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DAO OONG PHI TUYEN TRONG CAC HE CAP MOT CO CHAM 
. II. Hlt KHONG OTONOM . . 

?( A 1(_ "' .. 

NGUYEN DONG ANH, NGUYEN TIEN KHIEM 

Trang phln I chUng tOi di nghien ctl-u cic che' d9 dao dQng rieng, t¥' dao di}ng cU.a h~ cap mQt 
c6 ch~m. Ph'an tie'p theo niy se nghien cll-u bll-c tranh dao d~mg khi cO hrc ngoiti tu'an ho~tn tic 
df?ng. H~ du-gc xCt c6 d~ng: 

X(t) +aX(t- L:.) = Psinvt+Qcosvt+ef(X,X), (0.1) 

trong d6 a, f:l. > 0, e tham sO be, P, Q d.c h~ng s5. Trong ph'an trrr&c chUng ta di bil1t r~ng h~ 
tl)" do tuye'n tinh (khi e = P = Q = 0) c6 nghi~m tuh ho1m chu ky 27r /a ne'u thO a man dih ki~n 
sin at.':" 1. Chung ta ciing se chi xet h~ (0.1) trong tru-img h'!P nay vl ne'u trong h~ tuye'n tinh 
khOng c6 nghi~m tu'an hoan thlll!c phi tuye'n vi h;fc ngofti khOng giy ra nhirng hi~n tu-qng gl d~c 
bi~t. 

"' ~ " . -· ". 
1. H~ TUYEN TINH CUONG BUC 

Tr~r&c he't ta xet M (0.1) khi e = o 

X(t) + aX(t- L:.) = P sin vt + Q cos vt, 

sin a!::,.= 1 

Ni!u nghi~m cda (1.1) tlm <1- d~ng 

X(t) = Acosvt + Bsinvt, 

thi A, B se th6a man phuong trlnh: 

(a sin vi:.- v)A + aB cos vi:.= P, 

aAcosvLl. + (asinvLl. -v)B = Q 

1 

(1.1) 

(1.2) 

(1.3) 



P(<>sinvti- v) +<>Qcosvti 
A= , 

v2 + a2 ~ Zav sin v tJ. 
e>Pcosvti- Q(asinvti- v) 

B= . 
v2 + a2 - 2o:v sin v 1:1 

ne'u D = v2 + o? - Zav sin v Ll '1- 0 

Khi do 

\ 
\ 

'~ 
' ' ' ' ' ' ' 

~---- .. 
\U --

Hinh 1 

---

1 R 2 = I{f,j(v2 + <>2
- 2avsinvti); 

3 R 2 = I{f,f(o + v) 2
; 

2 R2 = R~/(<>- v)2
; 

4 Rz = R~/(vz + <>z) . 

. 

(1.4) 

{1.5) 

lie< 

DrrCmg cong bi~u di~n mOi lien h~ t'an sO"~ bien d9 trong tru·Cmg;·hqp n3y c6 d~ng nhrr trong 
Hinh 1. D~ -ding nh~n thiy ngay rlng bien d9 se l&n vO cU.ng khi v ~ a, ta g9i day Ia c(_)ng hrrbng 
chfnh. Ngoai ra bien d9 cOn d'}t c<ic gia. trj cv:-C d~i tc_ti cic t'an sO khic nfra, chUng hfru h;p1 (nh6) 
va. ta g9i cit; che' d9 tu-ang Ung Ia sh~u c{)ng hrrbng. Tie'p theo, trong bli nay ta chi nghien ctl-u kY 
tnrlmg hqp c\)ng hu.'rng chlnh. 

,.. ~ ' " ., , 
2. Hlj: PHI TUYEN- TRUCJNG HQ'P CQNG HUCJNG CHINH 

The·o djnh nghia c{mg hrr&ng tn~n, chUng ta se c6 c<}ng hrr&ng chlnh ne'u sin vD.,...... 1. 

6 day chung ta xet btl-c tranh dao d(ing trong mi~n c(ing hu.'rng ; gilt thie't: 
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a-v=ecr. ,, (2.1) 

Khi d6 

sinv!:l.=l-e2 ... ; cos v!:l. = ea!:l.- e2 .... (2.2) 

H~ (0.1) c6 th~ dtra v~ d~ng: 

X(t) + vX(t- t.) = P sinvt + Q cos vt + e[f(X, X)- aX(t- D.)]. (2.3) 

Khi e nho nghi~m clla (2.3) se g'an v&i nghi~m da (Ll) va nhrr v~y trong mih cqng hrr&ng 
chfnh bien dc;J dao d<}ng se 16n vO cling ngu P, Q hfru h<!-n. Vin d'e chi cOn nghi@n clru tnr(rng hgp 
P, Q nhO: P = ePo, Q = <Qo, hay Ia Ro =oro. Trong tnrimg hqp d6 h~ (2.3) c6 th~ vigt J~i nhrr 
sau: 

