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CUA THANH THU HAIBAN VO H~N 

NGUYEN THUC AN, P.H6 DUC ANH, 
NGUYEN DANG TQ, NGUYEN HUNG SON 

v " ... 
1. D~T VAN DE 

Sd: d~ng nghi~m Da lam be m9t s8 tic gilL [1] va [2] da nghien cli-u sv: va ch~ d9c cda hai 
thanh tv: do, hay dllu kia cda thanh thrr hai chju i'!c elm nhot. Trong bhl Mo nay tac gill. da dung 
phep bie'n d3i Laplace d~ xet bai toan v~ va ch:pn dgc cda hai thanh dim h'Oi c6 k~ I,c elm nh&t (r 

m~t ben cda thanh th.r hai ban vo h~n ma nghi~m Da !.am be khOng con hi~u nghi~m khi giil.i bai 
toan nay. 

-" A " ' 2. THIET L~P BAl TOAN 

GilL sd: thanh th>< nhtt chuy~n d9ng tjnh tie'n voi v~n t& V10 va ch~ dgc vao thanh thU, hai 
ban vo h~n dli-ug yen voi Iv:c elm nh&t cda moi tnrlmg tac d~ng len m\(t ben cda n6. Ch9n trl!-c 
t9a d9 Ox c6 g<lc tr\mg voi dllu tv: do cda thanh th\1, nhllt khi va ch~rn: va huang tlr thanh thU, 
nUt de'n thanh thU, hai. 

Phmrng trlnh chuy~n d9ng cda thanh thu nhi(t Ia: 

a2U1 2a2u, ---a--at2 - 1 ax2 

v6i Gt = If -V$,n t5c truy~n s6ngj Q ~ Z ~ £1 va t > 0. 

PhtrO'llg tr\nh chuy~ d9ng cda thanh thu hai 

a2U2 A aU2 _ 2a2U2 
at2 + at - "2 ax2 

voi x;::: £1 , t > 0 va A-M s8 nh&t cda i'!c elm dugc coi Ia Mng s<l. 
Di~u ki~n dllu cda bai toan khi t = 0 thl 

U1 = o, ir, = Vto 

U2 = o, ir2 = o. 
:Di~u ki~n bien cU.a ba.i to8.n 

au, 
-=0 khix=O ax 
au, au2 

E,F, ax = E,F2 ax va U1 = U2 khi, = i 1 
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(2.1) 

(2.2) 

(2.3) 

(2.4) 
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3. CACH GIAI BAI TOAN 

f)~ gilU ba.i to3.n bien nay ta dU"a v~ gilU hai bai toti.n sau: 

Bai tmin 1 
Phu:O'llg trlnh chuy~ d(ing cua thanh 

a2 U, 2 a•u, 
-- - a -- v6i 0 ::; x ::; !.1 va t > 0 at2 - 1 ax2 

Di~u ki~n dlLu U1 = 0, U, = Vro khi t = 0 
D'~ k.. b.. au, o kh' o leU lt;m len Bx = 1 X = 

E1F1 a:,, = -Q(t) khi x = t, (3.1) 

Ap d'!-ng phep bign deli Laplace u,(t,x) + U) 0
)(p, x) va Q(t) +Qo(p). Tlr (2.1), (2.3) va (3.1) 

ta c6: 

"'U(o) 2 V _a-_1 __ !'_u(o) __ ...!!'. 
dx2 a2 1 - a2 

1 1 

dU(o) 
-

1-=0 khi x=O 
dx 

dU) 0
) Qo(P) 

------ khi x= t 1 dx - E 1 Fr 

Nghi~m tilng quat cua {3.2) Ia: 

U(o) ( ) C -'-x - -'-• Vro 
1 p, x = 1e "'1 + C2e "'1 + -

2 p 

Tlr di~u ki~n (3.3) ta co C1 = C2 ; d~t C1 = C2 = ~C thl (3.5) d>rqc vigt: 

U)0l (p, x) = Cch (P"') + V;o a, p 

Tlr di~u ki~n (3.4) ta nh~ duyc: 

Ham anh uio) (p, x) c6 d;t.ng: 

xet ham 

C=-~. Qo(P) 
E,F, p · sh (..E..e,) 

"'' 

ch(~x) 
9o(p,x)= (P ) 

psh -t1 a, 
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(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 
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Hay 

( ) 
~ [1 -((2n+l)t1 -x];;"- + 1.-J(2n+l)t>+•Jf-1 ] 

gop,:r:: =L..., pe 1 p 
0 

L:oo { [ (2n + 1)£1 - x] [ (2n + 1)£, + x]} 
g0(p,x)+ ~t- +~t- · 

at a1 · 
n=O . 

