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XAC DINH DAC TRUNG DONG LUC HOC . . . . . 
' "'- A ,../ ,.._ ' 

CUA HE VO SO B~C TlJ DO TU 
_,> A A 

SO LI~U DO D~C DAO DQNC 

NGUYEN TIEN KHIEM, DAO NHU MAl; 

NGUYEN vAN DAc, NGUYEN vr¢T KHOA 

v < " 
1. DAT VAN DE 

Dbng nhS:t h6a cic h~ cet h9c li vi~c thie't l~p m6 hinh toin h~K cho m<)t dOi tm;:mg dang lim 
vi%c dv-a td!n CO' s& sO' li%u do d~c phln lrng va kkh d9ng. Diiy Ia mqt v1n d€ rit quan tr<?ng dOi 
v&i thl[c tien & khip mqi nai. Tuy v~y, dfty cling li m9t bai toin rS:t phtfc t~p. Ly thuye't dOng 
nhiit h6a cic h~ d?ng ll!c n6i chung aa du·qc phil tri~n & mll-c d<? cao va drrqc vie't trong nhi€u 
sich, vi dl.J [1, 2]. Nhu-ng li-ng dl,mg nhii-ni thimh tl!U toin hqc na.y vio th-rc te', nhKt li v&i CCY 

h<;K cOn g~p nhieu kh6 khin. Nhli·ng cO gcing brr.&c d'5.u thea hrr&ng niy di drrqc trinh biy trong 

[3]. & day tic gii cling chl dirng l<_ti b vi~c phit trign phm:mg phip lu~n vi cling chi quan tam 
de'n h~ hlfu h~n b~c tl! do .. Bai bio niy s€ g6p ph 'an xiy d'!flg m9t phrrmlg ph<ip thv-c dling de 
dOng nhit h6a hf vO sO b%c tl! do, b~t d'au ti'r mO hlnh dcrn giin nhS:t - d'am din hOi. Ba.i to in d~t 
ra li xic dinh t'an sb ri€ng, d<;tng dao di?ng rieng vi h~ Sb c3.n ke't cS:u ella d'am din hOi khi bi u5n 
thu'an tlly. D~c cli€m cda phrrang phip 13. dcm giin, thu~n ti~n, vi chi stl· dl)ng rS:t it thOng tin v'e 
s5 li~u do d~c (phS phh li-ng). 

A ) "" ' "" - V " 

2. DAO DONG CUA DAM DAN HOI- NHUNG DAC TRUNG DONG LUC 
HQC . . . . 

Xet h~ vO sb b~c tl,l' do, dao d9ng ctl.a nO dU'Q'c mO ti b3.ng phll'ang trinh: 

Aii(x, t) + Bu(x, t) + Cu(x, t) = q(x, t), ( 2.1) 

u(x, t) Ia d!ch chuy~n Cda h~ t~i x trong thai di~m t, x E [o, lJ, t E (0, oo), q(x, t) [a tlti tr9ng phiin 
b5', A, B, C - f5.n hrqt la cic toin tll- kh5i hr<;mg, cin, d9 ciTng tic dvng thea bie'n x, dS:u chS:m 
trfn d'au u(x, t) li d~o ham rifng thea t. 

Cling v6i (2.1) cO dieu ki~n diu: 

u(x,O) = un(x), u(x,O) = uo(x) (2.2) 

D,ou(x, t)[,~o = D,,u(x,t)[x~e = 0, (2.3) 

u(O t) = au(O, t) = a2 u(l, t) = a3
u(l, t) = O 

' ax 8X2 8x2 . 
(2.4) 
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a) Biti tmln tri rieng 
L&i gi<li bai toin tr~ rieng 

(-Aw 2 +C)<!>= 0 (2.5) 

v&i cic dieu·--ki~n bien (2.3) vi d~ng C\[ th~ clia A, C di du-qc vie't & nhi'eu sich [4]. 0 d5.y chi Li~t. 
ke vii tinh chat va ke't qui. 

