
Tap chi CO HQC, qp XII, 1990, so 1 (1 - 6) 
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DAO DQNG THU DIEU HOA TRONG HI;: CAP MQT CO CHAM 

NGUYEN DONG ANH, NGUYEN TIEN KHIEM 

Tie'p t.9c nhU:ng nghiCn cll·u h~ c5p 1 c6 ch~m, trong bJi nZty cte c~p v:;11 de dao df?ng thU· di€u 

hOa. B&ng plnrang ph<lp ti~m C~tl Knrl0v-B&g0liub6v-Mitr6p6lski a d5y x5.y cll.rng thu~t to<l.n t'im 
di.c dao c19ng t.ln'r dieu h6a trong h~: 

X (I) + aX( t ~ fl.) = P sin vt + Q cos vt + e: f (X, X), (0.1) 

trong d6 • 

sincu~ = 1, coso:!:.= 0. (0 2) 

Cac ditng th\rc (0.2) chu·ng to he (0.1) khi "' = P = Q = o c6 doo dong tuan hoim tlin 
sO a. Trong c&ng trlnh t.nr&c dJ. xet. b{rc tr<tnh dao d9ng ctia h~ tren trong vUng c{mg hu&ng 

chinh (v .....- o:) cOn & d:1y nghi€n c{ru trong mi'en xa cQng lnr&ng chlnh- mien si€u c9ng huO.ng 

(v- n<>, n 2 2). 
Cia thiet: 

v 
Q = - t ~(J 

n 

khi d6 h~ (0.1) c6 th~ vie't thJ.nh 

. v . 
X(t) + -X(t ~fl.)= Psinvt + Qcosvt +<[f(X,X) ~ crX,[. 

n 

l. XAY DVNG NGIIIf~M TIF~M CJ\N 

Ta tim nghi~m plmang trlnh (0.3) du·&i dzmg: 

X= Acosvl + B:-;in vt + ac<>s¢ + cu 1 (a, ¢) + .. 

trong d6 

(0 3) 

(1.1) 

r .,,_C_" 
. :[ 

.v 
¢c•~l+8; ci = eAJ(a, 8) +, ... , e = eBJ(a,B) + ... ( 1.2) 

n 
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Xci =a cos¢, " ¢=-t+B, 
n 

trong do a, e th<la man (!.2) g9i Ia dao d(>ng thll- dieu hoa cilp n. 
Tnr6•c· -hgt., v&i di'eu ki~n (0.2) tacO: 

sin vA =sin n(o:A- ea~) =sin no:·~- eantl. cos ~o:~ + e2 
... , 

cos vA =cos n(o:Ll- eaA) =cos no: A+ eanAsin no: A+ e2 
... . 

Vi phan (1.1) ta dm;rc: 

. B " . ~ { "' B . "au,} X= -vAsinvt+v cosvt- -asm'+'+e A 1 cos'+'-a 1 SIII</>+-- + ... 
n n a¢ 

va. tm:rng t'! nhrr trong cic bli tnr&c: 

Xt:.. = X(t- t.) =A cos vt + B sin vt +a sin¢+ e{ -t.A1 sin ql- t.a(B1 - cr) cos¢+ · 

+ u 1 + nAaB cos no: A cos vt - nAa A-sin no: A sin vt} + ... 
A= A cos no: A- B sin no: A; B = A sin naA + B cos na:A. 

(!.3) 

( 1.4) 

. ( 1.5) 

(1.6) 

Thay (1.1), (1.5) va (!.6) vlo (0.3), khai tri~n vi! phii theo e, so sanh cac h~ s5 cda e0 , e 1 ta 
s€ cO: 

v6i: 

" . ) " ( - v + - sm no: A A+ -cos na.6. · B = P, 
n n 

" ( ".. ) -cos no: A · A+ v - - sm naA B = Q, 
n n 

[ vt. J ["t. J "(au 1 A 1 - -a(B1 - cr) cos ql- -A1 + a(B1 - cr) sin</>+ c- - + u.} = 
n n n a.p 

