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DAO DQNG NGAU NHIEN PHI TUYEN CUA TOA XE 

K!EU THE D\JC 

' ~ 
1. MCJDAU 

Tir trmYc d~n nay, vi~c nghien cli'u d9ng hrc h9c toa xe chi dl[a tren cac gii thie't li klch d<?ng 
mi,it drrCrng len toa xe li hlnh sin vi c<ic thOng sO c-da toa xe li tuye'n tinh. Gin day bii toin dao 
d9ng ng~u nhien cUa ta·a xe du·qc gil:U bing phuong phip ph6 nhll'ng cling v6i gill thie't cic thOng 
s6 cUa toa xe Ia tuye'n tinh [1] thl dv nhu- 10 xo din h'oi tuye'n tlnh hay ll!c ch nh&t tuye'n tinh. 
Tuy nhien do sv· phit trien ella c<ic v%t li~u m&i, nguOi ta chra via stl- dvng nhfrng Io~i thie't bj 
hi%n d1-i han nhrr lO xo cao su c6 d~c tru11g phi tuygn hay h,rc cin nh&t phi tuye'n trong c<l.c h~ 
gilun chi!n. V1 v~y nily sinh nhu c'a.u c'an phlli xet -tnrc tie'p tac dl}.ng' ella kich d9ng ng[u nhien len 
c<ic mO hlnh cO chti-a nhii-ng ye'u tO phi tuygn. Ba.i bcio nay nham mvc dich xet tnr&ng hqp toa xe 
hai b~c tl! do c6 10 xo phi tuye'n vi cin nh&t phi tuye'n. 

" ' ; ... ,/ 

2. DAO DQNG CUA TOA XE COLO XO PHI TUYEN 

Xtft mO hlnh to a xe d~ng dan giin IlL c6 hai b~ tl! do. Trang thl!c te', mO hlnh nUy c6 th~ <ip 
d1fng cho m{)t gii chuygn hrr&ng. Hai tham sO' xcic d!nh v! tri li tc;m d9 z cUa trqng tam toa xe vi 
g6c rp la g6c quay '"g~t gU" cUa thin toa xe (hlnh 1). 

F, 

z t 

F=======~==~-===~e====~F. 

Hinh 1 

Ll!c din h3i phi tuyen PlJ P2 du-9'c tlnh theo cOng thli-c 
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P1 = c(z + i<p- y.) + q(z + i<p- Yl• )3
, 

P2 = c(z- i<p- Y2) + q(z- f<p- Y2) 3. 
(2.1) 

Cic c;hi s5 1 va 2 Ia chi c~p binh trm.Jc va c~p b<lnh sau cUa toa xe, c Ia h~ s5 cUng tuygn 
tinh, e - tham s5 be, --y - h~ s5 phi tuye"n. 

Cic l1;1·c d.n nh6t tu-ang Ung du-qc tlnh theo cOng thll.-c 

P Iii h~ s6 cin nh6-t tuye"n tlnh. 

F; = eP(i -l<j>- y1 ), 

F; = oP(i-i<j>- !i2). 
(2.2) 

Trang ccic c3ng thtl-c tren Y1 vi Y2 la cic d(} dCri ella binh tru·&c vii. binh sau so v6i dl.l'Crng 
chuin 0. ChUng dU'qc xem nhrr cic kich d(}ng lCn toa xe. 

YI = H sinwt + JE u(t), 

Y2 = H sinw(t + T) + y'e u(t + T), 
(2.3) 

veri T = ~, 2i Ia khoing cich giira hai banh, v Ia v\).n t5c cda toa xe. D~i hr<;mg y'e u(t) Ia thanh 

phlin kich d\)ng ng~u nhien va thrrimg bj bd qua trong cac tinh toan cil diJn. Theo [2) thl u(t) Ia 
qui trlnh ngiu nhi€n c6 m~t df? ph5 Su(w) li: 

a 
s.(n) = .. (n2 + a2) ' (2.4) 

& day a Ht hlng sCi. Ta biCt ding khi dO u(t) cO th~ xem nhU' la d'a.u ra cUa m{)t b9 l9c rna d'a.u vao 

Iii qui trlnh "8n td.ng" E 

rc;. 
L[uj =it+ au= y; (. (2.5) 

Qui trlnh "8n tr1ng" € c6 S i. = 1. 

