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MAT ON D]NH VA TUONG TAC PHI TUYEN 
' ' ' "' " "' " " ,./ ,.) 

CUA DONG CHA Y TREN KENH NGHIENG CODAY BIEN OOI 

NGUYEN vAN DIEP, PRAM HUNG . . 

Trong bJ.i nay sv- mat On d.!nh va tu·ang tic phi tuye'n ella dOng chiy tren kenh nghi&ng c6 
diy bie'n ctOi di dtrsrc nghi&n cU:u. Trong tru·Crng hc;rp tuye'n tinh, di chi ra r3.ng khi g6c nghi&ng 
ella kenh b~ng g6c nghiting t&i h<;tn, m<;>t kich d$ng bS:t k:Y ella m~it thoing vi v~n tOe se tich Hun 3 
modes: Mode thiT nha:t chuy$n d$ng v&i v~n tOe b~ng 3F /2 v%n t5c d~c tru·ng theo m~t c~t, khOng 
thay dbi hinh d<;tng. Mode th& hai chuy~n d$ng v&i v~n tOe blng F /2 v~n tOe d~c tru·ng theo m~t 
clt va Uit theo thCri gian. Mode thll· ba li mi?t s6ng dirng g.iy ra do bie'n ddi Clay. Phu-ang phip 
nhieu c& thCri gian chrqc <ip dvng trong nghiCn cU·u phi tuye'n, di thu nhi_in c;lc phuang trlnh n16 
ti kich d9ng crl.a m~t thoing, v~n tOe va m~t diy khi th&i gian l&n. M9t sO d~ng nghi~m ella c<ic 
phrrcrng trlnh tr€n di dm!c khlo sit. 

L H:¢ PHUONG TRINH 

H~ phu·ang trlnh mO tc\ dOng chiy t.r€n k€nh nghi€ng c6 dAy bie'n dOi (xem Hinh 1) c6 d~ng 
sau [IJ: 

lj 
.,.._-__ -L t j 1 ( x,t) 

-~ ---

Hinh 1: Scr ito dong chdy 
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h, + (vh), = 0, 

. v2 
Vt + VVx + g(h+¢)_, ·coso :::;c g:::ma- C(--;;,· (U) 

,p, + q, = 0; 

trong d6 h d9 siu, v v~n tOe trung blnh theo thiet di~n, g gia t-Oe tr~.'!llg t.nrC:tng, a: g6c gitra tn_1c 

Ox v3. pht.rcrng n~m ngang, c, h~- sO kh6ng th-fr nguyen, tY I~ v&-i ma sit. dJ.y, <P m~t. cH.Y : q h.ru 

}U'ang bim cit diy, q lil. hiun d5. biet ell~ v, h, ¢J· 
. Bing cich du-a. vao cic d~i hrc;rng khOng thU· nguyen: 

v' = 
v 

~· 
' q = 

q ' X X ~ --
- L,,' 

t rgn~ 
t' = v 

L., 

trong d6 Ho d9 s5.u d~c trmlg, Lu d9 dlli d~c tru·ng tb·n Or, vgrr;; V~H u-;( dZlc I J'll'l)g, 911 ltru 
hrang bUn d.t d~c tnrng, h~ (1.1) cO cL;LHg khOng t.h1.i· nguy(:n nlnr ~au (dt'! t.h11,:1n tif11 .... e hO d.lu (') 

chi cic dq.i hrqng khOng thlr nguyen). 

h, + (vh), = 0, 

X(vf + Vt'.r +[h. .t d>)_, 
1):? 

C1J:' n:) --, 1 -
F' h' 

(12) 

1-;:.t + {3q,r = 0, q -- •l(v, h,4•,), 

trong dO: 

chUng ta sC xCt tnr&ng h(!p X= O(l), F' = O(l), .B <?: L KhOng milt tinh t(~llf': q11:lt c/, th~ d~t 

X= 1 

' ' ~ ' 
2. KHAO SAT TUYE:'-1 TINH 

H~ ( 1.2) c6 nghi~rn dU:ng nlnr sau: 

h=l, v=F, q=q(l,F,O). (2.1) 

Xet kich d(?ng vO ciqtg nh<) hen czlllh tr').ng th5i din h'~ng: 

h = 1 + h', v = F + u', ¢ = 4/, lh'i «: 1, lv'l << F, IIi"/! <r:-:: 1. (2.2) 

Gi~ thie't {3 c6 b~c ella cic kfch c10ng nh6, the' (2.2) v~w {1.2} chi gii'1· l;_1i de sO h;:Lng b~c nhflt 
dOi v&i c5.c kkh d?11g, la t.hu d,n_rc h~ plnrung trlnh luye'n t.inh nlnr sau {bd d~u {') chi c;'i.c kich 
di?ng): 

ht -T Fh.r -.L.. V.r = 0, 

2v 
v, + Fv" + (h+ .P)., ·cos a+~- h = 0 

F 
,p, = 0. 