Trong (2.5), w tin sO rieng vi <P{x) li d<,mg dao d9ng rieng cda h~. M5i m?t dQ-ng riEing ~1 (x) 
U:ng v&i m<?t t'an sO riEing wi vi sOlu-qng d<;mg riEing li vO dmg. ChUng c6 tinh ch5t: 

' 
(<I>,A<I>k) = J <l>,(x)A<!>k(x)dx = { ~J, 

0 . 

j=k 

itk 

j=k 

jfk 

<Pi(x) chU:a hKng sO b.it kY Ei, c6 th~ chc;m tlr dieu ki~n chu~n h6a tliy y. DOi v&i tnrCmg lu;rp 
(2.4) va A= pF, C = EJa 4 jax4 ta c6: . 

WJ = kJa, <1>, = E,[K3(£)K2(x)- K,(£)K4 (x)] 

k1 Ia nghi%m phtrcmg trlnh : cos k£ chk£ = -1 

1 
K, (x) = z (cos k1x + thkJx), 

. 1 
K2(x) = Z(cos kjx- chk1x) 

K3(x) = ~(sink,x-t-shkJx), 
. . 1 
K4 (x) ~ z-(sin k1x- shk,x) 

{EJ E d l '' h'. F d"' ' h ·• d"' J . ' ' ' h -' F kl ·-a= y pji 1 - mo u uan Ol, - 1~n t1c het 1~n ngang, ---·nomen quan tin cua , p- 101 

hrqng riEing. 
V~ 1\Tc dm n6i chung gii thie't B c6 tirih chit: 

( ) { 
bJ, 

<I>,B<I>k = 
0, 

j=k 

1 t k 

vi h,· = bi la he sO c<in ke't crlu U:ng v&i dang dao dOng thfr J·, dg tOn tai dao dOng thea dang 
2~ . . . . . . 
v···r1 

f thl 0 <hi< L 
D?-ng rifng 'l>j{x} c6 tinh cha':t sau: Him <Pj(x) sii b~ng kh6ng t?-i j- 1 digm Xjm nim trong 

(0, 1}, d.c digm Xfm niy g9i li digm nUt cUa d~ng «lJh hign nhi&n li digm nUt c6 t}u~ xic d!nh tlr 
phuang trlnh: 

<!>3(x) = 0, x E (0, 1). 

RO ring li d~ng dao d9ng thU: j se dcii drlu J.- 1 fan trong do<;tn (o, 1) 
b) Dao d9ng rieng {khi q(x, t) = 0) 
Neu tlm nghi%m ella (2.1) & d"ng 

u(x, t) = L <1>1 (x)EJ(t) 
j=l 

thl E1(t) thoa man phmmg trlnh: 
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e,(tl + 2h,w,E,(tl + wH,(t) = o 
va c6 d<;tng 

<(t) -hwt(A • B. •) <.,j = e 1 1 i cos wit + i sm wit 

' ' 
0 1 J Ei = II<I>ill uo(x)<l>,(x)dx, ~J = II;JII J u0 (x)<l>,(x)dx, 

0 0 

e 

ll<l>ill = j <l>](x)dx. 
ll 

Khi d6 
u(x 1 t) = L<t>1(x)e-h'w 1t[Aicoswj +Bisinwjt]. 

j=l 

Bie'n dcii Fourier hai yg (2.7) thea t 1 ta du-gc: 

"' P,(w) U(x,w) = L..., <I>,(x) D(w) , 
j=l ] 

trong d6 

D,(w) = (wj -w2
)

2 + 4h}w}w2
, 

P,(w) = RP, +iiP1 = 

(2.6) 

(2. 7) 

- [AJhiw 1 (w] + w2
) + B,wj (w}- w2

)] + iw[A1 (w]- w2
- 2hjw})- Bjwj2h1 w,]. 