D11a va~ nguyen lY D'al-amber, ta cO th~ l~p dtrqc phucmg trlnh chuy~n d(}ng ella toa xe Ia. 

mZ= -F; -Pr-F;- P2, 

J<{; = -f(F; + P,) + i(F2 + P2), 
(2.6) 

trong d6 m 13. khOi hrqng to a xe, J Ia mO men qu<!.n tinh ella n6 dOi v6i khOi tam C. 
Thay d.c bi€u thrrc cua F; va P; tir (2.1}, (2.2) vao phmmg trinh chuyi!n di)ng (2.6) ta c6: 

(2. 7) 

d , 2 2c 2 2ci2 , h' F F , b·' h, I' trong o v 1 = ;;;' 1.12 = J cac am 1 , 2 co 1eu tA rrc a: 

1 
P, = -- rP(2z- Yl- Yz) + I(Z + i<p- y.)3 + l(z- i<p- Y2) 3), 

m-

1'2 = -~ [P(-2i<P + Yl- Y2) + 1(z- i<p- Y2) 3 -7(z + i<p- y.)3
]. 

J 

(2.8) 

Thay tH biJu thurc cda y1 va y2 (2.3) vao(2.7) ta c6 

29 



v6i 

z + vfz = cH [ sinwt + sinw(t + T)] + cy'< [u(t) + u(t + T)] +oF,, 
m m 

;"> + vi'P = c~H [ sinwt- sinw(t + T)] +elf [u(t) + u(t + T)] + eF2. 

Dung phep thay bign: 

z= z1 + A[sinwt+sinw(t+T)], 
'P = 'P1 + B[ sinwt- sinw(t + T)], 

A- cH 
- m(vf- w 2 )' 

B= cHl 
J(v~- w2 ) 

Phrrong trinh (2.8) vCri ccic fin z1 vi Pl s~ li: 

ii, + vfz, =oF,+ vfo ..:_ [0tJ + u(t + T)], 
m 

p1 + v'ff<p1 = oF2 + y'< ~[u(t) + u(t + T)]. 

Tac d\lng toan trl- l9c (2.5) vito hai vg cda h\' (2.12) ta c6 

, 
a day k:Y hi~u 

·i, + aii, + vfi, + avfz, = eL[F,j + Ve cr,(~, + E2), 

i01 + a<j>, + v:ff,P, + av:;<p, '= eL[F2] + Ve crza, - E2l· 

0"2 = ~~ ~' Jy; ~1 = ~(t), ~2 = dt+T). 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

H~ (2.13) c6 d;mg hai phrrang trlnh b~c ba. Vi v%y ta se srl- d\lng phmmg phip biin a5i trrang 
t')" nhuc & trong [3]: 

DUng phep dcii bie'n: 

[ ~:] = [ ~ 2 

0 

!~] [ ~~] [ ~:] [ -~5 
0 

:1~] [~~] 1 va 1 
z1 -v1 0 a u3 0 

Ta clrra h~ (2.13) v~ h~: 

[ u, l [ 0 u2 = ~vi 
1] [ u1 ] + eL[F,] [ -1] + Ve cr,(~,+ ~2) [ -1], 
0 tt2 vf + a2 a v'f + a 2 o: 

[~~]=[-~~ 1] [ u, l + eL[Fz] [ -1] + Ve cr,( ~1 - ~2 ) [ -1] . 
0 Vz v~ + a 2 o: v5 + a2 a 

Trr011.g tv trong [3], ta bO qua d.c in u3 v3. v3 vl chUng d1n de'n 0 khi t ----too. 
Tigp tv.c dUng phep thay bie'n: 

v&i .p, = v,t + e, ¢2 = v2t + e2 
Ta c!Jra h~ (2.15) v~ h~ ph1r<mg trlnh vi phan Ito. 
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da, = cqdt + flnd6 + fl12d6, da2 = a3dt + fl31d6 + fl3zd6, 

de,= a2dt + fl21d6 + flz2dez, de 2 = a 4 dt+ fl4 ,d(, + fl<2d6, 

flu = fl12 = 

fl31 = -fl32 = 

C<i.c hKng sO H 1 vi H2 se b~ng: 

