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1 iNH MANG MONG DAN NHdT TRl}'C HU'dNG CO XET DEN 

HIEN TlJQ'NG BIEN D!NG RAO 
l\GUYEK HOA TH+N.t-l, 
0. V. XIKHIAEV, 
G. IA. KORABENHIKOV. 

Trong hili n~j trinh b~y ket qua nghien cUu trfj_ug thi1i trng suitt - _bien J~ng 
ciia ming rrib.I}g d:ln nh&t 1l"l!C hu(rng cO x€>~- dfn hi¢n tuqng bien d:;m_i r§.o. 

- Xehmang mO-ng chfr nh$.1 chieu did ·2a, chien rQng .2h. c.hieu day h, che t~o tllr 
"V~t li~u tJ·vc hlr&ng -bOn ben ·c6 dinh b3.ng Jrh6p· ciu, ·ne .tt?a d9 -oxy dU:/ffC Chtpn c6 
tr1;1c OX hufrng theo -chien diti, {J'l].C oy _hu0ng theo -.chien_ ri}ng.- g6c 0 U tim biin • 

,Phucrng trinh lien h~ .gifra -·bien- dq.~g va ·Ung su:'i1 nhu .sau (1] ·: 

t t 

<x(ti = E: cr,(t) + ~1 f K,(t 

0 

-r)ax(T)d-r ---- cry(t) .- --- Kx:y\t --T)ay("t')d't, 
- '~o2 V_oz ·f . . 

·Ez Ez . . .. 
0 

t t 

E'.y( t) = - _~_c1_ cr,(t) ·- . ~1 .S 
. E,_ . '-'1 

Kry(t- -r)cr,(-r)d-r +~cr1 (t) + .:.2. l K;(t--r)cry('rJ&~, 
. "Ez Ez J 

0 0 

. t . 

'(nltl =-
1
- >,,(!\ + - 1

- f 1:0 (1 -"<)Try( -r)&-o. 
' Go Go 

( 1·1) 

0 

Nhtn cila to an· tlr tich phin1 tuyen tinh J5.y du&i d{lng .barn mil gi:im. Ret qua 
~--n:Shien PUn liing thljc n'ghi~m ella cic We gi<i chting t:O ''r3.ng d~Itg h:lm n~Y mung ae 
.-z.ac djnh tr:;tng thai ·ung. suat- hi€n d~ns ella d.c kH cau x2y d!_rng Jim bhng Y~t li~u 
pol ime suu m-<)t thCri gian L:im vi~c dU lOn kh:i ·phil hqp. 
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-T-heo {2], .cac nti~n_d6 duqc: ~ac dinh nhu SJU: 

E.x(t- 7) = c, exp[-,.,(t- -o)], Ky(l- '~')·= Cyexp[-~y(t- ')], 

Kx-y(t- -:-) = 1\.p(t- -r;_= CJ:Je:xp[ -zxy( l- -r)), 

· X:o( I - o;) = Cexp[ -o:(t - -ol] 

Trong 6:6: 

Cx = ._:E00·,'--_H:..:. =._1 n, 
O';;r;=--

E1n1 

_'.::-ccl.:.:E-".1 __ v..:c· , 1,_H_;1:.. 
Cxy = -

( 1.2) 

1 



E> -'-'- H:~ 
EJn:.;:_ 

__ Hz Go--G~- Goo 
·'l.r- --.·--... , ... ---c.:·= -, «-=-

£2n2::· ·G'on12 G.u12 

E1, Hi.:.._ _j!6Q;.yn d<in h~)i b~e tht'ri vi mOduyn ditR_hOi au ben ella v~t_ li~u theo 
phut1ng' z.; E1, Hz .. -=-: cling c:ic d:;ti lugng tren·nhung~theo phuang.-_y, G9,.-G .... ~- m6duyn 
t1\.r<;1t tfrc thai vit m6Quyrr-lruqr-t l3uben._cHa ,~~t-,l_i~u;'-"'ob"v.:-1 ~-H_~~·so poatz.Dng ___ c-~h-1. 
-.., ... :J_t li~u- theo phuO'ng x t~1 thlri diE!m d~t-tiii vi: sau.· th-&i gian dii- ·Chiu: -taL Vo~- 'i<><>2:.:--:-· 

e ling c{tc dt,li luc;rng:;- tren· nhung lheo phuO"Tig_ -y;. nt,-~Jn2., -n 12 Hi.n: lir_~ t .bieu~.th! th&i gi:J.n 
n&i eU::~ frng sufit .Ph:i-p·:theo phl:crng_ -x •. trng.·; sufi.t': ppap lhe.o phu_ong y- v~ lrng su:lt 
tiep cac hling s6 k{; tn~n duqe .xac .d!uh bilng thvc ughiJ$m. 