· ··.. Phtrcrng trlnh cuOi cho nghi~m q.. = 4>(x) Ia m9t h~un. bii't.. k)r ella x. Nghi~m nay s€ t<_w ra cic 
kkh d9ng ella v~n tOe v;l d9 s.iu tu·ang U·ng: 
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-oo 
( 2.4) 

N_e"u khOng tlnh den lmh hrr&ng cda. bUn cit ha,i phuang tr}nh dau se t<:O thinh h~ 2 plnrung trlnh 
hyperbol dOng nhat. Nghi~m chung cUa chUng drrqc tim bing phuang ph<ip Fourrier. C6 _th€ kibm 
tra drrqe rhg nghi~m ella h~ (2.3) se iln d)nlt neu: 

tga 5 4Ct· (2 5) 

Ke't qui (2.5) trUng v&i ke't qui .thu dl,l'\fC dOi vUi dOng ch~y tren k€nh c6 d3y cll·ng, phing (xem \ 1 
12]). ., 

Neu tga = 4Cf, "nghi~m ella h~ (2.5) e6 d~ng sau: 

h = Jl +I ( :1' -
3
: t) + fi-1 (x - ft) · ,- ft + h {.• I( x). 

v=!':_fl+l(x- 3Ft)+{-!':_f1-l(x-!':_t)+2_ '~-ftfl-l(£)dx}e-}'+vl•l(x) 
2 2 2 2 F ' 

-= 

trong d6 [1+1, Fl-1 la eacham b~t ky, hl-·1, vi• I bi~u dih qua <;P(x) theo (2.4). 

( 2.fJ) 

Nh1.r v~y khi tga = 4C1 , m9t klch d9ng b5t k)' cUa m~t tho&ng va v~n tOe se tAch ra \fun~ 
modes: Mode thtr nh5:t chuyen c19ng v&i v{in t6c 3F/2, khOng thay dbi hlnh d~IIg. Mode th{r ha.i 
chuy~n d<;mg v&i v~n tOe F /2 va t£t t.heo thCti gian. Mode thlr ba la m?t s6ng dU·ng g5.y r<"~ b&i 
kich dgng day. Chlmg ta. quan tfi.n1. Sl! phit tri$n ctia modeS thli· 1 va. th{r 3 khi t,h(ri gi<tn l&n 

, ' ~ 

3. KHAO SAT PHI TUYEN 

Xet Slf bi~n thien phi tuye'n cUa cac kich d{mg nh6 khi g6c nghiCng g'a.n gOc nghieng t&i h;;tn. 
B3.i toin (1.2) se c6 3 tham sP nh6, tham sO thU· nha:t e: Ut bien d? khOng thtl: nguyen ob cic kfch 
d9ng, tham sO thll· hai f3 lit t}' sO gi\ra hru hrqng bUn cat d~c tru·ng va hru hrq-ng cha't lOng cHlc 
tru·ng, tham sO thlr baA= a- Ct:cr(tgac,. = 4C/ ). . 

Nghi~m ti~m c~n cUa (1.2) dtrgc tim dmJ-i dc:mg sa·u: 

h = 1 + e(ho + eh1 + >..hz + f3h3 + ... ). 
v = F + e(vo + ev1 + AVz + f3v3 + ... ). (3.1) 

</> = e(</>u + eq\1 + Aq\z + /34>3 + ... ). 

ThOng sO: F =-/¥ va cos a deu 13. h-am phy. thuQc chUng du·9"c khai tri~n theo chuOi Taylor: 

F = Fo + >..F1 + .. . 
cos a= ao + Aa1 + .. . 
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trong d6: 

1 ~a-,,-, 
Fl = zy c-c-,-cotgaCr) ... 'ao =cos a:.,,., 

xet' phep bie'n dbi tqa. d9 nhu sau: 

T = t, 

Th~ (3.1) viw (L2), xap xl b~c, co dang sau: 

F;, 
h11T- zhoc + Vo, = 0, 

F( 1 . 2vn 
vor- zvuc + a.o{h,, -f ,;,,)( + J?;;- ho = 01 

3F,, 
<Por- -_-,f'"( = 0. 