Ta g9i him: 
s.(x,w) = IU(x,wW 

la. phci bien d9 t"an sO c-&a chuy~n vi u(x, t) (hay g9i tit Ia ph5 bien d9), 
Theo (2.8) phS bien d(l c6 d~ng 

j,k 

H k(w) = RP,(w)RP.(w) + IP,(w)IPk(w) 
1 

. Dj(w)Dk(w) 

(2.8) 

(2.9) 

D3y li m9t him x<ic d!nh drrang cUa hai bie'n x vi w. V&i ~6i gii tr! ella x, S,~(x, w) chota ph5 
bien d9 chuygn v! t~i v! tri x. T~i mbi gi;i tr! W 1 ta drrqc h~un ella x, Ia blnh phU'O'ng bien d(? U·ng 
v&i t'an sO-w. Trang tru·Cmg hr;tp niy Su.(x,w) gin lien v&i d.c d~ng rieng. 

Th~t v~y, neu X trling v&i m9t digm n(It Xm ella d<}ng <I>rrt) tli-c <Pm(x) = 0 thl 

hlc d6 Su(xm,w) se kh&ng ph\} thu9c vio Wm, hrn nU·a, va do d6 khOng th~ xic d1nh drrqc chllng. 
Nhrrng c"iing t<_ti Xm, thl d<_tng <Pm se khOng inh hu&ng de'n phS bien dQ. Dva tren ke't lu~n nay c6 
thg khtl- drr<;rc inh hrrbng qua l;;ti gill-a cac d<_tng len t'fm sO ci;mg hrrbng. 
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D~ mrrCmg tmrng ding di~u ella Su(x,w) theo w, ta xet tru·Crng hqp Cl]. thf uo(x) = 0, IUc d6 
A.= cO B·w~ = h w .cO va 

J <.,1' J J J ]I.,] 

4h ·h w3w3 + (w 2 - w2 - 4h2w2)(w2 - w2 - 4h2w2)w2 
H (w) _ ~o cO J k J k , , , k k k 

'k - ''k [(wJ- w2)2 + 4h}wJw 2 )][(wk- w2 )2 + 4h~wkw2 ] 

vl ham d;mg xac djnh khOng duy nhat, ty ]~ v&i Mng s5 tily y, ta ky hi~u]uon <i>;(x) = f,'<!>,(x), 
khi d6, phS bien d\> vh giii- nguyen d~ng (2.9) vit <!>;(x) duyc thay blng <i>,(x) vit H,k(w) se bhg 

4h ·h w3 w 3 + (w 2
- w2 - 4h2w2 )(w 2 - w2 

- 4h2 w2 )w 2 

H. (w) - ' k ' k ' ' ' k k k (2.10) 
;k - [(w]- w2 )2 + 4h]w]w2J[(w%- w2 ) 2 + 4h%w%w2] ' 

ky hi~u: li = w /w;, ta c6 th~ vii!'t (2.10) & d~ng: 

1 4hihk + l;lk(1- IJ- 4hJ)(1 -lk- 4hk) 
H,.(w) = wkwi [(r-,])2 + 4h}il] [(I-1fl' + 4h%Jk] 

4h2 + 12(1 _,2- 4h2r' 1 
D~t H,(J,) = ' ' ' 1

2 , ta c6 Hii = --;;;HJ(IJ), dB thi cite ham H;(J,) v&i 
[(1- !Jl' + 4h]l}] w, 

cac chl sil f khac nhau (rrng v&i cite h; khac nhau) cho tren hlnh 1. 

