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TUYEN TINH NGAU NHIEN 

DIPAOLA MARIO va NGUYEN DONG ANH 

' " MO"DAU 

Trong c;J.c phu-ang phip nghien cfru h~ CO' h9c phi t.uye'n phtrcrng ph;lp tuye'n tinh ng5.u nhien 
{stochastic linearization) 1a m{)t phu·crng ph.ip c6 hWu quA va d~ stl· dl!ng do khai thac c1trqc cac 
cOng c~ ella IY thuye't h~ tuye'n tinh. Y tll'bng chinh cda phuang ph<ip tuye'n tinh ng~u nhien IZt 
vi~c du-a h~ phi tuye'n cln nghi€n cU11 ve mQt h~ tuye'n tinh v&i cic h~ sO tu·ang du·ang dm:;rc chqn 
theo mi?t tieu chu.fn tOi U'u nio dO (1, 2, 3j. Cic ti€u chufin tOi u·u thay the phuang trinh phi tuye'n 
b~ng phrrang trlnh tuygn tinh r5:t da d;;t.ng. D: d<inh gi<i mQt xf!p xi thu chrqc Ja tOt hay kh&ng 
ngrrCri ta thU'Ctng so sinh n6 v6i nghi~m chfnh x<ic di bi€t ho~c nghi~m thu chrqc b!ing mO ph6ng. 
Vi h~ phi tuye'n kh<Lc h~ tuye'n tinh d{t nhi'eu, do d6 nhrr nhieu tac gii aa nh%n xet phrrang phip 
tuye'n tfnh nglu nhien cho cac ke't quit khOng thda man dOi v&i cic h~ phi tuye'n m~nh. Trang 
nhirng nam g'an day nhieu cOng trlnh da cO g£ng nftng cao d<;l chfnh xic crla phtrcmg phip tuyen 
tinh ng[u nhien \41 5, 6J. Trang bai bio nay cic tic gii ae ngh! m{>t thu%t to <in phit tri~n phU'crng 
phip tuye'n tfnh ng.iu nhien nh3.m dam b<io d{> chfnh x<lc crla nghi~m giln dUng cho h~ phi tuye'n 
ye'u ciing nhu phi tuye'n m~nh. 

. ~ ' 
1. H~ TUYEN TINH TUONG DUONG 

D~ d~ higu cic Y tu·Ctng ella phucrng phip ta xet h~ ca hqc m9t b~c tl;l' do \.Yi lvc d~tn h"Oi phi 
tuye"n 

(l.l) 

trong d6 n li sO nguyen dU'crng, w(t)- qui trinh ngiu nhi€n On tr£ng chu~ c6 kY vqng b!ing khOng 
v~ 

(w(t)w(t + r)) = 6(r) (1.2) 

( ) Ia phep tinh l~y trung blnh ngh nhien, o(r)- ham suy ri)ng Dirac. Thea phuo-ng phap 
tuyen tinh ngb nhien, ta thay phu-o-ng trlnh (1.1) bling phtro-ng trlnh tuyen tinh 

(1.3) 

h~ s5 ttrong du-cmg k du-qc ch9n sao cho hi~u hai phtrong trlnh (1.1) va (1.3) d~t qrc tii!u theo 
nghia binh phtrcmg trung binh: 

((x2 "+1- kxjZ) ~min 
k 

1 

(1.4) 



Tir d6 suy ra 

(1.5) 

Kozin [7] dii chi ra ra,ng ne'u cic mOrnen (x2"+2
), (x2

) trong {5) du-qc tlnh theo h~ gOc ·(Ll) thl 
phrran,g-trlnh (1.3) se cho gii tri chinh xic cUa (x2

). Tuy nhien, nghi~m ella_ plurang trlnh (1.1) 
!a chua biet, do d6 ngu·Cri ta phii tim cclch tlnh g"lin dUng bi~u thU:c (1.5). Theo cich kinh di~n 
ngrr&i ta gill thiift Ia cite momen trong (1.5) drr<fC tfnh theo h~ tuyifn tfnh (1.3). Do w(t) Ia qu5c 
trlnh chuin nen ta c6 

(x2n+2) 
k = (x

2
) = (2n + 1)!!(x2

)"; (2n + 1)!! = 1.3 ... (2n + 1) ( 1.6) 