li¢ phvcJn·;~_!rinli·_,CTT.·hiil~ ae·gi:ii-.b:li to:irrba:'0-&9m-h¢_ph-uri)~g tri"lih-~:hi b2:fig-
. V~- phuang trlnh lien-· f_\IC cU':l. '_bi-t!ll ul:).ng,sail-· aiY·; 

H ~ phucnig: LJ:il)h- ~c~~·n- b3.~g:~~-

a<i', ( t) 
·ay-

(u) 

(t.5) 

(1.6) 

:-~--- _ . 
. Phuang, trinh· Iten·•'t~·_c cll_a bi'in- d~n_g .xer ;:.:aen; ,cic _ q'!lan h~ _g~fra; ~lr-nK suit_ va 

- bie'n d*_ng :-(l:.r) n h~r~ ~~--~-s~·~;~;_~':,:> - -;·.·'·>·: 

1 

E1 

n 

·- '"'~--

+ Et,• ·J._tLq _:_ -r) a?:<r,{-c} d"' 
~ ~S,7· 

0 ~ 

= ( o
2
W(t),). • -.~ 'a"wur-

~ . axay· ~ ax2 

• -i,_ __ ' 

a'mn 
Jj2 

· .. ,. ( l.'i'i 

H~ -ty trong _ _tl'inh ( 1-4). ~---{i-T) ~ dlf·(rc g.i~i ;_fr)- C:iC--,~~:~e-u-1.- i~n bili1J;_- (~&{ _-v&i .J)~n-; 
·:- h6n-:-bkn cO djnfi- h3 ng~ _kh6fi-_.f~--~h=: ::-;; __ ,_ _ --~- -:_ 

-:--;~-- -> ~·x~~~:-:+_ a. ~7~~~~----~, 
·r~-f -

U~-= 0, -v:-:=- o, -- o:-,.. 
'v = o,_. 

8 2 w/ox 2'=0~: ... . --· -"' ' 

y=•+b:. W''=O, 

Xghi~m -cOn ·-h¢' -ph1.rrrn_st trinh · trew cO~ tn~_~·Vi~~·;_dlr&l '<ilf.l.ng:-'phin' ly bien sO 

S'OIU.d3.y ~ ·y·~ 
,....... - -- -- _;.....,-~- --

W(x,.y; t) = W(i, y) W(t); <rr(s,.y,t) . rr,(.;', y)a(t); 

cri(X,:Y• t) ":'~ ;,(x, ,.);;:-1(t); Txr(x; y,.l} = 't'"ry(x,,y).;::,(t), (i.9) 

'--"'-. ____....,_ 

,. Trong d6·,Wc~,'-:v}_= w~To.: ~(x 
-:ni;fii~;n cua bii toan mang_ dib. hG!i tu 

) -= -cr-u-:;_.--~,._(i;~ _y:) · ::::=: cry_v~--;_~ __ Tl:y1x., __ y) __ ~·:_...;.-;.,. __ -+-----
en.iinh•"·;.- ~ --- - - -

~<~T 

' 



~ ~ 

,;i6.1. U:i to.:iu diln h£-i tuyen tmh_de-xac djnh d.c hilm s~· 'V(X, y), crx(x. y), a"Ytx, yJ, 
~-

1; ~~-~·x,. ~-) .. s:.l.il d{J f.i:li h~ phu :mg .trinh i 1.4) -- (1~7) 

:\g.lli~w clw· h~i Jnan· dan hOi t.uyen tinh p;-_u hf:TP·Y<!·i 'dil'~ 1d~-n ·-hiC.n (1.8) ti~ 
dU:·i ti~n.-~ 

-;:x ----... y 
W ·.=We os- cos-·-. , 

2;1: 2h 

-~K - --::.ny·"-
U:"_;= _.rio.5in-- co.s ---, 

1!-- :2b 

-::v 
Y = v<-sin .____:..::..::. 

b 

'nx 
cos---. 

.-2a 
(2 .1 I· 

Gia tri ·cUa ca.~- thtJ g sO u 0,··-vo,:.\YD ·au~C xac djnh tl eo .dieu -lii¢n !Oi thieu 
~Uu. .. gia tr! .. niri~ luq:Qg Lie.n d:;m _, .. din hd j, Vieu -. .li:i¢n ... n~_y dua v! 3 ph.trcng trinh 
s.:au dily: 

at 
=0 

y 

:au' ·. 
(a);·--- =·U 

--)h,·_-'p 

: a(u- T) 
(h); ·. = 0 (c). 