640.00 

560 00 

48000 

400.00 

320.00 

?40.00 

f60.00 

80.00 

0.00 

0.80 0.84 0.88 0.92 (00 108 112 1./6 uo 

Hinh 1 

Tir hlnh 1 ta thity H,(,,) d~t Cl[C d~i duy nhitt t~i li = 1 va H ·(l) = 1 + - 1
- "" __I_ khi 

J 4h2 4h2 
J J 

hi « 1. Ngoiti ra, ne'u li < 0, 8 vit /J > 1, 2 thl Hi hi) dii xitp xl khong (ritt nh<l). Dih nay cho 
th5y ne'u /w -wJ/ > l/5wJ, H(IJ) coi nhu blng khOng. Xet gi&i h{ln ti~m c%n dta cic ham Hii(w) 
vit H,.(w), dili v&i f, k khi lwi- wkjJ&n. Xet ty sil 

Hk.(w) 
Hjj(w) 

wJ H.(1.) 
Wk Hj(JJ) 
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trong hin c~n cda wi tlrc khi /f ~ 1. LU.c c16 

Hkk(w) = _l_U)~Hk(w') 
Hn(w) H,(.!)wk "-k 

N·g~ wJ :$ 1
1 

khi d6 wJ Hk f ·:.Ji )' ,.... 1. Nen ~_:!_. <t: 1 thl 
Wk W~ \u,'k ,.._, Wk 

1 
HJ(1) "' h2 khi hi«: 1, g(lp L>i ta dm:rc 

J 

khi Cjk = wJ)wk «: 1 

khi w3)wk » 1 
(2.11) 

K{t lu4n 1. Trong lin c~n ella Wf ham HJi(w) l&n han rit nhi€u so v&i cic Hkk(w) v&i k sao 
cho Wk kh&ng n~m trong lin c~n cUa Wf va v&i Wk > Wf thl Hkk cOn nh6 han niTa. 

M~t khac, ta c6 H,k(w):::; \}H,(w)Hkk(w). Thay (2.11) viw bat d~ngthrrc cu5i ta du:qc 

khi Ejk = Wj/Wk <1:: 1 

khi w, /wk » 1 
(2.12) 

.Ke't lu4n 2. Anh hrr&ng ella cac d<;tng dao d{mg v&i tin s5 khOng g'an v&i t'an s5 Wj len dao 
d~ng trong lin c~n ella wi la rKt nh6. D~c bi%t 1 nhlrng dao d~mg v&i t'an s6 cao hem Wf lmh hu&ng 
cOn nh6 han nhieu ~nh hrr&ng ella cic dao d~mg v&i t'an s5 b€ han w1·• 

Tat ca. nhfrng nh~n xet nay Ia. CO' s& cho m9t phu-ang phip dinh gii cic d~c tnrng dao d9ng 
tir sO li%u do d~c crl.a ph6 bi~n d9 1 drrqc trlnh b3.y trong ph'an tie'p theo. 

3. M(H PHUONG PHAP XAC D!NH CAC THAM SO DQNG LyC HQC 
(wJ, hj, <Pi) 

Phtrang phip chrqc xiy dvng drr&i diy chi ip dvng v&i d.c h~ c6 tinh ch.it 
a) Cim nhd h; «: 1, Viva b) T'iin s5 rieng khong g'iin nhau va xuat pMt tlr 3 tien d~ sau day: 
1. Phci bien d{l d<;tt qrc d<;ti dia phu-crng trong lin c~n cda cic t'an sO rieng. Ne'u g9i tan sO 

m3. phS d~t qrc d~i (dinh) 13. t'an s5 cQng hm1ng thl coi t'an sd cQng hu&ng li g'an dUng crl.a t'an siJ 
rieng (Tinh l9c cao). 

2. H~ sO dm li-ng v&i tln sO rieng n3.o d6 chfnh Ll d<i.i tin cho qua crl.a t'an s6 d6 va mO d. clQ 
nhc;m c-rl.a dinh c9ng hlX&ng tucrng li-ng. 

3. Anh h1.rtmg cUa cic d~ng c6 t'an s5 cao han t3.n sO n3.o d6 de'n bien dQ dao dQng t'!-i t'in sO 
niy nhO han inh hrr&ng crl.a cic t'in sO thfi:p hcrn n6 va chUng c6 th~ bO qua. 