Vi~c thay h~ phi tuyifn g5c (1.1) bing h~ tuygn tfnh (1.3) trong d6 h~ so tu·ang du·ang k drr<fC tfnh 
theo (1.6) Ia ni)i dung c.la phrrctng phip tuyifn tinh ngh nhien kinh di~n [1, 2]. Nhrr da trlnh bay 
d ph'an m& diu, doh~ phi tuyen khic h% tuye'n tlnh nhieu nen vi~c tinh gin dUng gii tri k (1.5) 
theo phuang trinh tuye'n tinh (1.3) d~n den sai sb khOng ch.lp nh~n dm;rc khi h~ gO'c (1.1) li h~ 
phi tuye'n m;;tnh {I>> w 2 ). Do d-6 vi~c tlnh toin k nhu- the' nZto li n9i dung cUa nhi'eu bii bio di 
cOng bO'. Trong [6] da x€t 2 tru·Crng hsrp t&i h~n ctla h~ gOc (1.1) khi '"t = 0 vi 1---+ <Xl, qua d6 dii 
du·a ra cOng thU·c tinh g'an dUng k nhrr sau 

v&i 

k = (2n + l)!!w2 + k=1 
w2 +I 

i [ r((4n+3)/(4n+2)) l k - - 2n + 1 !I 'lfn 
=- 2 ( ) .. #f"+1((2n+3)/(4n+2)) 

trong d6 f( ) Ia ham s5 Gamma [8]. 

( 1. 7) 

( 1.8) 

M9t hu&ng khic [5] d~ nghi h~ s5 tuyen tinh k trong {1.3) du-qc tlnh tren ca sO. hi~u cic him 
th~ n~ng c.la 2 h% (1.1) va (1.2) d~t '"' ti~unghia blnh phrrang trung ~lnh 

( (
/x2n+2 -~kx2)z) -+min 

2n + 2 2 k 
(1.9) 

v&i ,x2 M 2 j(2n + 2), 1kx2 /2 Ia de ham thif nang tu·ang rrng cua h~ (1.1) va (1.3). Tir (1.9) taco 

(x2"+<). 
k = ~-.,.-!--;-c 

(n + 1)(x4 ) 
(1.10) 

Ti~p theo {x2n+ 4), {x4) l<_ti dm7c tinh theo h~ tuye"n tinh, tlrc li theo {1.6). Du·&i c1iy li m{lt cich 
tlm h% si5 k do cic tic gii bii bio d~ nghj. Tru·&c h€t ta nh~.n xet r~ng vi~c thay the" phtrang 
trlnh (1.1) bing phuang trlnh (1.3) tU-c li thay x 2n+l bing kx. DQ l~ch crl.a 2 sb mii tu·ang U·ng 
li (2n + 1)- 1 = 2n. D9 l~ch niy dii t'!eo ra S\f sai siJ cUa nghi~m. D~ giim 09 l~ch niy1 theo quan 
ni~m ella cic tic gilt. c6 th~ thl!c hi~n b<lng cich ning sO' mii cUa x2 H+l H'~n m9t mU:c dlmg bang 
d9 l~ch 2n. Nhrr v~y ta c6 qui trinh thay the' sau: 

2n+l k 4n+l k •k 2n+l k 
X ---+ lX ---+ 1 zX --+ X 

D& tinh k1, kz, k ta clu;m tOi u·u theo nghia blnh phrro-ng trung binh thOng thrrCmg: 

{(x2n+l- klx4n+l)2)---+ min 
k, 

{(klx4n+l- ktkzx2n+l)2)---+ min 
k, 

((k1kzx2n+I- kx)
2 )---+ min 

k 

2 

(1.11) 

(1.12) 



--- i 

Tlr (1.12) ta c6: 

va sau ,b.e't 

(x6n+2) 
k, = (xBn+2) 

(xGn+2)2 (xZn+Z) 
k = ~':,-;-;,+-!"-:o;-,-l-;;-, (x2"+2) (x<n+2) (x2) 

Tie'p theo cac mOmen trong (1.14) du·gc tinh theo (1.6) d~n de'n 

k _ [(6n + 1)!!]
2
(2n + 1)!! (x2 " 

- (8n + 1)!!(4n + 1)!! ) 

(1.13) 

(1.14) 

( 1.15) 

Nhrr v~y phmmg trinh phi tuygn (1.1) dtr'!C lhay thg bllng plnwng tr\nh luygn tinh (1.3) 
lrong d6 h~ sil k linh theo ( 1.15). 