Sd- d¥ng djnh ly ham nhan cho (3.7) ta c6: 

• 00 . "' f a1 { ~ [ [ . (2n + 1)£1 - x] U,(t,x) = --- Q(t- T) · g(x,r)dT+ V,ot =-E F LJ ~ t- a X 
E1F1 . 1 1 n=O 1 

0 

X i Q(t- r)dT + ~ [t- (2n +!~it+ x] j 
(2ntlH 1 -~ (2n.tl)lJ +~ 

q ., 

II a1t- £1 + x II II a,t- i, - x II ( ) • ·• '· Di!-t n1 = 2t, ; n2 = 2£, thi U, t, x c6 the v1et dU'<Yl d;tng: 

t- (2ntl)t,-s 

{ 
t (2n+lllz +., 

{ Q(eJde] 
nl 

U1 (t, x) = V10t + Ea~ [ L: 
1 1 n.=O 

0 0 

Bai toan 2 
Ph1r<111g trinh chuy~ dqng ella thangh thrr hai 

a•u. ,\au. - a• a•u. 
at• + at - 2 ax• v6i x;:: £,, t>O 

Dillu ki~n dl>.u khi t = 0, thl U2 = 0, U2 = 0 
f>i'eu ki~n bien t~i a: == £1 , thi 

au. 
E2 F2 ax = -Q(t) 

Tlr [3] ta c6 ham !nh 

~(!=.!1.) (o) a2 e-vv-T"P <J,, 
U2 (x,p) = E , Qo(p) · V 

2 
, 

2r2 P + -'P 

N ghi~m ella bai toan Ia: 

U2 (t,x)= E:~. ~(t- x:
2
i') j Q(t-T)e+ro[~yfr•- (x:

2
£')' ]dT 

=-t, ., 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

Trang cac bi~u th.rc (3.8) va (3.11) thl ham Q(t) Ia lin ham phll.i tim, d'fa vao (2.4) ta c6 
u,(e,,t) = U2 (£1 ,t). 

Suy ra U} 0l(p, £1) = uJ0l(p,i1). Tlr (3.7) va (3.10) ta c6: 

-~ Qo(P) Cth(.E_t,) + Vw = ~ Qo(p) 1 . 
E1F1 p a, p 2 . E2F2 ..j p2 + >.p 
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Hay 

Ta c6: 

hay 

vO.i 

R/,2 ) (p) + R(2 ) (t) = ~.- t• · 10 (~t). 
E2F2 2 

V,o 
-2 + Vtot 
p 

Tlr {3.12) va sd- d¥ng djnh ly ham nhan ta c6: 

t I Q(r)R(t- r)dr = V10t 
0 

a1t 
n-1<-<n - u, 

(3.12) 

(3.13) 

{3.14) 

(3.15) 

Ta xet ti"U"ang hqp 0 < a!t < 1, R( 1l(t- r) = EaF, . Thay k<(t qua nay vao (3.15) ta c6: 2., 1 ,l 

t 

I Q(r) [~ + ~.-t(<-<) · Io[~(t- rJJ]dr = V10t 
E,F1 E2F2 2 . 

0 

D\'o ham hai vg ch {3.16) theo t ta c6: 

Trong d6 

• 
Q(t) +"'I K(t- r)Q(r)dr = 

2"~V10 
0 

>.a2E1Ft 
"' = ==-==-='---'--=-=--: 2(E2F2a1 + E,F,a•) 

K(t-r) =e-t(t-r) · {h(~(t-r)]-Io(~(t-r)J} 
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(3.16) 

{3.17) 



kh. · a,t · '· · 1 2 ' h t ' h LY lu$n hrO'llg t~ 1 3 - 1 < 
2
£

1 
< J voo J = , , ... ta co p rrang nn : 

Trong d6 

t 

! 2a;V10 
Q(t) +a; K(t- r)Q(r)dr = -,\-

o 

1 a2 ,\ 

(2;'- 1)~+ ~. E2 F2 2 
E1F1 E2F2 

(3.18) 

H~ phU'ong trlnh (3.18) Ia phmmg trlnh tfch phan Vonter lo,U 2, nghi~m c6 th~ tim dU'gc bLlg 

each ~P d')Jlg ham { q!fl (t)} '* QU) (t) nhU' sau: -

Q~;) = 2a;V10 (3.19) 
,\ 

t 

qj"l = 
2"f10 

-a; J K(t- r)Qj~1 (r)dr i = 1, 2, ... , n 

0 

Sau khi xac djnh dU'gc Q(t) tlr (3.19), thay vao (3.8) va (3.11) ta tlm djch chuy~n U, (t, x) va 
U2 (t, x), tlr d6 c6 thg xac djnh d1rgc bitn d~ng, v~n t& t~i m~i thitt di~n cua thanh. ThM gian 
va ch~ giira hai thanh d1rgc xac djnh khi cho Q(t) = 0. 