X(t) + vX(t- D.) = e{P0 sin vt + Qo cos vt + f(X, X)- aX(t- D.)}. (2.4) 

Ta se tlm nghi~m clla (2.4) du:&i d~ng: 

X= acos</J+w,(a,</J) + ... , </>= vt+e, (2.5) 

trong d6 

a=eA1 (a,e)+e2 
... ; 

' 2 e = eBJ(a, e)+ e ... (2.6) 

fuang tv nhrr trong trrrimg hqp iitiinom,lrru y t&i (2.2) ta c6 th~ tinh dtrqc: 

' ' . { . au,} 2 
X= -av sm"' + g AI cos</>- aB! sm"' +" aq, + g ... (2.7) 

Xt. =X(t- D.) =asin</J+<{-D.A1 sin</>- (B1 -cr)D.acos<f+ u1 } + ... (2.8) 

Cung vo:Yi vi~c bi€u di~n vg phill cua (2.4) du:m d~ng: 

oF= e{M cos q, + N sin</>- a a sin</>+ f(acos</>, -vasin </>)} + e2
... (2.9) 

trong d6 

M = Q0 cos e- Po sine, N = Po cos e + Q0 sin e. (2.10) 

M 2 + N 2 = P.;' + Q~ = T~. (2.11) 

Thay (2.7)- (2.9) vao (2.4) so sanh cac h~ s5 cda e0 , e1 ta thu dtrqc: 

[A,- vD.a(B1 - a)- M] cos</>+ [a(a- B,)- vD.A1 - N] sin</>+ v( 
8

8~ + u1 ) = f( a cos</>, -;.;asin </>). 

Khai trign him sO f(acosq,,-vasinq,) ra chubi Fourier 
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f = fo(a) + fc cos</>+ J, Sil)</> + L (hn tos n</> + 9n sin</>). 
n=2 

chU y: 

2< 

{ ~:} = ~ J f[acos</>,-;asin</>] { :~::} d</> = 2(! · { :~:: }) 
0 

va giltthie't u1 (a,</>) c6 d~ng: 

u, = Vo + L (Vn cosn</> + Wnsinn</>), 
f!-=2 

sau nhii-ng tlnh to<ln dcrn gii:n ta se nh~n dll'q.c cic p1:nrcrng trlnh d~ xclc d~nh A1 , B1, Vn Wn
1 

'n = 2,3, ... nhu sau: ., · 

va 

A1 - vlla(B1 - u) = M + f,; vllA, + a(B1 - u) = -N- J,; 
1 

V0 = -ho; 
v 

A _ M- vllN + f,- vllf,. 
1- _l+v2.6.,2 ' 

B, = 
vllM + N + vllj, + J, 

Nhrr v~y ta di xic d!nh drrqc ho3n toan g'an dUng b~c nha:t: 

·X= acosr,6+w1 (a,</>). 

Vi~c nghien ctru che d9 dirng drrqc tie'n hanh nhu sau: 
Phrr=g trlnh d~ tim bien di) va pha dlrng c6 d~ng: 

M- vllN = -f, + vb.j, = H(a) 

n = 2,3, .. 

vllM + N = -vllf, -f, + (1 + v 2 Ll2 )ua = G(a), 

chu y t&i (2.10) cll.a M, N c6 th~ kh.'r e trong (2.13): 

{; + !? - 2ua(vllf, + f,) + (1 + v 2 Ll2 )u2 a2 = M 2 + N 2 = r~ 

hay 

(2.12) 

(2.13) 

W(a,v) = fz+ f?-2ua(~Llf,+ f,) + (l+v2 Ll2 )cr2 a2 -r~ =0. (214) 

Day !a phuang trlnh ctla drrong cong c<?ng hulrng (bien di) - t"an sO) 
f)ieu ki~n & d!nh theo tieu chuin Routh .. Hurwitz se li 
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aa {aoH(ao)} = '
8

8 
{ao(f,- vl1f,)} < 0; 

ao · ao 

a 
-
8 

W(ao, v) > 0, 
ao 

trong i!6 a0 ,60 Ja nghi~m ella (2.13) ho~c (2.14). 

3. vi DV 

1. H% Dulling: 

~k + aX-6. = e:{Po sin vt + Qo co3 vt -+ JloX -~ f3r:X3
}, 

'Trong tru·irng h?P nay 

0 
I ~· '' 2) fe. = 0; fc = ct\,U·o + 4/Joa ,: 

va do d6 phtrang trlnh (2.14) JB c6 d4ng: 

' h ' h d• 6 h" ' ·A cl'' l J 2 trr p U'ang trm cu01 ta c t e D1eu 1en !./ qua .1 = 4a 

Ph'~ thu9c vio dau ella f3, p, ta c6 nhU:ng tnrCmg hqp sau d.iy: 

p, f.1 
TTl=-== (3 (3. 

