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TINH TOAN BANG SO DAO DQNG UON TUAN ROAN 
) "- ~ N A 

CUA THANH TRUYEN TRONG CO CAU BON KHAU 

NGUYEN VAN KHANG, VU VAN KHIEM 

, ' 
1. MO DAU 

Vi~c tang tOe d9 lim vi~c vi giim khOi lm;mg ella d.c rniy dOi hOi phii quan tim t6i t:inh 
chilt dan h~i cic khiu c-da ca cilu trong may. 

Vi~c nghi€n cU·u dao d9ng uOn ella khiu nOi trong CO' cau bOn khau da drrqc de c~p de'n trong 
m9t sO c&ng trlnh nghi€h ciTu, chlng h~n trong [1, 2, 3, 4]. Trong d6, khi thie't l~p phxrOTig trlnh 
dao d(?ng thrrCmg drra ra m9t s5 gi.i thigt dcm giin han. Khi giii, ngrrOi. ta ho9.c chl tim drrqc 
nghi~m b~ng phrrong phip sO trc·ng giai do~n m& miy, ho~c tlm nghi~m tu'an ho~m m9t cich kh:i 
thO b~ng chu6i hr<!llg gLic. 

Trong cOng trlnh nay1 ip d~J.ng k:Y thu~t tich c:iu trUe, drra ra m9t phuang phip t~ng quit 
d~ thie't l~p phmmg trlnh dao dQng u5n ella m<?t ca ciu bat kY trong cO" ciu nhi'eu khiu. Sao d6 
trlnh bay vi~c tlnh toan b~ng s& xac dinh dao d9ng uOn tukn hoin clia thanh truy'en trong CCY ca:u 
bOn khiu. 

/ M A " 

2. CAC MOI QUAN H~ DQNG HQC 

Xet w cau b5n kh5.u blm l~ & trong m~t phi'mg thing drrng (h\nh 1), trong d6 OA, CB lit v~t 
ran cOn AB li thanh thing din hOi. 

G9i khOi tim cda khiu OA li Sz, cOn khiu CB li S4 , cic klch thU'6·c cho tren hirr.h ve. 
L%p h~ tn.J.c t9a dQ cO d!nh OE,ry vi h~ tnJ-c t9a dQ d9ng Axy ·v&i t.rvc Ax di qua AB nh1r 

h\nh 2. 
XPt. mQt di~m K tren thanh AB, c6 t9a d<? trrang dOi ban d'a.u (x, 0), t~i thCri digm khin sat 

n6 chuy e·lt d9ng den K 1 v&i d!ch chuygn d9c u, d!ch chuygn ngang w, khi dO': 

Do 

Nen ti'r (2.1) suy ra: 

di . ~ 
dt = 'P31 ' 
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d~ J . 7 
dt = -<pgt 

(2.1) 



Vx = -£2P2 sin(<p2- P3) + U- cj:;3w, 1 

Vy = e2P2 cos(\02 - \03) + p3u + w + p3x 

va 

a,= -e2.P2 sin(102- 1"3)- e2<P~ cos(102- \03) + u- <P;u- 2<{;>3w- <j>3w- <P;x, 

ay = -iz'i>2 cos(102- 1"3) -£2~~ sin(102- 1"3) + 2<{;>3u + w- sb;w. 

(2.2J 

(2.3} 

Trong d6 vx, vy, ax, ay 13. cic th8.nh ph'ful hlnh chie"u tr€n cic tqtc Ax, Ay cUa v~n t~c :va gia 
t~c di~m K. 