Xuat phit tir nhfrng tien ae (gi3. thiet) na.y ta c6 the xic d!nh t"5.n sO ri€ng Wj! h~ sO dm hi 
va d~ng ri€ng q,i b~ng cich sau. 

A. T'an sO rieng 

Trfn dOth! cda phci do drrqc Sm(w 1 x) nhu- B him cda w dOi v6i m9t di€m do nio dO X 1 hoinh 
d<} ella c<ic dinh !'an lm;rt tlr trii sang phii 13, cic tin sO rifng t3.ng d'fm. SO hrqng dinh, d9 cao ella 
dinh va ngay d. hoanh d9 ella cHnh c6 th~ phi.}. thu9c rit nhi~u vio digm do. Dieu niy c6 thg gi!ti 
thich nhu sau: ve m~t to <in h9c ph5 bien 09 lB. ham cUa hai big-n w va X vl v~y cac tham s5 ella 
Cl!C tr! d!a phtrcrng thea w hien nhien n. se phv thu9c vao x. Tuy v~y tlm bi€u thU·c toin h?c ella 
sv phv thu9c niy li vi~c he't slrc kh6 khan va cling chrra drrqc nghien c-ITu. ChUng tOi se d'e c~p 
de'n van ae nay trong bil.i bio khcl.c. 

Ve phrrang di%n CO' lH?C r0 rang 13, dao di;mg do duqc ph1,1 thuQC r5:t nhieu V~tO digm do, vf d\1 
ne'u di~rn do d~t vio nUt cda d~ng nJ.o d6 thl t'an s() tu·ang &ng s€ khOng xuilt hi~n. Day la m9t 
d~c di~m quan tn;mg ctla h~ phin b6 rna chling ta c6 thg stl· dvng- dg h;ra ch9n cic dlnh glin dUng 
nh5:t thea ke't qul.. ph~p do & cic vi trl khic nhau. Cv th~ li: tin sO w do du·qc se chinh x<lc nhilt 



t~i di~m do rna & d6 theo IY thuye't d~ng rieng thfr i d~t eve d'.li va cic d~ng khic dg.t qrc tigu, 
TH~u c~u~n nay v~ m~t l:Y thuye't Ia rat kh6 thda man, nhung trong thl;fc tg ta c6 th4 chi d.n thda 
min·m9t trong hai dmu ki~n V-i xem xet nhil-ng d?-ng v&i Wk < Wj ho~c nhii-ng t'a_n s6 g'an Wj nha:t. 
Bd-i v) theo phin tich & tr€n Anh hrr&ng qua l~i gifra cic d~ng dmg nhO ng'u chUng dtng xa nhau 
ho~e khi tk sO dtng l&n. Thv-e hi~n vi~c Iv-a ch<;m nay se dtrqc tie'n hinh trong thv;-c nghi~m e~ 
thg. T6m.J{ti, l<l Hr d8 thi cda ph5 bien d9 do drrqc ta c6 th~ xic djnh m9t cich gin dUng t'an s5 
rieng. 

B. H~ so can 

Thea tien cl~ 2, h~ sO e:in ke't cau li-ng v&i m{)t d~ng dao d9ng n~to d6 dtrg-c bi~u thi qua d9 
nh<;m cUa dinh hnmg U:ng. Vi~c tinh toin d{) nh<;m efta mi}t dinh nao d6 tren dOth! cho tru·&c c6 
th~ dm!c tht;tc hi~n theo nhi~u cich khic nhau, & diy drra ra hai phrrcmg phip: 

1. Gil:t sfr him s5 S ( w) d~t c'f'c d~i d!a ph rrang t~i wo Urc 

S(wo) =max S(w) =So 

w, 
l. = _1:_ / S(w)dw 

So 
w, 

~ - d~c trung cho d9 nhqn ella dinh So, va h~ sO dn se drrqc tinh bang cOng th1h 

"' ho=-
2wo 

(3.1) 