(2.15) 

(2.16) 

a) Khi m :.=:::_ 0, t&c Ia {J, f.L cilng d.au, dU'C:rng cong (v, A) chi c6 m9t nlulnh c~/. 0_1.rbng: thing 
-(3( A l ; " . •A d ' " ' • c 3' 3 ' th' .; • > h . j . • \ " v =a .. "" · ,--:'!_--1-m, u m9t d1em uy n11at va eacH ueu ull'crng , ang uo ve a1 p nc Cl~a. tn!C- v, neu 

f], p cling du<mg thl khOng c6 che' d9 dU11g nao 6n dinh. Tnr&ng hgp ,B, p. cling im ChrCmg cong 
c9ng hu&ng c6 d<plg trong Hinh 2 v&i nhii·ng gi<i trt kh<ic nhau cUa J. 

b) Ngu m < 0: Ph\1 thu9c viw gi<i tr~ nia J ta c6 nhfrng d~ng khtic nhau ella dU'Crng cong 
c9ng hrr6-ng. Ntu J > - 2

4
7 m 3 dtrCmg cong ·~ci)ng hrr&ng c6 m9t nhinh dcm nhu trong tru·Ong 

hqp m > 0. Khi J = - -:frm3 ChrCtng cong cO m<}t nhtinh t~! dh t?-i giao difm v&i ChrCrng thing 

v =a- J3(A + rn). ':firu·Cmg hqp J < -11m 3 c6 hai nhinh r&i n~1au, nhinh tr€n la du·Cmg khfp 
kin. Th€n Hinh 3 l?t ~:ru·&ng hqp f3 > 0, J1 < 0 cOn 1-Iinh 4 t.u:cmg ling v6i j3 < 0, j.l > 0. Di:eu ki~n 
dn d}nh thtr nhit cho ta bat d~ng thlrc 

se tu-ang du:O'ng v6-i A < -3 n~u {3 > 0 vi v&i A > - ~ khi {3 < 0. Di'eu kifn th& hai c6 d~ng 

2 - 1 -( 1 ) 1 N(A, v) = (v- a) + 4/l(v- c;)(A + -m) + 3(3 1 + - 2 ., (A+ m)(A + -m) > 0. 
. 2 Q .!1- . 3 
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Tren cclc hlnh ve mi€n gq.ch cheo trrong _lhlg v&i cac che' dQ khOng 5n d!nh. COn tren drrCrng 
cong ci)ng hrr&ng doen d.rt quiing Ia khi\ng 5n djnh. 

A 

2. H~ Van de Pol: 

. . 2 . 
X+ aXt> =<{Po sinvt + Qo cos vt + p.oX + (30 X X} 

j, = 0; f, = -va(p.o + ~f3oa2). 
. 4 

flrrCmg cong d}ng hrrl.rng trong trrrOng hqp nay c6 d(_lng 

(3<0 
p. < 0 

,, . ' ,, ' 
I ' ' ' ' . ' I : , 

I : : 
I 

; : 
' ' 

I 

,/~ 
o( o<-ji 

Hinh 2 

A 

Hinh 4 

6 

Hinh S 

p. <0 
ft>O 



Sau khi bd qua cic d~i 1~r;mg nh6 b~c cao ta c6 

Ciing du-a vao c<ic d~i luyng 

m = !!_. 
/3' 

phrrctng trinh cuO:i cho ta quan h~: 

v =a- /3(A + m) ± at:./3) ~- (A+ m)2 

oe dang nh~n thiy btl.-c tranh dao d9ng trong trrrCmg hqp nay t1.rctng ttr h~ Duffing khi {3 < o, 
I'> 0 (Hinh 4). 

" ' KET LU~N 

Trang mi'Ein c9ng hrr&ng chinh : 
1. Bien d{) dao d9ng cda h~ iuyen tlnh IOn vO cling. 
2. Nhrrng khi c6 l'!c phi t~ygn be Duffing thl bien dq dao dqng tr.'r nen hfru h~n. Nhu v~y 

trong tru-Cmg hqp nay l\fc phi tuyen d6ng vai trO d.n. B-U·c tranh dao d(;)ng dm;rc mO ti tren cic 
hlnh ve. 

3. So v&i h~ b~c hai va ba khOng c6 ch~m, llfc phi tuye'n Duffing di lam thay d5i biTe tranh 
dao d~mg: · Nhrrng trong h~ Van de Pol h'au nhrr khOng c6 dieu gi m&i. 

iJia chi: Nh4n ngay 16/8/1989 
Vi!n Ca Vi!n KHVN 
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SUMMARY 

NON-LINEAR OSCILLATIONS IN FIRST ORDER SYSTEMS WITH DELAY 
II. NON-AUTONOMOUS CASE 

The influence of the periodic force on the nonlinear first order systems with delay is investigat
ed by the asymptotic method Crulov-Bogoliubov-Mitropolski. A detailed research of the response 
()f Dulling: and Van der Pol systems to external periodic force is given. The obtained results are 
compared with well· known ones in such second order systems without delay. 
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