4. vi DlJ 

Cho hai thanh kkh thwc £1 = 5 m, F1 = 30 X 30 (em2), F2 = 35 X 35 (em2 ), E1 = 2, 5 X 

106 kG/em2 (thep), E2 = 3 x 105 kG/em2 (be tong): V~n tO'c truy~n s6ng trong cac thanh Ia 
a 1 = 5 x 103 em/ s, a2 = 3, 5 x 105 em/ s. V~n t& thanh khi va ch¥Ria V0 = 2, 5 m/ 8. Hay tim 
thlri gian va ch~ cd.a hai thanh, l~c nen va ch~ eve d~i va djch chuy<ln t,U tilt di~n x = 2, 5 m 
(thu9c thanh 1) vat~ th~t di~n X= 7,5m (thu9c thanh 2). H~ s<l ,\ = 0,06. 

Theo cac s<l li~u da cho, chu kY T1 = 2l1 / a1 = 0, 002 s. Sau khi l~p trlnh bllng ngon ngir 
Fortran 77 r'oi gi!i ltren may vi tinh, ta c6 ktt qua Q(t) nh« sau: 

Chu kll 2.06&+05 Chu k\10 1.38E+03 Chi kl19 9 Chu kl27 1.07E-Ol 
Chu k\2 1.18E+05 Chu klll 7.90E+02 Chu kl 20 6 Chu k\28 6.16E-02 
Chu k\3 6.78E+04 Chu k\12 4.63E+02 Chu ki 21 3 Chu k\29 3.52E-02 
Chu k\4 3.89E+04 Chu ki 13 2,60E+02 Chu ki 22 2 Chu ki 30 2.02E-02 
Chu k\5 2.23E+04 Chu k\14 1.49E+02 Chu ki 23 9.90E-01 Chu k\31 1.16E-02 
Chu k\6 1.28E+04 Chuki 15 85 Chu ki 24 5.69E-Ol Chu k\32 6.63E-03 
Chu kl 7 7.32E+03 Chu k\16 49 Chu kl 25 3.26E-01 Chu kl 33 3.80E-03 
Chu k\8 4.20E+03 Chu k\17 28 Chu k\26 1.87E-Ol Chu k\34 2.18E-03 
Chu k\9 2.41E+03 Chu k\18 16 

D~a tren ke't qua nay, ta c6 bi~u dll ham Q(t) a 34 chu kY dllu tien (hlnh 1). Nh« v~y, thlri 
gian va ch¥R cua thanh dU'gc tfnh blng 14 X T, = o, 028 •. L~c nen va ch~ C'fC d~i •• bllng 
Qmox = Q(O) = 2 x 105 kG. Sau khi xac djnh dU'I;rc Q(t), d~a vao cong th.rc (3.7) va (3.11), ta 
thu dll'gc djch chuy~n t~i cac di~m u-ng v&i x = 2, 5 v·a x = 7, 5, ching h')Jl: 
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U1(2, 5; T,) = 4, 2 x 10-3 m 
U1 (2, 5; 2Tl) = 7, 18 x 10-3 m 

U1 {2, 5; 14Tt) = 21,7 x w-• m 
2.ME -t0.5 

" - 2.00 E t {]5 '-

"" 
·" ~ 1.50 E -t 05 

l.fJO E .. 05 

5.00 E -tfJ4 

O.OfJ E "t0fJ 
I 6 11 /6 

Uo(7,5;Tl) = 3,64 X 10-3 m 

U2 {7, 5; 2T1 ) = 6, 85 x 10-3 m 

Uo(7, 5; 14Tl) = 2, 68 X w-2 m 

21 26 31 
Chu kf 

mnh 1 

Cong trlnh hoan thanh v&i sv tai trq cda ChuO'ng trlnh nghien cll-u w ban trong linh vvc 
khoa h<?c tv nhien. 

Dia chi: Nh4n ngay 12/5/1994 
Tru:ung D~i hqc Th.ty Lqi 
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SUMMARY 

THE LONGITUDINAL SHOCK OF TWO ELASTIC BARS WITH SIDE 
VISCORESISTANCE OF THE SECOND BAR WHICH IS SEMIENDLESS 

In this paper authors studied the problem of longitudinal shock of two elastic bars of which 
the second bar is semiendlesa and its side resistance is caused by visco. 

Where Authors determined the motions U1 (t, x), U2 (t, x) in the bars and shock time of the 
bars. 
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