=cr[G, cos n¢ + S, sin n¢] + fo (vt, a, ql ), 

C, =[ (nt. - 1) sin nat. · A- cos nat. · B] sin nB+ 

+ [cos nat.· A+ (t.n- 1) sin nat.· B] cos nB; 

S, =[ ( 1 - nt.) sin nat. · A +cos nat. · B] cos nB+ 

+[(A+ nt.B)cosnat.- Bsin nat.] sin nB; 

fo(vt, a,¢) = f[A cos n(¢- B)+ B sin n(¢- B) +a cos¢-

- vAsinn(4>- B)+ vBcosn(4>- e)- '::a sin¢>]. 
. n 

Ngu khai tri~n hAm ra chu6i Fourie: 

fo = f, cos 4> + f, sin </> + ho + L ( hm cos rn4> + 9m sin m,P), 
'm=2 

2 

(!. 7) 

( 1.8) 



trong d6 

fo = 2(fo cos</;); J, = 2(/n sin<!>); 

,, 
hm = 2(/ocosm</J); 9m = 2(/osinm¢); (!) = ~ J fd¢. 

(J 

phmmg tr\nh (1.8) cho ta h~: 

vi!. 
A,- -a(B,- cr) = fo; 

n 

vi!. 
-A1 + a(B1 - cr) =f., 

n 

Nhu- v~y ta c6 h~ (1.7) d~ tlm A, B, (1.9)- A1 , B 1 , con (110)- u 1 . 

Th~t v~y, h~ ( 1. 7) cho nghi~m: 

A = ~ P(::in no:6.- n) + Q cos no:il 
v 1 + n2 - 2nsin nail 

B = ":. Pcos n':!!..- Q(sin nat!..- n) 
v 1 + n 2 - 2nsin na6. * 

va tir d6: 

(1.9) cho ta: 

ul = Vo + L (Vm cosmcf + w,t sin mcf), 
rn=2 

n n 
Vm + mW., = -hmi -mVm + Wm = -gm, m of- l, n; 

v v 
n n , 

V,. + n\V,. = -(hn + o-C,.}i -nV,. + Wn::::::: -(g,. + cr~,.). 
v v 

T6m l<,ti, dao d9ng th(r di'eu hOa cS:p nella h~ (0.1) c6 d;;tng: 

trong d6 a, e thOa min 

X= a cos (<'t +B), 
n 

3 

(19) 

( 1.11) 

( 1.12) 

( l.J:l) 

(1.14) 

(l.l5) 



. v 2 A2 -l; vA 
a= (1 + -

2 
) lf, --f.], 

n n 
. v2 A2 1 vA 
0 = rr- [a( I+ --,-lr [J, + -J,.]. 

n- n 

Bien d9 va pha dlrng se tim drrqc tir h~ phuung t.r1nh: 

vb. 
J,.-- f..= 0, 

n 
· v 2 A2 vA 
a(!+ --)a- f.,- -J, =• 0. 

n2 n 

Di~u ki~n On d!nh cUa nghifm dirng kh<l.c khOng theo tifu chuZ:n Hurwitz c6 d<_l-ng: 

aj,. vb. aj, iJf, vC. ,Jf.. -- - - . - - -- - --- -- < 0 aa n ae ae n aa , 
a J, 
a a 

aj;- a,j~. 'ie· -a(~-~: a~.) >0. 

2. vi ov 
Bay gi& ta xCt h~ Duffing: 

( 1.16) 

( 1.17) 

( 1.18) 

(1.19] 

X+aX.,.+J'X+J3X3 =Psinvt+Qcosvt; J'=<J',, f3=<f3o- (2.1 

Sau nhlmg tinh to<in cCJ blt.n theo tlnt~t to<in td~n ta c6 

{ 
3{3., ( 2 ') 3f3o ( . } J,, = - I'<>+ -

4
- a +2M' + 4" A cos 30 - B sm 30) a; 

3/3o '( . ) J, = - 4"' A sm38 + B cos 38 . 

