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BIEN DANG DAN DEO V:QI VAT LI~U NEN DUQ'C 

DAo VAN DUNG 

Va:n ae 5n d!nh cda bin din 4l!o ch}u qui trlnh tii ph tfc t~p dOi v&i v~t li~u khOng n€n drrgc 
dfi drrgc nghiep· ctru trbng·.: [2, 4]. Bai nay nh~m xiy dvng h~ cic ph1.rong trlnh cho bai toin 5n 
d!nh_dan deo .~Ua_ bAn mOng· ch}u' qui. trinh tii phiTc t~p, dOi v&i v~t li~u nen dU'qc, dOng thCri xet 
vi dv: pin b! nep. thea m9t ph1.rang. Tir h~ thli-c chung di cho c6 th~ nh~n 1~ cic ke't qui dOi v&i 
b3.n da~.r;teo v&i v~t li~u khOng nen drrqc [2, 4], ho~c bin din d~o nen drrqc khi d~t tii don giin 
[3], ho~c bin dim h'Oi nen drrc;rc [3]. 

' ' ~ 
1. BAI TOAN ON D~NH 

Xet bin m6ng ch-fr nh%t qmh a, b, chi~u diy h. V~t li~u hl nen drrvc. Dll'a vio h~ t9a d? De 
cic vuOng g6c ox1 x2z sao cho tr-~c ox1, ox2 n~m trong m~t phlng trung blnh ella bful, tr~c oz 
vuOng g6c v&i m~t phing niy. Gii s"li- ke't ciu chju tic d~ng ella cic hyc ngoii Pii thay dbi tliy Y 
theo mi}t tham sO tii t nio diy. Vin d~ d~t ra Ia xic d!nh gii tr! t&i h~n t,._ va tu·ang U·ng 13 cic 
ll!c t&i h~n Pii sao cho khi vrrqt ·qui cic gii tri niy thl ke't cau bi mit 6n d!nh. 

D~ giii bii to<l.n 6n d!nh, se s-&- dvng lien h~ li-ng suii:t ~ bie'n d~ng theo ly thuye't qua trlnh 
biifn d~ng d1m deo [1]. 

(1.1) 

trong d6 A=</>'- N; B = ~N; N = "" 
3 s 

fl~ thu~n lqi cho vi~c gihl bii toin Sn dinh do'i v&i v~t li~u nen drrqc ta tim cich chuy€n h~ 
thU:-c (1.1) v~ d~ng khic nhrr sau. 'fru·&c he't tir gi3. thie't t'On t~i tr~ng thii U:ng suit ming trong 
bin ta c6 

(12) 

(1.3) 

Hon nfra c6 lien h~ 

( 1. 4) 

( 1.5) 
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M~t khac 

Thay Vao ·h~ thirc (1.5L d'cmg thOi ttl- hai h~ thiTc d'au xic dinh duqc O.u, G-22, sau d6 tir h~ 
thli-c thtf b<t tim d1.rqc 6-12 . Sau m?t lo~t tinh tocin nh~n du-qc lien h~ tll'Crng minh giii-a tOe dfl -li-ng 
su5:t va tOe d9 bH~n d~ng 

. D ""eke D ( . . ) D ( . . ) D . o-rz = 31 CJ'12 --2 - - 32 2eu - ezz - 33 ·en + 2e:zz + 34e12 
(Tu 

(k,l= 1,2) (1.6) 

& day 

A ( B uu22 ) D A (· B uun ) 
Du = G 1 + 3K + A3Ku; 12 .,= C 3K + A3Ku~ 

B ( B CTO"zz ) B ( B crau ) 
D13 ""'G 1 +3K+A3K2 D 14 =G 3K+A3K 2 . au CT~t 

A ( B ""22 ) A ( B ""u ) Dz1 = G SK +ASK~?, D22 =- 1+-+A--
"- G 3K 3Ku; 

B ( B O"a22 ) B ( B a-au ) D23=- -+A-- D24 =- 1+-+A--
. G 3K 3Ku~ G · 3K 3Ku~ 

D =A- (Az) (u11 + "22)u . B ""12 
31 C 3Ku~ ' Dsz = CA3Ka~ i 

D - B A ""12 
· D3, = B ,· 33

- C 3Ku~ ' 

c = (1 + z_l!_ +A ""
11 

+A ""
22 ) 

3K 3Ku~ 3Ku~ 
(1.7) 

Tie'p theo stl- dvng W~n h~ {1.6) d~ x&y d1p1g h~ cic phrrong trlnh 5n dinh ·c1la b<in din dJo 
lam b~ng v%t li~u nen dm7c. 