OVi.~o 

T ~_: cong._.c.Ua ngo~i h,recx:ic :;a:jnh ·tt-eo. ctmg "thiTc 

' 

T-= 

"Trong d6 .. K~ b)•· 

(2:3) 

(:!.4) 

-Thnv L\ -T-~xac· dinh:.t-fr d.c c6ng thlrC (2.3), (2.4) va gi<iii chlrng, tfir cac·phuang 
tlic:h {"!.2, -~), \U2; 'b) .t; 'du.gc : 

(2 s) 
a 

TroBg 0:6: -Ca. na·-u_ :ci.c t.~_ sO hB.lig s"3 p; V- tCu~c ·v.:i.o c3-c t_hEiug s'; YcJ; 

"n::.=·E~/EI '=-~c2i~ob .m-= GofEi,_:J\_ = b/a. 

·1hay .u,h ·vo tir c6ng thfrc_"(2;5) xao -c6_ng th.Uc ~(2-.-2, c) :ya gi:ii c.h~n;; ta c6 .: · 
'I 

W 0 = n V ~Siaq/Eth · (2 6i 
BiU· 'u, .v, v.- t"a x,ic d!nh duqc bie-ll dzmg "~a. ti'r c6ng thirc ella djnh lu~t HUe 

_tUn~ .qn~t, -ta .x.il.c d!nh dUo/C d.c .gi:i tr·j -cil.::.·c:ic irng: su:lt sa:u' d~y _; 

Et"\V; I 

au = 
2 

_
2 

(C1 -.---- n'Jo1D1), 
(I - nv.1)". 

E 1n w~ . ( ) 
cry-• = / D~ + ">' 0 tCl • 

( l - nv!1)~ 2 · 

E1m\V~ 
-r:s"'f>r -= _=.::,c..;..::.c. D

a_-z-. 
(1.7) 



Trong --d6 S1, Cf_. C1• Di B. cite h~ s6 hang sfi, phl;l thuQc -v2o c:i.c thOng se cU. a 
T*t li~u va kich thu6c c:{u!. mang {Vol, n, m" K) dll neu Cr tren. 

Bai Joan mang dil.n nb6t tuyen tinh c6 :x:et dCn hi¢n tu~?"ng biC:n d~ng r~o nh.~m 

:tic· djnh cic hitm th&i gian W(t), cr . .:(t), ;;(t), ~sy(l) t1·ong c~c hien lhlrc (l.Q) <i''rr'!"c 
gi<ii nfnr sau : 

Ta dUa v:ito kj hi~u 
t 

F;o-; = J K;(t -, -c)a;(-c)d-< 

0 

To:in tir tich phin tuy•n tinh (2.8) li phep b~n <U< de hom s6 

(2.#) 

F;a; = Kj ·• cr; (2.9) 

T*p hgp c·:iC ham sO trong khOng gi;~;n inh :x' U. phep b¢n trong kh6l'-£ gian g6c.< 
Bid ~*Y dUng bie-n dOi L:tpalnxa dOi- "V&i toan tlr tich ph:tn (2.8)_ t~ nh~n drrgc,: 

(2o!6). 

Ta d~ t cic kj hHu 

1 
Br = -, 

E2 
I 

Bo = -, 
G 0 

DUng phep bien dOi Lapahxcr a'oi v&i phuang· tdtih (!.7) yft tien- b.anh- gi2n h6.a.·. 
uhG d.c bH~u thUc (2.:(1), {2.11) ta nh?n duqc phltang trJnh l-iCn tl,lc. cUa. m*-ng,_ mOng 
tqrc huOng l~I? bang -v~t li~u cO tinh -di_ trnyen tuyen -i-lnh du:Oi_ d~ng tO:ln til- ·nhtrsau: 

B._s;-- B0 .2B:l:f - B,.--,-- .-- - ----.; . • az"~ ( • _ • ) .~2,.~1 +. • a2.a; .~ [.( ;:w }2
]•., (. a•w a•w )• · 

Jy2 axay . ' a,~ -- .. 8x8y - 8x2 ily2 
(2.12) 

: H~ phuang trinh dn: Ungccua mimg mong kh0ng·phl).'tbn¢e·vao Hnh· ch!t cuo_ 
v*t-·n~n· nen v~n· gill- d~ng i1i-f); (1'.5), (1.6}. . .. . '·· . . . · · :. · • 

Nhu vay c6 b.\ln phucrog. trinh (1.4), (t:S)i:(t.6lc va (2.12hl~iac djnh ihrt;re bOn 
~n ·so rrx, a., .. . -rz:p w .. _ r~t- cic_ b±ell· .thTI-c (t.9) rto d.C· ph-trang· trinh. ·can b~ng .. ( J.5) va 
(1.6) ~nh~n duo/C: 

cr,(t) = ( ~- J aa._: )'- --- ···. . · · Tx (t) = "<· (t), ,a a· 1 · " Y· :t . 