COn cic h~ s8 o:i du-gc tinh qua f3t.i 

,[< H,(v,cos¢1 + asin¢1 ) 

v, 
,[< H,(acos,P,- v1 sin,P,) 

a1v1 

,[< Hz(v,cos¢2 + asin!Jiz) 
Vz 

,[< H2 (acos,P2 - v2 sin,P2 ) 

azllz 

(2.17) 

(2.18) 

(2.19) 

Cic h~ s5 cUa phuang trlnh FPK drrgc tinh bing c<lch l5:y t.rung blnh cac biJu tldrc ai va f3ii 

(2.20) 

i, i = 1, 2, 3, 4. 
Trrr&c tiSn ta tinh cic h~ s5 ki.j 

. Hz( 2 2) z - 1 2 2 I , , v, + a ,. , 
Kn = M flu+ fld =2M !'In] = £ 2 = £__,-( 2-+ ') • t t v 1 v1 v1 a: 

{2.21) 

kii = 0 v&i i # j, i, j = 1 7 4. 

Dg tinh k, ta chU y trong phep thay bign (2.16) thl 
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z1 ~ u1 = a1 cos t/J1, 

zl ~ tt2 = -alvl sin ,Pl, 

/Pl ~VI = a2 COS t/J2, 

rj:>i ~ v2 = -a2v2 sin 1/.>2 ~ 

v&i .p, = v,t + O,, >/J2 = v2t + &2 
Tlx d6 suy ra bi~u th-6-c cda K 1 , K 3 sau khi l5y trung binh Ia 

a, [1a 2 2 2 2 2] Ku K1=- ( 2 2 ) -
2 

(a2 l +H )+P(a +v1) +~2 ~ m~+a a, 
a2£

2 
["~"' ( 2 2) ( 2 2J] K33 

K 2 =- J(v~ + a2) 2 a,+ H + P "' + "' + 2a2 · 

Ph m:mg trlnh FPK dlrng cho ham m~t d{> dlrng W Ia: 

B(K1W) a(K3 W) _ 1 (K B2W K a2 W) . + -- u-- + 33--
aal aa2 2 8ai aa~ 

PhU'ong trlnh nay se giii d1.rvc -ne"u hai phU'ang trlnh sau thOa man /4J 

B(K,W) K 11 82 W 
8a

1 
= -2- . Bai ; 

B(K3W) K33 B2 W 
Ba

2 
= -2- 8a?, . 

Suy ra di~u ki~n d~ gi!U dtr<;rc (2.24) Ia: 

a ( K, ) a ( K3 ) (vl cung b~ng a2(JnW)). 
8az Kn . = 8a1 K33 Ba 18a2 

Sau khi thay bigu .th.Xc (2.23) va (2.21) vao va tinh toin ta thily (2.26) tr.'r thanh: 

1 1 

mKu (vf + a 2 ) 

Sa,u khi tinh toin ta thS:y m5i vg b1in·g: 

Do v~y phrrcmg trinh (2.24) luon gi!U drrqc. 
Dva vao phucmg trlnh dliu cua (2.25) ta tim drrqc 

In W = -Iai (
7; (a~t2 + H 2

) + P(a2 + vt)] + lna1 + <p(a2) 

8inW 2 , ) 
-- = -Ia1anal + ~' (a2 

Ba2 

Theo phrrcmg trinh th.X hai cua (2.25) thi d~i lrrqng trt;n ciing bhg: 

Dodo· 

Tlr do tinh drr<;rc 

'( 2K3 2 2 
<p a2)=-K +hala1 a2 • 
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(2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 



Suy ra 

2 

l"(az) = lna2 - ~2 IP[H2 r>-y + 2P(r>2 + v?}] 

Thay vio (2.29) r5i tinh tie'p ta dm!C: 

W = Ca,a2 exp [- I(Aai + Ba~l2 + Daia~)] 

a day ta dung ky hi~u 

H
2

<>1 ( 2 2) A = -2- + p CL + v, ' 
H2"'-1 

B = -
2
- + P(o? +vi), 

H~ sO C. tim tir di~u ki~n chuffn cO. a him m~t d/? W. 