' ' ~ 
2. CAC PHUONG TRINH ON DJNH 

1. Cac h~ thfrc tlm tr'/-ng thai tnr&c khi m.it 5n djnh 
D~ tlm tr<!-ng thii nay ckn sU. dVng lien h~ v~t If {1.6), phucmg trlnh d9 dai cung clia qu)r d*r 

bie'n d~ng 

ds VZ [(. . )2 (. . )2 (. . )2 ·2 J 1/2 - = - ell - ezz + ezz - £33 + c:-33 -en + 6e12 dt 3 

-va d,c phrrang trlnh can blng 

CU.ng v&i c<ic dieu ki~n bien 

8u· · _,_J =0 
Bxi 
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H~ d'ay dll cic phrrcrng trinh tren cho phep tlm du·qc tr~ng thii ITng suat bie'n dr,mg tru·&c t&i 
h~n. Biy giCr ta xay d1p1g h~ ccic phU'O"ng trlnh 6n dinh theo tieu chu.iin re nhinh tr~ng thii din 
blng ella bin. 

2. Cac phtrang trlnh on djnh 
SU. d¥ng gii thie't ella A. A. Iliusin xem r~ng &NiJ = 0 dOng thOi kh6ng x€t de'n Sl.}' xuilt hi~n 

mi"en dlt d.i, khi d6 phmtng trlnh 6n d~nh nL:t bin m6ng e6 d<;tng 

(24) 

Sll- d~ng lien h~ 

(2.5) 

trong d6 OC:J· Ia gia sO bie'n d?-ng vO cling nh6 cda m~t giira, Ow li gia sO d9 vOng. 
Trrang tl-ng v&i gia s5 bie'n d?-ng la c<lc gia sO U·ng suilt dm:;rc x<lc djnh tlr h~ thU:c (1.6) 

ak,_&ck,_ , 
oa11 = (D11a11- D,,a,,) 2 + Dl3(2Se:u + 6e:22)- D14 (5c 11 + 25<n); 

a, 

akebcH _ , 
5a22 = (- D 12a11 + Dzza22) --2- - D,, (Zoe:11 + 5 <zz) + D,4 ( oe: 11 + 2bczz) 

a" 
akeSCk£ -

Sa12 = D1 3a 12 2 - D,,(25cll + Sczz)- D,,(5e: 11 + 25<22 ) + D,4 bcl2; (2.6) 

"" 
Cic thinh phin gia sO mO men drrqc tinh bd-i 

' h/2 

I h3 
[ OM6Wkf 

5M11 = ZS"11dZ = -- (D11"11- D12"22) , . + 
12 a~ 

-h/2 

+ D13 (25w 11 + 5w, 22 )- D14(Sw11 + 25w,zz)]; 

h/2 

I h3 
[ akl'6w.kP. 

6M22 = ZSa22dZ = -- (-D,1a11 + Dzz"zz) , 
12 a~ 

-h/2 

- D2,(25w, 11 +ow,,,)+ Dz4(6w.11 + 26w,zz)]; 

h/2 

I h3 
[ akp&w.ke 

5M12 = Z5" 1,dZ = -- D,,a1, 2 - Dn(2Sw,,+ 
12 au 

-h/2 

+ 5w,zz)- D3;(5w,ll + 25w,22) + D34 5w, 1z]; (2. 7) 

Thay (2.7) vio (2.4) vi chU Y N1J = -hP1J, sau m9t sO tinh toin nh~n du·qc plnrang trlnh 6n 
d!nh dOi v&i bin m6ng din d~o v&i v~t li%u nen du·<!c. 

(2.8) 
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trong d6 

(2.9) 

Nhll' v~y gilll b3.i to<in bn d!nh ella b<in dan d~o v&i v~t li~u nen dm;rc quy v-e nghien cfru dOng 
then h~ (2.8) va (2.1) cung v&i cic dih ki~n bien da cho. Ap dvng phmmg phap tham so tii (2] 
ta c6 th~ xic dinh llfc t&i h;;tn ella bii toin 5n d!nh. 