(3.2) 

2. Tren dO_ thi ham S(w ),_ ke ChrCrng thing song song vCri tr1:1e hoinh cit tr!fc tung t<;ti di~m 
(1/2)So, n6 se dft d8 thi t{ti hai di~m w~ va w;. Hi4n nhien w~ < Wo va w; > Wo hlc d6 

w~- w~ 
ho = 

2w0 
(3.3) 

C<i hai phrrcmg phip nay d'eu dva tren nguyen IY nitng lrrqng. Vi~c tinh toin nang hrqng theo 
phu-ang phip 1 chinh xic han nhlrng l?i phiti tinh tich ph&n s6 nen ciing khOng th~ trinh du-qc 
sai so. Phrrang phap th(r 2 each tinh nang hr<;mg khong chinh xic, nh1n1g l~i dan gi!m khong bi 
sai sO tinh .tich ph&n. Dg so sinh chUng ta xem ket quA tinh tocln theo hai cich dOi vCri h~ mQt 
b~c t'! do cho trrr&c. Xem bing 1. 

h 

H~ sO c:in 
cho trm5-c 

0,01 
0,05 
0,10 
0,15 
0,20 

Bdng 1 

w (tli.n so rieng = 1) 

t 'an sO c9ng htr&ng 

ly thuygt do d~c 

0,9999 1,0 
0,9975 0,997 

0,98995 0,990 
0,97724 0,977 
0,95917 0,959 

40 

H~ sO coin tinh toin theo 

phrrong phip 1 phrrcmg phip 2 

0,01 0,01 
0,04983 0,05 
0,09882 0,101 
0,14623 0,154 
0,19131 0,209 



Tlr bang 1 ta th~y sai s5 cua hai phrrcmg phap t 'rcr"~ ttr nhtr nhau. Chi c6 dih phrrcmg phap 
1 cho ta k€t qua nh<l hem, phrrcmg phip 2 - l&n hun g '" tr. th U'C. H~ so dmg nh<l, de) ch!nh xac 
cing lCrn. Do tlnh dctn gilut ta ch9n phuang phip 2 d~ ip J\}ng thJ!C te'. a day cling c'an phii hru 
Y li h~ sO cin tinh cho m9t t'an s5 n~ta d6 cling phv th1t9c viw di~m do (x). Tuy nhien vl bin thin 
h~ sO dm di:t nhO, nen !nh hrr&ng rat nh3 vi ta c6 t h€ ch(;m gia tr! trung blnh cho cic difm do 
khic nhiu. 

C. D'o'ng rieng (<l>,(x), J = 1, 2, ... ) 

Gilt sti- ta di c6 wi, hi va ph& bi&n d9 Sm (w, x). D~ tlm d~ng rieng <Pi(x) ta sll- d1.Jng cOng thU·c 
ly thuy€t ella ph& bien d<? (2.9). Ky hi~u ham d~ng Ia 'PJ(x), j = 1, 2, ... Vi chling xic djnh kh&ng 
duy nhat v&i 09 chlnh xac de'n h~ng s8 tuy y aj, nen ta se ctm?'c ham can tlm 1a <»i(x) = O'j<t'j(xL 
d.c hlng sO Clj se xic d!nh d~ <Pj(x) thda man v&i dieu ki~n d~t ra. 0 dfiy ta Sli: dl)ng tien ae 3, 
ttl.-c bO qua inh h~&ng ella ca.c d~ng c6 t'an sO cao hem t3.n sO dang xet. 

Bi~u di~n him ph6 & d~ng: 

(34) 
j,k n=l 

trong d6 

n-1 
S,.(x,w) = Hnn(w)<p~(x) +2(LHkn(w)'Pk(x))'Pn(x) 

k=l 

= Hnn (w )'P~ (x) + 2Knn (w, x)'Pn ( x). 