U·ng v&i 

n = 3, A=_ 3P 
4v' 

B = 3Q 
4v' 

(2. 

Dtra vao cic kY hi~u: 

h~ (1.16) h1c nay c6 d<).ng: 

v2!:>.2 -1{ 3{3 v!:>. vb. } a= -(1+ -
9
-) aH(a) + 

4
a2 [(A- S)cos30- (SA+ B)sin30] , 

. v ( v 2 62 -•{"6 3/3 vC. vt:>. } O=a-3+ 1+-
9
-) 3H(a)+4a[(SA+B)cos3H(A-SB)sin30]. 

(2 
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Bi€n d9 va pha dU·ng th6a min: 

3{3 vt:. v6 . 
H(a) + -a[(A- -B) cos 38- (-A+ B) sm 38) = 0 

4 3 3 

v
2

Cl
2 

v vtl 3/3 [(vtl ) ( vtl ) J , (1+-9~)(a-3)+3H(a)+4a 3A+B cos3B+ A- 3 B sin38 =0. 

Khl.! (j trong h~ cuOi ta du·qc phtrcrng trlnh bien c19 - t'a.n sO: 

( 
v

2
Cl

2
) ( V)2 2vtl (v ) 2 81/3

2
r;j o W(a, v) = 1 + --- a-- + -H(a) --a + H (a)- --

0 
a"= 0. 

9 3 3 3 25Gv-

Ne'u bO qua nhlrng d~i hrqng nhd b~c e: 3 ta se c6: 

.., v 2 v ? 81,6'2r;; .., 
(1 + a 2 6·l(-- a) - 2at:.H(a)(-- a)+ H-(a)- ---;;·cr = 0. 

3 3 256a· 
(2.4) 

Phll'crng trlnh (2.4} c6 nghi~m ciOi v&i v neu thOa min cti€u ki~n 

{3 2 ? 

f3 < (a 2 Cl 2 -7)~ 
I' - 256a2 

(2.5) 

Khi d6 

I/= 3o:- (2.<>) 

________ '.,.~ 

)) 

Hinh 1 

Plnrcrng trlnh (2.6} c6 dt~.ng nlnr trong Hinh 1 v&i h~ t<;>a d9 {a2
1 v} Di'eu ki~n On djnh (1.18) 

chota: /3 > 0 t(rc li l~rc phi t.uy€n c6 d~c tnrng clrng. Dieu ki~B {1.19) cho th5y n6 se tltOa rn5.n 
tren nhiing c1i~m lrng v&i dmYng lih1 cUa dO thj. Cimg v&i (2.5} ta th5':y dao c19ng thU: ch'eu hO<t 
dip 3 nay tOn t~i khi f.l < o (ly-e cin fun}. C<lc hi&n d~ 16-n nhfi"t vi nhO nh5t tinh theo cOng t.hll-c: 

5 



,.' A 

KET LU~N 

I' 
m=- < 0 f3 . 

TOm l~i tU: nhU·ng ke't qu!t.tren ta c6 th~ rUt ra nhtmg ke't lu~n sau: 
1. Dao d\ing thir dih hoa cgp nella h~ (0.1) c6 th~ tlm i1 d~ng (1.15) va (1.16). 
2. Trong hf cS:p 1 c6 ch~m Duffing dao d9ng thU: dieu hOa cS:p 3 d~ng X= a cos (~t +e) tOn 

t~i khi l\fC phi tuye'n c6 d~c tru·ng c{rng, h,rc cin im va thda min dieu ki~n: 

I' ( 2 2 ) 9rii m =- < a b. -7 --. f3 - · 256a2 
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SUMMARY 

SUBHARMONIC OSCILLATIONS IN FIRST ORDER SYSTEMS WITH DELAY 

The subharmonic oscillations with frequency, which is n times smaller than that of exciting 
periodic force, in first order systems with deby are studied. The averaging equations for the am· 
plitude and phase of the response are constructed. A detailed research of third order subharmonic 
oscillation in the Duffing system is given. 
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