. "'-1 
D=-. 

2 

(2.30) 

(2.31) 

(2.32) 

Bay giCr ta tlm die bien d9 dlrng a 1d va a2 d 11-ng v&i xic suS:t l6n nhilt tU:c li di~m qrc d~i 
cda ham W(a,, a 2 ). 

Ta bie't r~ng theo di-eu ki~n Cl[C tr! cda him hai bie'n thl ald vi a2d phii th6a man c<ic dieu 
ki~n sau: 

a') 

b') 

c') 

d) 

aw 
~=0 a a, 
aw 
~=0 
aa2 

a2w a2 W ( a2 W )2 
D' = Bai .I aa~ - aalaa2 > 0 

azw 
--<0 aai 

Tlr {2.33) suy ra cic di"eu ki~n a'); b'); c') tr& thimh: 

a) 

b) 

c) 

K 1 =0 

K3 = 0 

t:. = aK, . aK3 _ aK,. aK3 > 
0 

8a1 8a2 Baz 8a1 

Tir a) va b) ta suy ra phucmg trinh x<ic d!nh a1d va a2dlJ.: 

2 I 2 2 I ac 
ald Da2d.f_ +A = 41i 

2 2 I 2 I ac a2de Da 1d + B = -- , 
411" 

trong d6 bifu thtl-c ella D, A, B J1y \ir (2.32). Ta ky hi~u 

CLC 
E=-

4rr 

Dg Jl:em cic nghi%m niy c6 bn d!nh khOng, ta chUng rninh ccic bat ding thll-c c) vi d) 
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(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 



Thvc vij.y ta tlnh drrqc ngay: 

[
161f2 2 2 2 2 ) 161fDaia~£2] 

Ll. = K 11 K 33 -,---,- (Da 2 £ + A)(Da1 £ + B - 2 2 
> 0 

a c a c 

va 
a2

W [ 211"( 22 ) 1] --
2 

= 2W - - Da2 £ +A - 2 < 0 
aal o;c al 

Vi b diy cic h~ s6 A, B l a vi c d'eu du·ang. 
Ta xet them rn(it vai tnrimg hc;rp rieng. Xet hai phrrang trlnh (2-35), khi a = o trrc la b6 qua 

ye'u tb ngiu nhien khi rnO hlnh h6a b3.i toin. Khi d6 theo bi~u thlrc (2.32) ta tha:y D = 0 do d6 
tlnh drrqc a 1d = azd = 0. Nhrr v~y w1u cht xet b3.i to in trong ph<J.m vi ti~n d!nh, ta se khOng ph <it 
hien drrCYc cic dao dOng niy. 

. co~ trong tnrCr~g hqp I = 0 ttl-c la khOng c6 S\f tham gia ella ye'u t5 phi tuye'n thi D = 0 va. 
ta t:inh dm;rc: · 

"' 

.Cic bien d9 dao d9ng niy t)r l~ nghich v61. h~ s5 cAn nh&t tuye'n tlnh P. 

"' ' ~ ' ~ ""' 3. DAO DQNG CUA TOA XE CO LTJC CAN NHOT PHI TUYEN 

Ta cling xet bii tocln tren nhrrng biy 'giCr 10 xo li tuye'n tinh: 

P 1 = c(z + i<p- y1), 

Pz = c(z- i<p- Y2)· 

COn h,rc dm nh&t phv thu{ic vio v~n tOe theo cOng thli'c: 

F; = e[P(i + £<{>- y,) + f3(i + £<{>- y,) 3
], 

F; = e[P(i- t,P- !iz) + f3(i- £<{>- !i2)3]. 

Tlnh toin hoim toin tmmg t\{' nhu trong §2, ta c6 d.c k€'t qui sau: 

Ciing nhtr & ]4] di~u ki~n giii dung phtrang trlnh FPK la: 

a ( K,) a ( K3) 
aa2 K11 = aa, K33 

Sau khi thay bigu thrrc (3.3) vao (3.4) rlli tinh toin ta c6: 
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(2.38) 

(3.1) 

(3.2) 

(3.3) 

(3.4) 
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Di'eu ki~n gi:U duqc (3.5) din den 

Sau khi tfnh to<l.n trrcmg tl! §2 ta de'n ke't qui sau: 

W = Ca1a2 exp {- 1[
3
: (af + l4a~) + 

3
: aia~l2 + ~ (ai + a~J]} 

a day ta dung ky hi~u: 

v2 v2 
!=--=--· 

mKu JK33 , 

C la hang sO drrgc xic djnh vi dieu ki~n ·chuifn. 