Hinh 1 Hinh 2 

Ne'u bd qua dao di?ng d9C cua thanh truyh thl cac bigu thrrc (2.2}, (2.3} c6 d~ng: 

va 

v, = -£, s02 sin( 1"2 - \03) - p3w, 

aw 
Vy = -i2<Pz cos(102- \03) +at+ s03X 

aw 
a, = -e2.Pz sin(102- \03)- e2s0~ cos(102 - \03)- -2<{;>3 at-~- sb;x, 

a2 w 
ay = -£,'i>2cos(l"2- 1"3)- !,p~sin(\02- \03) + atz -,sb;w 

NgoAi ra, ta cOn c6 ccl.c phuang trlnh r8.ng bu9c: 

f2COS\02 + [e3 + u(e,t)] COS\03- e4 COS\04- e1 COS8 = 0, 

e2 sin\02 + [e3 + u(e, t)] sin\03- e. sin\04- l, sine= 0. 

Ne'u bd qua dao di?ng d9c cda thanh truy~n thl (2.6) c6 d~g: 

£2 coslj02 + £3 cos IP3 - £4 cos <p4 - lr cos fJ = 0, 

lz sin <p2 + £.3 sin tps - £.4 sin IP4 - lr sin fJ = 0. 

Tir (2.7) khi bi({t quy lu~t 102 = 102 (t) ta se tlrn duqc \03(t), l"•(t). 

(2.4} 

(2.5} 

(2.6) 

(2.7) 

~ ... . . . ' ,.. ~ ' .... 
3. THIET L~\P PHUONG TRINH DAO DQNG UON CUA THANH TRUYEN 

Ap d\lng phucrng phap tach du true, ta tach w citu thimh 3 h~ con: OA, CB va AB (hlnh 3, 
4, 5). 
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Tnr&c hgt, ap d\lng nguyen ly d' Alambert ta tinh toan cac bi~u thrrc xac djnh phan h,rc & cac 
kh&p nili. 

V&i tay ,quay OA (hlnh 3), ta c6: 

Yo= -YA + Pz cos 'P3- Pz Sz [~~ sin('Pz- 'Ps + <>z)- Pz cos('Pz- 'Ps + az)J, 
g 

Md = Jo;Oz +tz[XA sin('f'z- 'Ps)- YA cos('Pz- 'Ps) + ~: Pzcos('Pz +az)]. 

Trong d6 Jo w mO men quin tinh cUa OA Hly d6i v&i 0. 
V&i c'an lite CB (hlnh 4), tad~ dang tlm dm;rc: 

(3.1) 

'(3.2) 

(3.3) 

Xc = Xn+ P4sin'Ps- P
4 s.[~. cos('P4- 'Ps + "'•) + P<sin('P•- 'Ps + "'•)], (3.4) 

g 

Yc = Yn + P4 cos 'Ps - P
4 

s4 [~. sin('f'•- 'Ps + a4)- P4 cos('P4- 'Ps + a 4)], (3.5) 
g 

Xn =B.+ cotg('P4- 'Ps), Yn. (3.6) 

trong d6 
B

4 
= P4s4 cos('P4 + 0<4) + JcP4 

e. sin('P4- 'Ps) 

va Jc ~ m6 men qu~n tfnh cUa CB L{y d5i v&i C. 
V&i thanh truy~n AB (hlnh 5) ta dm;rc: 

,, 
XA = Xn- I [p(gsin<ps + o.) + Cxvx]dx, 

0 ,, 
YA = Yn -I [p(g cos 'Ps + ay) + Cyvy]dx, 

0 

Yn = !_ { !'' pJ(;D3 + 
03

w2 )dx + 1'' [p(gcos 'Ps + av) + Cyvy]xdx-
£3 8x8t 

0 0 ,, 
- l[p(gsin'Ps+ax)+Cxvx]wdx}. 