Dg CLinh gii mli'c chlnh xic cUa thu~t toin d?: nghL ta ll-ng dvng cho h~ Duffing 

( 1.16) 

trong d6 w(t) li qui tr'inh 'on td.ng chuiin (1.2). Phrrang ph;lp tuye'n tinh ng[u nhien kinh di~n 
(1.3), (1.6) drra aen phrrcmg lr\nh tuygn tfnh sau: 

x" + 2hx' + w2 x +3"f(x2 )x = 2Vhw(t) · 

Thu~l loan Anh-Schiehlen (1.3), (1.7) drra dgn 

, " 3w
2 +2,1478( ") rc x"+2hx+w-x+"( 

2 
x-x=2vhw(t) 

w +I 

Thu~l loan Elishakoff-Zhang (1.3), (1.10) du·a aen 

5 
x" + 2hx' + w2 x + 21(x2 )x = 2Vhw(t) 

ThuiH loan cua cac tac gia (1.3), (1.15) chra Mn 

x" + 2hx' + w2 x + i1(x2 )x = 2Vhw(t) 

Cac phrrang lr\nh tuygn tfnh (1.17), (1.20) cho cac.nghi~m glin dung trrang u-ng sau: 

(
x2) = ../w' + 4>.- w2 

2>. ' 
). = 3w2 1 + 2, 147"(2 

wZ +I 

( 1.17) 

(1.18) 

(1.19) 

(120) 

(1.21) 

(1.22) 

(1.23) 

(1.24) 

Sv sosanh d.c nghi~m glin dung (1.21)- (1.24) nh~n dm;tc b~ng cac lhu~t loan khac nhau v&i 
nghi%m chfnh xac (x2), .• ella h~ Dulling (1.16) cho lru·&ng h'!P w = 1 dU''!C th~ hi%n lrong bing 1. 
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Bdng 1. So sinh cic nghi~m g5.n dUng 

(x2) (x2) {1.23) (x2) (1.22) (x2) (1.24) 

(x2),_, Classical 
Elishakoff- Anh-

Paola-Anh N I Zhang Schiehlen 

1 0,01 0,9721 0,9717 0,9762 0,9718 0,9777 
2 0,1 0,8176 0,8054 0,8284 0,8088 0,8367 
3 1,0 0,4679 0,4343 0,4633 0,4586 0,4745 
4 10,0 0,1889 0,1667 0,1810 0,1907 0,1867 
5 100,0 0,0650 0,0561 0,0613 0,0658 0,0634 

Qua bhlg 1 ta nh~n th5y cac nghi~m g'an dung (x2 ) (1.22), (1.23), (1.24), thu drrgc bling cac 
thu%t toin cii tie'n g'an nghi~m ch:inh xic {x2 )c.x trong c.\ hai tru·Ong h~p h~ phi tuye"n ye'u (I - · 
nh<l) va h~ phi tuyen m('nh (I - Urn), trong khi nghi%m (x2 ) (1.21) tllU drrgc b~ng phrrcrng phap 
tuye'n tinh t'rrctng d~o-ng kinh di~n chi chip nh~n drrgc khi 1 tu·O'ng dOi nhO . Qua bing 1 ciing cho 
th[y ke"t qui x[p xi cda cic tic gii d'e ngh! dao d9ng xung quanh, l&n han ho~c nhd h011 nghi~rn 
ch:inh xic. 

A , ) ~ 

2. H~ CO LVC CAN PHI TUYEN 

Ta xet h~ CO' hqc m9t b%c tl;l' do c6 Ivc cAn phi tuye"n d~ng sau: 

x" + 2hx' + f3x'
3 + x = 2VhW(t) (2.1) 

trong d6 W(t) Ia qua trlnh lln tritng chu~n (1.2). Khac v6i h~ Duffing (1.16), h~ c6 dn phi tuyen 
(2.1) chrra co 11.-:i gi!U chinh xac. Theo trr tu-6-ng cda phrrang phap tuye'n tinh ngiiu nhien ta thay 
plnrang trlnh (2.1) blng phrrang trinh tuyen tinh: 

x" + 2hx' + dx' + x = 2VhW(t) 

trong d6 h~ sO: tU'ang du-cmg d se chrgc tim theo cac thu~t tm\n khcl.c nhau. 
- Theo thu~t tmin kinh di~n, d tim tir di'eu ki~n: 

tir do 

( (/3 x'
3 

- dx') 
2

) ~ min 
d 

d = fJ (<)) = 3fJ(x'2) 
(x' 