NH~N XET 

a) Ngu v~t li~u Ia khong nen dU"'!c (t&c Ia K ~ oo), tir (1.7) nh~n dU"'!C 

C= 1; D11 =A= ¢!- N; 
2 

D 13 = B = -N; 
3 

D12 = D14 = 0 

D22 =A=¢!- N; 
2 

D2, = B = -N; 
3 

D21 = D23 = 0 

D31 = A= ¢'- N; 

dong thai tir (2.9) suy ra 

2 
D3, = B = -N· 

3 ' 
D32 = D33 = 0 

"' = 2._ [(¢'- N)(]"I 1 + ~N] = 1- ~ (1- 'f) (]"f 1 
; 

4N a~ 3 4 N a~ 

" 2 = 2._ [2 (¢' ~ N) 0"110"12 + 2(¢/ _ N) 0"110"12] = _ 3 ( 1 _ ¢') 0"110"12 ; 
4N a~ a~ N cr~ 

"3 = 2._ [W- N(11~22 + ~N + (¢'- N(11~22 + ~N + 4(¢'- N) O"I2 + ~N] = 
4N O'u 3 au 3 2 3 

= 2- 3(1- ¢'t~2- ~(1- ¢'t11~22; 
N au 2 N au 

"' = 2._ [2(¢' _ N)0"220"12 + 2(¢' _ N)0"120"22] = _ 3 ( 1 - ¢') "22<J"12 ; 
4N cr~ a~ N a~ 

3 [ ' ) (]"~2 4 l 3 ( ¢/) (]"~2 a 5 =- (¢ - N- + -N = 1-- 1-- -; 
4N a~ 3 4 N a~ 

D~ dang nh~n th5y phmmg trlnh (2.8) tr& ve tru-ang h'!P Mn dan d~o v&i v~t li~u khong nen 
dlr\'C (2, 4]. 

b) Ne'u bin 13. din h'Oi v&i v~t li~u nen dU'qc, khi d6 

¢' = N = 3G = 3J.l; 
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Tlr d6 suy ra A= 0, B = 2~t; Du = Dtz " Dzt = D,, = Dot = Dn = D, = 0. Thay !. va 

I' quaE va v b&i cilng thll-c I'= ( E ) ; !. = Ev viw (1.7), (2.9) nh$n du·qc 
21+v (l+v)(l-2v). 

C = 3(1- v) . 
l+v 1 

1 
"

1 = 2( 1- v) 

E(2- v) 
Dr3 = D24 = 3(1 _ v') ; 

1 

·. E(l- 2v) 
Dr, = D, = ( . ") . 3 I - V" 

1 
" 3 = 1- v ; " 5 = 2(1- v) 

TrrrCtng h<TP nay W~n h~ v~t lY (1.6) cling nhtr PhtrO'ng trlnh On d~nll {2.8) tr& ve cic h~ thU:c 
quen bi~t cU. a bin dan hOi v&i v~t li~u nen chrc;tc [3]. . 

c) Tru·Crng hvp d~t tii dan gilill dOi v&i bin dan d~o ta c6 rf' = q)'{eu); N = au 1 nh~n dm;rc 
£., 

h~ thll-c tu-crng l\f trong [3]. 

) ' ) ' A 

3. BAN BJ NEN BOI LTJC NGOAI THEO MQT PHUONG 

Xet bin mong c~nh a, b bj nen theo phrrcrng OX] b&i l\fC nen Pu"' P(t). Bin l\fa bin~~ t~i 
cic c~nh x 1 = 0; a; xz = 0; b; ~hi d6 tr~~g thii tru·&c khi mS:t On d!nh dU'qc cho b&i 

"u = -P(t); "" = [all[ = P(t); ( 3.1) 

Tlr lien h~ vat ly (1.6), ta tfnh chrqc i,J qua a 11 tu·c la qua P(t) nhrr sau 

. -P(t) . . F(t) (2B 2AB B' ) 
Cjj = -)1-(-D,, + 2D,,) = ----;~ c + 9KC + 3KC ; 