0 

0 day v., v., a., ay dm;rc tinh theo (2.4), (2.5). c., Cy la h~ so d.n ngoai. 
J..L - kh5i hr9'flg phin b8 tren dan vi d3.i, 
p · m~t dl} khOi, g- gia t5c tn.mg tru·Cmg, 
J - m6 men quin tinh m~t liy d6i v&i trt;~c vuOng g6c v&i m~t phing ch{ra CO' cau 

83 w 
m•' = pJ(;Ds + i) = pJ(;Ds + axatz) 

'" ' ' h h aw VCY11 - goc CU3 t ap 1 1 Rl ax 
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(3.7) 

(3.8) 

(3.9) 



Di! thii!t l%p phrrang trinh dao di)ng uon cua thanh AB ta xet mi)t ph'lin tli· c6 chieu dai dx 

(hinh 6). 
1j 

Hinh S 

y 

c 

Hinh 4 Hinh 6 

Ap dvng nguyen IY dl Alcmbert va str dvng h~ thli-c lien h~ gifra bie'n d<;tng va U:ng suat 

E( 
8") [ 1 6 ,. " < ' '· h' b·' d.. · a= e + CXc7Jt 8_, · o..a;,; et,.- r-..0 '2·0 cu.n trong, sau vat p ep ten 01 taco: 

az [ (azw a3w )] a [ ( iJ3w )] 
iJx2 EJ 8x2 +a, iJx2 iJt -Ox pJ <{>3 + 8x8t2 -

e3 e3 

- {xn- J Ji(x)[gsini"J+ax(x)]dx- J C.(x)V.(x)dx} ~:~-
X 0 

- [l'(gsin<p3 +a,) +C.v,] ~: +J.L(gcos<p3 +ay) +Cyvy =0. (3.10) 

Drr&i diy, xet m9t tru·(mg hqp hay g~p trong th\['c te' k:Y thu~t: chuy€n d9ng ella khau din 
drrqc cho tru·&c <p2 = <p2 (t). Khi d6 ta drrqc h% khep kin du giii. 

KM XB tlr (3.6) va (3.9) rlli thay vao (3.10) ta drrqc: 
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::2 [EJ(~:~ +a,a::~ 1 )]- :x [P1(iis + a:sa~2)]-,, 
- { B 4 + i~ cotg(\04- lOs) [ J pJ(iis + a::~2 dx+ 

0 

~ e3 

+ J (l'(gcos\Os+av)+Cyvy)xdx- J (l'(gsin\Os+ax)+Cxvx)wdx]-

o 0 

J
aw 

- [l'(gsin\03 +ax)+ Cxvx - + l'(gcoS\03 + ay) + Cyvy = 0. 
iJx 

Phtnmg trlnh (3.11) Ia phuang trlnh d~o ham rieng phi tuye'n . Ta c6 dih ki~n bien: 

w(o, t) = w(l3, t) = 0 

(3.11) 

(3.12) 
Sau khi tlrn duqc w(x, t) thay vao 9 phrr<mg trlnh (3.1) Mn {3.9) ta sed~ dang tlm drrqc 8 

-th~mh ph'an phin lvc XA, YA, XB, YB, Xo, Yo, Xc, Yc va m6 men phit dQng Md. Vl v~y nhi%m 
v~ w bin va kh6 khan nhit Ia tlm drrqc ham dich chuy~n ngang w(x, t). 

A ;;./ , ' '1.. A ;l: 

4. DAO DQNG UON NHO CUA THANH TRUYEN KHIKHAU DAN QUAY 
" DEU 

<fday gi&i h<;tn.x€t dao d<}ng uOn nhO ella thanh truyen th~ng d'ong chilt, c6 tjlie't di~n khOng 
dili va h~ so dn Ia hlng. Gii stl- tay quay OA quay deu v&i v%n toe g6c khong dili la fl: 

\02 = flt {4.1) 

D~t ,P = 102 - \Os = flt- lOa 
Thay {2.4), (2.5) vao (3.11), chti y Mn (4.1) va bd qua cite thanh ph'an phi tuye'n, sau vai 

phep bie'n d5i ta dU'g<:: 

3 4 w a5 w p a•w x2 a2 w aw 
ax• + ~5 ax• at -:t axzat2- [f,(t) + h(t)x- h(tl-zl ax2 - [h(t)- fz(t)x] ax+ 

I' a2 w Cy aw 
+ EJ at2 + EJ-at -fz(t)·w=-fo(t)-h(t)·x (4.2) 