;;;(t) = (- 8-r,, •. I a~ro ) ~,(t) = .;,(t). 
. 8x ay 

Bang thUc (2.13) chUng:._ tiLr3.ng, c:ic thira. _sO:~phv..,-thtu}e· vio theti giatt trong ba 
bieu thfrc cu6i cllng ella {1.9)-b3.Ag nhnu, Rghia u_: ... 

;,(t) = ~yit) - ~.,{t) = <ll(t) (2-14) 

Tir phuang trinh (1.4) c6 tinh den (1.9), (2.14) >it phuong'trink ch. bing itrol!g 
· Un~ v&i (1 . .4:) ~rong biri to:in m~ng .d_llp hOi tuyCn_ tfntL_~a nh*n dtrgc 

4>(L) W(t} = 1 

flat c:l.c bien thlic ( 1.9), (2.14) vilo phtrong t+inh ·li!n t11c cua bi<ln d~ng 12•12) 
va xet a:ln phrrang t.rinh li£n t\]c eli~· biBn d;ng hn:r~g, u-ng_ trong_ hiif _toin :m<lng d:<lil 
tOi tuyen tinh, ta nh;n rlrrgc phtrong trinh.! 

. ·- ,, , [.-- CZ<ixo ,__ ( • - • )- 12-fxr~ 
_ _;'--!-'( 1 B:x--.-"-,-- B0 -~2Bx1' . -·-· 

' i!y• ay_ly 
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12-t::ryo 

0:;.;8y 

&~cr . .., • 
---, 

a:<? 

+-1- Fay. j- [1Y2(t)]• = o. 
Ez -~:J 

i 2
"txT0 

ixOy 

ihrgc :x:ie dtnh trt,l'c tit'ip tt-r c:ic c6ng thlrc (2.7). Vi c~c d:;to ham 'ntty ClCu lil cite hlim 
.:..6 ella \Y, nen -phuahg trinh (2-16) c6 th€ viH du&i d~ng: 

·L(WJ = 0 (2·17) 

Phuang trinh (2.17) dugc g1a1 bang phuang ph:ip tich phi\n Bnpn6p - G~loocKin 
vtlri gii thirt hilrn \V c6 d?ng (2.1). KH quB. nh*n O:ugc : 

Tron~ d6 B1 , Bz, B3- hang s6 phv thu¢c vao \~t li~u, hinh dang va kich 
th-rrti-c. cU. a ming. 

_ Nhu v~y, chlmg ta c6 hai phuang trinh (2.14), (!L18) cte xlic d~nh hai i':in sO ¢(t) 

v:\ \V(t). Can ch\1 j ding, trong thlJ'C t€, -ngu&i ta qu:;~.n tilm nhieu dCn gi:l irj d.c h:lm 
s6 nay trng v&i gill. tri l&n ciia. th&i gian t (t ---+--o), va d:ln·g dugc x.ac. djr.h nh<'r 
djnh J)' ,e J;ii t!"} bfru h?n [3]. Ket Ci!Ua nh~m drrqc ~ 

--:- . 
31 E1 . ( 1 :2V.,..,t -) Ez 

\\- = \·-B,- Go·---... - Bz +-13,. 
. H 1 G- H; liz 

(2.19) 

D¥a vio ket qua (2.19) ta 1inh dugc.gia trj <l>~ tir bilm !hire (2.1;;) nhu sau: 

-cp_ ·= [_§__B,~- Go(_._1_- 2V.~r )Bz + E, B, ]'13, (2;20) 
H1 . - G~ H1 Hz 

.Nhu ~y, .-irtjn·g thai ·,ling .sruit- .biEn .d@.ng cUa milng dan nh&t tr:t,tc hrr&ng v&i 
lh&i gian Lie d1,1ng cUa t~l:i tr'?ng dil ·lOn (t =-:· =) .dli·gc. -x~c dinh bB.:ug cOng ".tht'rc :5au -~ 

~a:x(X, y, co) =-O'J::o~""'' 

"'t.xy(x, y,. """) = -r~yo¢1 ..... (2.21) 

Trong dO Wx1., 0'~0 ,.a10 , 't'::z:y0 ··dugc;tic d:jl..ll-.tt-bii toan din hii>i tuyen tmh hiang 

t~ng, con W-, ¢ = O:ugc xtc O:j!!b lir ca.c .cOng thuc (2.19) '"a (2.20). 

