi h¢ ptuang trinh vi ph&n tuy&"n tinh h~ s6 tuan hoitn 
:hi d6, clic tan s6 rit~ng sny r¢ng l:l cac hilm s6, rna ir?n d~n_(f rieng suy r(>ng cling 
i rna tr~n h~m. 

Dva tr~n cite thu*t toau trinh bay b d~y me dang thiH 10-p cic chuang trinb. 
inh toan tren may tinh di~n tU .. H~ chuang Lrinh 1-:;ay era dtrqc x~y dvng b TO Co hc;>c 
r·thuyEt, B~i h9c Bach khoa Hit n<)i. 

fila C'h! 
'ruimg f!~i hpc Bach khoa Ha n9i · 
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ZUSAMMENF ASSUNG 
ZUR MODALEN BERECHNUNG FUR SYS1'EME MIT MEHREREN 

FREIHEITSGRADEN MIT ZEITL!CH VERANDERLICHEN PARAMETERN 

In dieser Arbeif wirlil die Melhode de:; fiktiven O.szillators zur Bestimmung der 
rerallgemeinerten Frequenzen und der verallgemeinerten Mo&nlm:Hrix fur Systeme 
nit zeillich varanderlichen Parametern ange\Yendet· Fur Cen wicbtigen Fall lang.'iamer 
Veranderlichkeit ~er MoillalmalriX ist es moeglich, die Entkoppltlng der Bewegl,lngsg-
eichungen vorzunehmen. - - -
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