Trong d6: 

fo(t) = -J:J(gcos\03 ~ lz02 sin,P) + ~~f,Ocos,P, 

f ( ) f' .. Cy . f ( ) I' . 2 
1 t = EJ\03 + EJ\Oo; 2 t = EJ\03 , 

fs(t) = ~:~(gsin\03- f,'1 2 cos,P)- ~~t2 0sin,P, 
fP i t2

] £2 
J.(t) = R, + cotg(\04- lOs) 

1 
Eiis + /o(t) · ; + h(t) · ; - fs(t) · ts + fz(t) · ; 
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Chu y rli.ng do (4.1) nen cac ham /;(t), (i = 0, ... ,4) dh Ia cac ham tu"a.n hoim cda t vm chu 
ky 21fjfl. . 

Do dih ki~n (3.12) nen ta tlm nghi~m w(x, t) cda phmmg trlnh (4.3) drr&i d~ng 

I 

w(x,t) = L q;(t) ·slni; x 
i=l 3 

(4.3) 

Thay ( 4.3) vao ( 4. 2), sau d6 I~ hrqt nhiin hai vg vm sln j;, x (i = 1, ... ,I) r~i l~y tfch phan 

theo x tir 0 de'n is. Ta d-lrqc: 

i = 1, .. . ,I 

Trong d6 

{ 

l . ll> h (t) 
h ' ~ 

i = -}[;Jo(t) + ~h(t)] khi J U, 

. ·[ 1 1 l 
Clij = ZJ (i- j)2 + (i + j)2 

khi J chin 

H~ phrr=g trlnh (4.4) c6 th~ vie't drrqc drr&i d~ng rna tr~n 

trong d6 

M, B, Q_ Ia cic rna tr~n vuOng cip I c6 cic h~ sO nhrr sau: 

v6i 

(
p 7r2·2 f..l-)' 

m;; = E . lj"J + EJ s,., 
3 

6;; = { 0 
1 

ne'u i f:- j 

neu i = i 

l i·~; +P~; J.(t) +P;;,hft)- (i+ P~.')h(t) 
C;; = -a;;[t h(t)- h(t)] khi (i + j) 1.\ 

-a;;h(t) khii,tjva (i+j) chin 

(4.4) 

(4.5} 

khi i = j 

Vi~c tlm nghi~m tu"a.n hoim cda h~ phrrctng trlnh ( 4.5) bhg phrrctng phap so dii drrqc xet ky 
trong (5, 6, 7]. Tren ca ~0. thu~t to<in Ct tren, m9t h~ phll'ang trlnh tfnh toin cic di~u ki~n 5n d!nh 
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dQng h;rc vi dao d9ng uOn tu'an hoan ctia thanh truy'en trong cct diu bOn khiu d3. drrqc thigt l~p. 
Cln:rang trlnh dm;rc vie't b~ng ngOn ngtr FORTRAN 77. 

5. THI DV 

D~ tinh to in blng sO, ta liy cic sO li%u 
o:c = 10- 4

; Cx = Cy = 0, e = 0; s1 = £1/2; £1 = lOOOmm; £2 = 50mm; £3 = 800mm; 
f 4 = 800mm. KhOi hrqng cUa thanh truyen 13. 3,744kg, clia c'an lac 13. 15kg. Thanh truy€n c6 mO 
dun dan hOi E = 21·107kgmm-ls- 2 , c6 thie't di%n hlnh chli- nh~tv&i cic C<;tnh 20 mm va 30 mm. 
M9t ph'an cic ke't quti tfnh toin cho tren ole hlnh 7a de'n 7d . 

JJ26J9(mm) 

f\ '\ '\ . 1\ 

\I \i \, 
... 