3fJH2 

D=P+--
2 

(3.5) 

{3.6) 

(3. 7) 

(3.8) 

Cling nhu §2. Cic bi€n d9 dirng a1d va. a2d xfiy ra v&i xic suit l&n nhit du-qc xic d!nh tlr 4 
di'eu ki~n: 

a) 
b) 

c) 

d) 

K,(a,d, a2d) = 0 

K3( a,d, a2d) = 0 

iJK, iJK2 iJK, iJK2 
Ll=--·-----·-->0 

Ba1 Baz 8a2 Ba1 
iJ2 W 2W iJK, 
--=-·--<0 
Bai K11 Ba1 

Hai phu<Yng trinh d'au cUa (3.9) se viet drr&i dt:tng chi tie't li: 

2 2 [3fJ (aiv 2 
ll2 2 2) D] va- --+Lva + 

1 2 2 2 

v2l2a2[3fJ(a2v2+ a~v2t2) +D] 
2 2 1 2 

v&i k:Y hi~u 

Dih ki~n mKu = J K33 du:qc suy tlr (3.5) 
H~ phu:ang trlnh (3.10) chota nghi~m drrang Ia: 

2 2 2 2 2 4D2 4JS 2D 
v ald = e v "zd = \ (9fJJZ + 9i -- 9fJ 

D~ xet die dieu ki~n c) va d) Cr (3.9) ta tinh fi va W~~. Sau vai tinh toin ta c6: 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

RO dmg d.c dieu ki~n 1::. > 0 vi W~11 < 0 thOa min. Nhrr v%y cic bien d(j a 1 d, a2 d 1a c1i~m 
' qrc d~i cUa him m~t d9 W(a1, a2) 1i-ng v&i d.c bien d9 xiy ra v&i xic suilt l&n nh5:t. 

35 



Khi a= 0 ttl-c li kh&ng c6 kich d{mg ng5.u nhien thl Ku = K33 = 0 do bi~u thU:-c (3.3). Khi 
d6 ta tinh Chrqc a 1 d = a2 d = 0 til-e la. nhfrng da.o d9ng nay khOng c6 trong ttu-Cmg h7p ti~n d!nh. 

Khi f3 = 0 ta tinh dU''!C tir (3.10) biJu thfrc cua ald va a2d \a; 

(3 14) 

Tfrc 1a trimg vCri (2.38}. C.-i.e bien d9 nay cling tY l~ ngh~ch v&i h? sO dm tuygn tinh. 

. ' 
4. KET LU}...N 

1 - Blng phttong phip trung blnh -ke't hqp v&i plnrcmg trlnh FPK1 ta da tlm d:ugc hilm m%t 
dQ va. bien d9 dirng c6 xic su5:t l&n nh5:t eli a toa xe trong d. hai trli'IYng hqp 10 xo phi tuye"n vi 
c.in nh&t phi tuye"n. 

2 - Cic dao dt}ng n6i tr€n kltOng c6 trong tru·Ctng hqp tien d!nh. Bi.1u thfrc giiU tkh cda cic 
bien df? dlrng cho thay mdi li@n quan giii-a chUng vi cic thOng sO cau t<,to toa xe. 

COng trlnh nay dtt?'C ho~m thJ.nh V&i S\l tai tr<;r cUa Chuang trlnh Nghien cU·u CO" bfm trong 
linh vlfc Khoa h9c tV' nhien 
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SUMMARY 

RANDOM NONLINEAR VIBRATION OF WAGON 

In this paper, the random nonlinear vibration of wagon in the model of two degrees of freedom 
is e.xamined. Two kinds of nonlinear wagon have been considered : wagon with nonlinear spring 
and wagon with nonlinear damping force. 

The results are obtained by averaging method and FPK equations one. 
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