Gill str ta di tlm dtrqc 'P1, .. ·,'Pn- 1(x) thl <p,.(x) se tlm drrqc tlr phrrang trlnh 

n-1 
H,n(wn)'P;,(x) + 2Knn(wn, x)'Pn(x) + L Sk(wn, x) = Sm(w,,x) (3.5) 

k=l 

Diy 13. phuang trlnh b~c hai dbi v&i ~n(x). Theo nhirng dinh gia & ph'an 2, trong ve trii ella 
(3.5) sO h~ng diu tien Ia trQi hem d., vl v~y ham Sm(wn, x) se mang d{mg di~u ella Hnn(wn)P;~(x). 
Theo lY thuye't thl ham ~1~(x) c6 n -l di~m nUt 13. (xn, 1 , ... ,xn,n-d, t~i d6 IPn(xnJ) = 0, 
i = 1, ... 'n- 1. Vi v%y c6 th€ khlng d!nh d'ing ph& bien dQ do drrvc sm (wn, x) phii c6 n- 1 qrc 
ti~u d~a phrrang t~i Xnf, j = 1, ... 1 n- 1. Nhu v%y ta c6 th~ xic d!nh Xnf tlr di~u ki~n 

T~ti d.c di&m nUt nay phcti th6a min d~ng thli-c: 

j = 1, 2, ... , n - 1 (3.6) 

n - 1 phrrcmg trlnh nay se dU"<;rc th6a man blng cich ch9n cic hlng sO tUy y a 1 , ... , an-l ella 
n - 1 d~ng rieng dii du-qc xac djnh ttr trrr&c d6. 

Cu5i cling tlr (3.5) ta c6: 

(3. 7) 

Pn(XnJ) = 0, j = 1, ... J n- 1. D5:u c9ng vi diu trir ta se chQn l'an hrqt thay d6i nhau trong n 

do~n (xnf-1, Xnf), j = 1, ... , n, Xn,O = 0, Xn,n = 1. 
D~ minh h9a, ta vie't Ian lrrgt cic nghi~m, blt diu tlr n = 1, 2, ... 
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n=1 
Sm(wl, x) 
Hu(w!) 

. Ho~c dau + ho~c dlu - . Ta 

\01 (x) = 

n = 2: Ph1rang trlnh (3.6) c6 d~ng 

Sm(w~, x) 
Hu(w1) 

va do d6 <l>J{x) = a 110n(x). Thay <l>!{x).nay vao (3.5), ta dU'qc: 

\Oz(x) = 

\Oz(x) =0, 

Tif'p tvc ta se c6 <p3, P4 ... 
Trong [5) d.c tac gilt drra ngay cong thfrc 

\On(x) = 
Sm(wn,x) 
Hnn(wn) 

n-1 

Hll(wl) } 1/2 
Sm(w1,x21) 

(3.8) 

(3.9) 

(3.10) 

lidnrlmg h'!P rieng Cll.a (3.7) khi bd qua Knn(wn, x), LSkfwn, x). Vi~c tinh toan theo (3.10) 
k=l 

trong trrrCtng hqp ttrong tic giira cic d<,tng ra:t nh6 ciing cho ke't qui chap nh~ dtrqc va khOng 
khac nhi~u so veri (3. 7). 

4. THVC NGHI~M TREN MO HINH 

ChUng tOi da tign himh do d;:tc va tinh toin cho m?t m6 hlnh thvc nghi~m la dim thep thing 
dll-ng ngam d'au du-6-i va d'au tren tv do. SO li~u cUa dim nhu- sau: 

£ = 1m, a = 8, 0.10-3 m, b = 26, 0.10- 3 m, F = ab = 2, 08.10- 4 m2
, p = 7, 85.10- 3 kgjm3

, 

E = 2, 058.101!Njm2 , J = ab 3 /12 = 11,0933.10- 10 m 4 . 