£ 

Nghi~m c:tlJ (3.4) c6 d<,tng san: 

(3.2) 

(3.3) 

(:l4) 

(:3.5) 

d , f I' h' b- k' ' c ·" I' I' h- k' ' (c OF"1') h1·' 1 1·' 1 b·' ]'" '· t:r:ong o a a.m .1.t y cua "' 'f'll a tam :tt Y nJJ ..,. + 2 , 11 , V 11 , 1eu < !eJJ -quJ 'I-'ll 

theo (2.4). Ne'u khOng t.fnh c1~n Anh htr&ng C\IJ bt'ln dt thl ho, Vu Ll. h~.m e1la ~- Nltiin plnrang 

t.rlnh th(r nh.~t v&i h;trn h'(~) ph1r•·tnf; trlnh th(r h<li v&i v'{O, c9ng L~i vilfly tich ph5.n tlteo ~ tlr 

-oo de'n +oo v&i dl{;u ki\·11 

h'(~) ~ 0 v'(~) ~ 0 

ta thu dm;rc plnrcrug trlnh lien h7p ctb. P.4) (kh&ng ltnh <inh lnr&ng nh Jill) nhtr san: 

F'u ~ • • 
--h~ - a11tlc - V = 0, 2 <. ~ 

Fo • 2 • • 
~v + --·v - h = 0 2 ( F:, ( . 

Nghi~m cUa (3.6) c6 d~tng san: 

v' = D'(n, 
F 2 

h' = -"D'(c) + ~D(c) 
2 " Fo " ' 

trong doD Ia ham bat ky theo (, D ~ 0 khi 1~1 ~ oo, (dau (') chi deo ham theo ~) 

X5p xl b~c c2 c6 d<:~-ng sau 

IF0~t{/;K:._; i!~' 
k:::-~ --r~tt;·,~;j ~ \.\ l_, ~ ::; ,0 ·' 
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Phrrcmg trlnh cu5i cho nghi~m ,P, = .p,(E + ~t). 
Nhin phtrang trlnh thtl- nh5:t v&i h"', phu<Yng trlnh thli- hai vO.i v* c9ng l~i va lay tfch phin 

theo E tir -oo den +oo (tich 11han nay se k.Y hi~u bhg { )) taco 

(3.9) 

s~ h~ng A l<l him da bie't, thu du·qc do tinh den ttrang tac ella dciy v&i tn~t thoing va v~n t5c. 
Ne'u sO hf!.ng d1iu ella ve' phii (Ia him ella E) khic khOng, thl ve' trii se t3ng tuye'n tinh thea Tva 
vi h*, v"' l.l. him c;Ua €, do d6 it nhit trong h1, v1 cO m9t hil.m tang tuye'n tinh theo T. Kh6 kh3.n 
tren drr'!c kh£c ph~c bhg plnr=g phip nhieu cer thiri gian (xem [1J, [3[). Ngoai bien thiri gian 
nhanh To= T, ta du-a via d.c thOi gian ch~m nlnr sau: r1 = eT1 r2 = >..T, ;3 = f3T. 

Phep lay d~o ham theo T co d~ng: 

a a a a a 
'-·- =-+e- + >.- + j3-. ar aro ar, ar2 ar, (3.10) 

D~ trAnh kh6 khln g~p pldi trong (3.9), him f phlli phl) th~~c thCri gian ch~m r1 sao cho: 

( 
2 ) 3 3F1i - f- Fo/( +- ffe- ~(f!ele = 0. 

Fo rt 2 4 
(3.11) 

xa:p xi b~c e:A c6 d<;1ng sau: 

Fo (- F1 
h'l.r.-.- zhze + V2e = ~hnr~ + zhoe, 

Fo F('f 2v2 F(r . F1 2vnF1 
V'2r,., - -

2 
V;!(. + ~ h2e + ~ - h2 = -Vnr~ - 4cf2e +Sill o:~·rhoe + -voe + -F2 , (3.12} 

4 J·o 2 0 

3F,, 3F1 
¢2r,- -

2
-¢2(. = -¢(')r~ + z<PI)e• 

De trinh kh6 khit1 d;:tng (3.9), him f phii phl.J. thue?c vi1.0 thOi gian ch~m sao cho: 

( 
2 ) . F,, F1 -- f- F;,!( ,, + smac, ·fee+ --he= 0. 
~) - 2 

(3.13) 

xap ;xl b~c e/3 xi;t trong h~ t<?a d9 f(l, X cO d~ng sau: 

(3.14) 

trong d6 : 

D~ <Po khOng tllng tuyen tinh theo ro 1 c'a.n th6a min phtrang tr'i.nh sau: 

(3.15) 
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Tir (2.4), (3.5), (3.15) ta c6: 

4 ('r- Fo5z 453) . 
2c/Jnr3 + r/Jor3:r + + F,2 r/Jo:r.x + 03¢0:u:r = 0. 
~ 3 u 

(3.16) 

T.\r cic phrrang trlnh vie't v&i cic c& thC:ri gian ch~m c6 the' x5yd-t,rng 1 phuang trlnh cho m'9t. 
c& thlri gian theo phmmg phap Leibovich va See bass (xem [3]). Tir (3.11), (.3.13), trong h~ t0a d\> 
T, E ta c6 : 

( 
2 ) 3e 3e 2 ( ) . ). Fo Fr -J-Fof< +-ff<--F, fh (+Asma.,,f<<+---Ju~O. 