-.027SO, .ooao .l=t.Sovom;quayjphutdoo 

Hinh 7a 
• fl2.76 tmmJ 

---~-r 
H-.,.---+--+-~----1 

I 

-. US66, . 2899 L 1. Si'rtiof LJdd!fjp!ulf= 24'0 

Hinh 7c 

.(}2658 (mm) 

-.02749, . 0001 I =2.So"i·tipYfUdfjjphJT=600 

Hinh 7b 
·fi28Utmm) 

-. !l.i60J . D-104 I= 2.So"roliJ'1Udf/pblf=24P 

Hinh 7d 
Tir cic hlnh ?a, b, c, d vi ccic ke't qui tu·ang ling v&i cic sO vOng quay khic, ch1lng ta th.iy 

rang v&i I= 2 thl q2 (t) rat nlul so v&i qJ(t) va. gii tri da q1 (t) & I= 1 va I= 2 hau nhtr khong 
thay d5i. Di'eu nay minh h9a cho IY do trong phJ..n l&n cac c6ng trinh nghien cU.-u tru·&c day, ngli'Cri 
ta thuCrng gi&i h{ln tlrn nghi%m drr&i d~ng 

• 1f 
w(x,t) =Sill £

3 
X· q(t). 

H -' 

6. KET LtJZtN 

Tinh toa11 dan d9ng uOn cUa cic khiu n8i trong ca c5:u nhi€u khiu Ia bai to<in dao d9ng uO'n 
trr01lg dOi C11a :tn{)t h? h6n hqp v~t d.n va v~t dan h&i. f)6 la m9t trong cac bai toin ph li-e t<;tp cUa 
d9ng h;rc h9c co· c3:u. 
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Trang cong tr\nh nay, ap d\lng phrrcmg phap tach cifu true da thigt l~p phrrcmg tr\nh dao 
dQng uOn tu-ong dOi ella thanh truy'en trong CC1 ciu bOn kh§.u bin re. Phrrang phip neu ra c6 ll'U 

vi~t hon cic phuang phip kh<ic [1, 2, 3, 4] & ch6 t5ng quit han vi khOng drra ra cic gilt thie't d~c 
biet. 

. Trong tru·Cmg hgp khiu d[n quay d~u d.i bie'n d5i phrrong trlnh d~o- him rieng mO t.i dao 
d9ng uOn cd.a thanh truy~n ve h~ phrrang trlnh vi phin tuye'n tfnh h~ sO tu1in ho~m. Sau d6 tlm 
dieu ki~n bn dinh d9ng hrc va nghi%m blnh 5n tu'an hoin bang phrrang phip sO. Bii toin nay chl.l'a 
dtrac cic tic gilt khic giii quye't . 

. Cic ke't qua thu du:qc d~ ding m~. r?ng nghien clhi dao d(}ng uOn trong cic cO' clu nhi'eu 
khlu. va:n ae nay dang drrqc nghien c-fru ti~p. 

Dia chi: Nhgn ngay 17/12/1990 
Trv:lrng D~i h9c Bach khoa Hi!. Nf!i 
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PE3101\I.E 

'f!1CJIEHH1Ifi PAC'JET IIEPl10,liWIECKOro l13rl1BHOrO KOJIEBAH!151 

IliA TYHA B 'JET1IPEX3BEHHOM MEXAH!13ME 

B )J,aHHO:A: pa6oTe, MeTO)J,OM ITO,!J,CHCTeMLI 6biJIO COCTaBJieHO ypaBHeHHe l!3rH6Horo KoJie6a­

HH.si 4eThipeX3BCHHOI"O MeXaHR3Ma B ':13CTHLIX IIpOR3BOJIJihiX. 

B pe3yJihTaTe 6hmH rrepe6pa30BaHI:.I 9THX ypaBHeHHfi cHcTeMofi o6I:.IKHOBeHHhiX ypanHe­

HH:R c rrepHO.U,HYecKHMH K09~4nm;neHTaMH. EbiJia coCTaBJieHa rrporpaMLI Ha SBM ,!J,JI5I coHcKa­

HH5I YCJIOBHit KHHeMaTBI.{eCKOfi YCTO:A:4RBOCTH H pellleHlLfi 9THX ypaBHeHHfi. J1pHBe,II,eH ITpHMep. 
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