V &:i nhfrng s5 li~u tren vi~c tinh to an gilti tich cho ta cic t1in s5 rieng 

l3dng 2 

f=wj21f h fs h fg 

6,602 41,38 115,8 227,0 375,3 560,7 783,1 1042,6 1339,2 

va d<;tng rieng th(r nha:t va thU: hai trong hlnh 2. 
Do d{tc ph6 dao dc$ng rieng cda dkm 6- 10 di~m tlr dmYi len ciCh nhau O,lm. Dao d<}ng dtrq'C 

kfch bhg c<lch keo diu tv- do sang ngang mc$t do<}>ll blng 0,04m va thi ra cho b!t d'au dao d9ng 
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ttr do. Khi d6 uo(x) = u(O, x) 0.04 {1,1x2 o, 5x3
} va u0 (x) = 0. Kgt qu~ do dec cho trong 

bing 3. 

Bdng S 

Di~m do !l(H) Sm(j,,x) fz Sm{h x) 
m Hz mm Hz /'ill 

X = 0, 1 7,0 0,254 43,687 6,09 
0,2 7,0 0,67 43,437 16,20 
0,3 7,0 1,480 . 43,875 29,20 
0,4 6,937 2,50 42,375 38,4 
0,5 6,937 3,48 42,312 36,9 
0,6 6,812 4,79 42,812 30,2 
0,7 6,812 6,04 43,375 14,2 
0,8 6,75 7,40 43,625 3,27 
0,9 6,625 8,53 43,00 18,2 
1,0 6,562 9,31 41,312 30,5 

Tuiin thU theo quy tac neu trong ph 'an tru·&c ta chqn drrc;tc: !I = 6, 562Hz va h = 41, 312Hz, 
h~ sO d.n tinh dm;rc h 1 = 0, 005, h2 = 0, 0012. Tlr sO li~u ph\5 bien c19 do ·am!c tren, theo thu~t 
to<in neu rata tinh drrqc cic d<;~-ng ri&ng thiT nha't va thU· hai cho tr€n hlnh 3. 

\ 

D<:'-ng rH!ng thtr 1 Di!-ng ri@ng thlr 2 D~ng rieng thU 1 D~ng ri€ng thlr 2 

Hinh 2. L:Y thuye't Hinh S. E) o d~c 
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Ke't qua do d¥O va tlnh toan n6i chung phil h9'p verinhau. Rieng & nhfrng digm glin ch~ ngam 
cli-ng c6 S\f sai khic v~ g6c xoay. Nguyen nhin g'om hai ye'u tO: Mqt li lien ket cU. a d'am vi n'en 
tr€n thJ.!c te' khOng phl!.i li ngim cling tuy~t d5i nhrr trong tfnh to in IY thuye't; Hai Ia trong th-rc 
nghi~m chi cho phep ta do drrqc m9t siJ di~m rCri r<_tc it hO'n nhieu s5 di~m tinh toin, vl v~y drr&ng 
cong vera li drrCrng g3:p khllc kh8ng dim b.io tinh tran nhrr trong IY thuye't. Tuy v~y ke't quit do 
d~c ph.in inh dUng thvc te'. 

COng trlnh chrsrc Sl! tii tr7 ella chuang trinh nghi€n cll-u ca bin trong linh Vl)"C khoa h9c tl! 
nhi€n 

Dja chl: Nh~n ngay 15/9/1994 
Viin Ca hqc, Trung tam KHTN eJ CNQG 
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SUMMARY 

IDENTIFICATION OF DYNAMICAL CHARACTERISTICS FOR 
DISTRIBUTED PARAMETERS SYSTEMS FROM MEASURED VIBRATION DATA 

This article is devoted to determinate the dynamical characteristics (Nat ural Frequencies, 
Mode Shapes, Damping Ratio) of elastic beam from measured responce auto-spectrum. Developed 
here method is based on the assumptions of smallness of the damping and sparse distribut.ion of 
natural frequencies. Accuracy and practical meaning of the method are confirmed by the agreement 
of the theory with experiments. 
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