Fo T 2 4 2 
(3.17) 

Trong h~ t9a d{> i, x tir (3.16) ta c6: 

(3.18) 

' ' ' 4. KHAO SAT NGHI~M 

Phtrang trlnh (3.18) mO tft bie'n thi€n clia kich d(}ng cLSy khi t l&n. Nghi~m c•.l~. phn-·· trinh 

nay dtrqc tlm drr&i d<;Lng: 

¢o = a¢ei(kx-wt) 

a¢: bien d\\ -k sO s6ng, w tan s5, quan h~ tin X::)- c6 d<,tng sau: 

( 4.1) 

Quan h~ (4.1) c6 th€ thu nh~n blng phU'ang iJhil.p Fourrier ap d1;1ng dOi v6-i hf plnrang trlnh 
(1.2) dii tuye'n tlnh h6a. Tir (4.1) ta th5y s6ng cit 13. s6ng tin X<;t , tn1y~n cling chi~u dOng ch!ty 
ne'u: 51 - Fo8z > 0, ngm;rc chieu dOng chiy ne'u 01 - F(JS2 < 0. Ngoii ra nr:1u &3 ::::= 0, s6ng cit. 
truy'en cling chieu se mat 5n d!nh 1 sOng truyen ngrr<7c chieu se 5n d!nh. Ke't lu~n trfn ph1J hqp v&i 
phll'ang ph<ip du&ng d~c tru·ng va phuang phip khai trifn g'an m~t s6ng ctla Whitham. 

Nghi~m cua phrrang trinh (3.17) drrqc tim du:&i d~ng: /(~- Ut) 
The' vao (3.18) ta thu dm;rc phuang trlnh <-L;to hftm tlnr&ng sau: 

~-+ +oo. 

V~n tOe lan truyeu U va h~ sO o: c6 d;;tng sau: 

19 

( 4.2) 

(4 3) 



U = 3e(a, + a2)Fo 
8 • 

(44) 
a1 + a2 4). sin Ocr 2.AF1 

"3 = + 2 + --. 
2 3eF0 3eF0 

Nghi~m ctla (4.2) v&i a, ~ f ~ a2 c6 d~ng sau: 

~lnj(/- a!)(!- a2)J + 2a3- (a,+ a2) Arth 2/- (a,+ a2) = E- Ut + B, 
2 il2- 01 0:2 - 0:1 

(4.5) 

trong d6 B Ia h!ng s5. Ding eM. y Ia phmmg trinh (4.2) v&i ditu ki~n bien (4.3). Ia xfip xl b~c 
0(<2 , e>.) cda phuung trlnh mota song Iii khi a,= 0 (xem Whitham J2Jl. 

Anh hm'rng cda bun cit len •'! bie'n thien ctla h, v dcrqc m& ta blng nghi~m cda h~ phcrang 
trlnh (3.8), (3.12). (3.14). 

" . 5. KET LU~N 

89" m3:t 5n d!nh va tu·ang tic phi tuygn cda. dOng chlly tren k€nh nghi€ng c6 diy bie'n d5i d5. 
d1.1c;rc kh!o sit. Trong tru·Cmg h91> tuygn tlnh di chi ra ding khi g6c nghieng blng gOc nghieng t&i 
h~n, kich d9ng cda. m~t thoing va v~n tOe se tich ra 13m 3 modes. Di thu nh~n cic plnrang trlnh 
mO t! str bi~n tbien ella kich d9ng m;t tl\Oing, v~n tOe va d<iy khi thCri gian l&n. Tinh 5n d~nh 
ciing nhU' htrCrng lan truy~n cda s6ng cit di drr9'C khio sit. 

Dfa chi: Nh4n ngay 3/10/1989 
Vi~n Cq Vi~n KHVN 
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SUMMARY 

THE UNSTABILITY AND THE NON-LINEAR DEVELOPMENT 
OF A FLOW IN AN INCLINED ALLUVIAL CHANNEL 

In this paper the unstability and the non-linear development of a flow in an inclined a.lluvial 
channel is investigated. It is shown that in linear case, at the critical value of inclined angle the 
arbitrary disturbance of the water surface and of velocity will be splited in three modes. The 
non-linear differential equations describeing the behaviour of the modes when the time become 
large are obtained. Some solutions are analysed. 
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