- Theo thu~t to{m cda Elishakoff- Zhang, d tlm tir di'eu ki~n: 

suy ra 

d = (}_ (x'") = ~fJ(x'2) 
2 (x'4

) 2 

- Theo thu~t t6in cU. a cic tic gill., d drr9'C tlm tir cic di~u ki~h: 

4 

(2. 2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

l 



jil 

tir d6 

( (fJx' 3
- d 1 x'

5
)

2
) ~min 

d, 

( (d1x15
- dzx'

3
)

2 )----+ min 
d, 

( (d2 x'3
- dx') 2

) ~min 
d 

(x'8 
)

2 (x' 4
) 7 ,2 

d = fJ (x' 10)(x'6 )(x'2 ) = SfJ(x ) 

Thay (2.4}, (2.6}, (2.10) viw (2.2) ta !lin hrqt thu duvc cac nghi~m glin dung sau: 
- Nghi~m g'a.n dUng theo thu~t toin kinh di~n 

(x'') = -1 + y'1 + 12fJ 
6(3 

- NghWm glin dung theo thu~t toin Elishakoff- Zhang: 

- Nghi~m g'an dUng theo thu$t toin ctia d.c tic gi~ 

(x'') = -3 + y'9 + 84fJ 
14fJ 

Bdng 2. So sanh cac nghi~m glin dung cda phmmg tr\nh (2.1) 

N fJ (x'2 ) [2] (x' 2
) (2.11) (x'2 ) (2.12) 

1 1 0,4556 0,4343 0,4633 
2 2 0,3537 0,3333 0,3583 
3 3 ·o,3017 0,2824 0,3045 
4 8 0,2000 0,1844 0,2000 
5 9 0,1899 0,1748 0,1898 
6 10 0,1813 0,1667 0,1610 

(x'2 ) (2.13) 

0,4745 
0,3680 
0,3132 
0,2062 
0,1957 
0,1867 

(2. 7) 

(2.8) 

(2.9) 

(2.10} 

(2.11) 

(2.12) 

(2.13) 

Cac nghi~m glin dung (2.11)- (2.13) v&i cac gia trj khac nhau cda fJ drrqc th~ hi~n tren Mng 
2, trong d6 drra them viio nghi~m glin dung (x' 2 ) [2] thu drrqc bitng phrrcmg phip khep kin kh8ng 
chuifn cli:p 4 (xem [2]). Ta nh%n tha:y rhg cac nghi~m glin dung (x'2 ) [2], (x' 2

) (2.12}, (x' 2
) (2.13) 

l~p thimh mc;it nh6m khi g'an nhau trong khi nghi~m thu dtrqc theo plnrang ph<ip tuygn tinh ng[u 
,. nhien kinh di~n (x'2) (2.11) drrng tach rieng bi~t. 

~ -
KET LU~N 

Vi~c d~ ra cac thu~t to:l.n cii tie'n. nh£m n5.ng cao d9 chinh xic cUa phrrang phip tuye"n t:inh 
ngSu nhien cho .d. tru·Crng hqp h~ phi tuye'n m~nh hi%n dang 1ft m?t hrr&ng dm;rc nhi~u nha nghien 
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cli'u quan tim giai quye"t. Thu~t toin do cic tic gill de nghi cling d~ <ip d~ng nhrr thu~t to in kinh 
di~ . .Qua so sinh v&i cic thu~t toin d.i tie'n kh<icJ thu~t toin cUa cic tic gitt. cho nhlrng ke't qui 
kh<i t5t trong 2 h~ v&i ll!c d~m hbi va cin phi tuye'n rieng bi~t. 

LOi cam em. COng trlnh drrqc Sl! tii trq cUa chuang trlnh nghien cU:-u CO' b~n trong khoa 
h9c tl,l" nhien. 

Dja chi: 
T5ng hqp Palermo. ltalia 
Vi?n Ca hqc, Hanm: v~·etnam 
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SUMMARY 

ON AN EXTENSION OF THE STOCHASTIC LINEARIZATION 

Stochastic linearization method is one of the most useful tools for analysis of nonlinear systems 
under random excitation. The fundamental idea of the classical stochastic linearization consists in 
replacing the original nonlinear equation by a linear one in such a way that the difference between 
two equations is minimized in the mean square value. 

In this paper a new version of the stochastic linearization is proposed. It is shown that for 
two nonlinear systems considered the new version gives good results for both the weak and strong 
nonlinearities. 
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