Ba'i toa.n dtrQ'c giai trijn n:i!y tinh. d:i~n tU:& 

§'3. Y1 D:~ MINH HQA 

Phuong phB.p nG~u tr6m a-G-ac YB..n d\lng ae inh k(t d.n x~y dvng du&i d}.}.ng 
mang~p:p,g d;liudlp b;rc gi_6)2. 5£1JITa . 

Kich ttu&c va- cite ·cl~c tn:rng ca h9c cUa ·rr.aug mOng n:..u: sau · 

a = 9C0mrr;, b = 600mm, h = 0,19mm •. E1 = 480UMIIa, Ez = 2GOD\!llr., 

.~ 9 ~ 900Mflo._, vel;;;:::: 012D, \1.::-d = __ Q,QS, 

::H•.= 3COOMn", H,,= 1200\Ina, G= = 1900MIJa. 

K~t qua tinh toin_cho ta gi:i tri d¢ vOng 0 trung tam cila· IJ.2.ng (1: = 0, y = 0) 

t~i th6i <liCm bih diiu d~t -.iii li W 0 -= Q,05m v.i "Sau ---thl'ri gian d~t t<li l&n la. 
t\"= = O,OG4m-
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TU kH qui nghien cUu trQn chlmg ta thay ra.ng, hiCn d<i~ng rao ella v$_t li¢u anh 
hu&ng rO r$t d6n tr:?-ng thtii lrng suat- bien d~ng c-Ua ming: dl) vfrng Bing len tl::eo 
t'o.lri 5ian cilin lrng ~mat thi giiim xuOng. Trong vi d1_r minh h~a, trj s6 cUa dl) •rUng 
lcirn nhat t:;ti t = oo df!.t 128% td s6 ctia n6 tf!.i t -:-: 0 (tht'ri a rem ban dUu). 

Phtrrrng ph~p tinh to:in tr~n cho phep v~n d\lng. d't tlrrh to-an_ d.c kH- c:lu mang 
lam bang v::;.t li~u c6 tinb ch:lt phU:c tQ.p ya_ x:i_c dJoh duqc tr~ng !h.:ii lrng suRt -bien 
d~ng ella kH cau th·eo thO i gian d~t t ii dii- l@·n· 

tJf• chi 
Hpc Vifn Kg thu4t Qu<n sll 

1965. 
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PEanME 

PACt:tE:l"BJI3f{OYilPVfOfr OPTaTPOTIHOPl'c 
MBMBPAHbl C YJ±i!;.TOM JIOJI3YECIH. 

PacCMOTpeHOliaiijlJI2!<eHH o-B;ecjlo pyu.pyeMee.ca=l!BI!e npmroyrOIIbJK)H33J!$O)mpyroli 
opTOTpOilHOH Met.!OpaHli! C l!lllpHHp!lh!M 3aKpen.zteHHeu Ha ·KOHTypec llOllcMHOlll!eMc none:~ 
Fe'laoi\ paBHOMepHo pacrrpene,JeaHoil uarpyaKH• c. y<~e:row t:tMS)'H.ec'I;II•, 5!JJ:paJ .rrmreil!rux: 
HliTefpaJibHh!X orrepampoll· B COOTHOllJeHHHX MeJKltY lt~UIMH H Han,_etiHJnili 
rrpHH>ITbl B BHzte·aaryxmomefr rr JKa3a'IMBHOil c!J.yHKitHH • .liJ!J!· pem,el!Jll> CKC:re!lrE<, HHterpaill:J>,. 
HO - 1\HtjJ<jlepeHUHa.ITbHh!X ypaBHtHHH HCllOJIJ;;lyeT<:a ;reTOJJ; paa)lei\eruur rrepeMeH!WX : 
HCH3BecrHh!e <jlyHKUHH KOOp!\HHaT (X, y) HaH!leHbi 3HeprerHqel:Kl!M MeTOJLOM, a tjlyHIOll)H 
oT speMeHH(t) MeronoM rrpeo6pa3oBaHHll JTarrJJaca. B pe3y.rr~orare uoKaa<mo BJIHJJHHe 
liOJISyqecTH Ha rrporHOhl MeM6paHh!. 
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