. P(t) P(t) (B 2AB B' ) 
<n = --(-D?1 - 2D23 + D24 ) = -- ~- -~- -~ 

)( " )( C 9KC 3KC 

. F(t) . P(t) F(t) P(t) (B 4AB 2B2 
) 

e33 = --- + --(D2L + D?, +Do,)=---+--.~+-~+~-
3K )( "· · 3K )( C 9KC .. 3KC 

il2 = 0; 

)( = (Du + 2D13 - D14 )(-D,, + 2D")- (D 1,- 2Dt 4)(-D,r- 2DD + D24 ); 

(3 2) 

Lu-u y ding Di)" Ia him n\a s va criJ'I do v~y n6 Ia. ham cUa s vi t. Do d6 plnrang trlnh d9 
dai cung ella qu)l d~o bien d<,tng nh1.r sau 

ds -/2[(· . )' (' . )' (' . l']l/2 - = - £11 - 6'22 + C:22 - C:J3 + C:J3 - c: 11 
dt 3 

Thay iii trong (3.2) vlo diy, sau khi tinh to<in ta c6 

ds=~{9B'(P(t))' [P(t)_P(t)(2AB B')]'~ 
dt 3 C 2 )( + 3K )( 3KC + KG . 

- P(t) 3B [ P(t) - P(t) ( 2AB + B
2 

)] } l/2 = F(' t) 
)( C 3K )( 3KC KG ,, (3.3) 

v&i 
2 "u 2 P(t) 

B=--=--
3 s 3 s l 
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Plnrang trlnh <in d!nh (2.8) din ve 

b-ong d6 

Tlm nghi~m (3.4) th6a min di'eu ki~n bien tlfa bin 1e 

. m11"X1 . n1rxz 
5 W = /rnrt Sill -- Sill --

a b 

(34) 

(3.5) 

Thay vlo (3.4) va tlr dieu ki~n tOn t<;ti nghi~m khOng tim thrrCrng, tU:c la fmn j. o, nh~n chrqc 

(m1!')4 (m1!')2(n1!')2 (n'll')' 9P (m1!')2 _ "'1 - +a3 - - +a~ - --- -- -0 
a a b <> b h 2 N a 

( 3.6) 

a 3b 
D~t a= b i z' = h 13. d9 ml..nh, ta vie"t (3.6) du·&i dc:tng 

(3.7) 

( 
a ) 2 8i

2 
,.. "' , , 

C'!c ti~u h6a i 2 b~ng each d~t X= m v?t n = 1 vi tinh a:; = 0, sau mqt so tmh to an 

tim dm!c 

·2 h2N( -- ) ( 
, = ---y;- v"'l"5 + "3 3.8) 

Day Ia phtrang trlnh phi tuye'n dOi v&i p vas. VI v~y d~ tlm p" (tlrc Ia t_,_) ta phAi ke't hc;rp 
v&i he thu·c (3.3). 

Ne'u bin vu&ng thi i 2 
Cl.!C tigu khi m = n = 1. V~y tir (3.7) nh~n du·q-c 

(3.9) 

NHAN XET 

He th{rc (3.8) baa quat cac tnrirng hap blm dan hbi va dan dJo khi d~t tai dan gian v&i vat 
li~u n€n ch.rqc va bin din dJo phli·c t<;tp v&i v~t li~u khOng nen Chrqc. 

1 
a) Bin dftn hOi : 2n 1 = 2o:s = a3 = --

1- v 
Thay vito (3.8) nh~n du·'!c [3J . 

b) Blm vuOng diln dJo khOng nen dm:;rc, thl K---+ co; a 1 = ~ + ~ ~ i o: 3 = 2; a 5 = 1, tlr (3.9) 

nh~.n chrc_:rc ke't qu!t trong [4] 

i2 = 11'' N ( !3 + ~ ¢!) 
P 4 4N 
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~+~T'(ol 
4 4 ~' 

2· 
' 

"· 
H~ th&c (3.8) trung v&i k~t quit trong [3[ 

Cic h~ thiTc CCf bin d:.i chrqc xay dl!ng & tren, cho phep ta nghien c-ll-u bii toin 6n t1~nh din 
dJo cUa bin m6ng lim b~ng v~t li~u nen dtrqc khi chju qui trlnh tii phU:c t;;tp. 

Tic gii chin thinh ccim ern GS TS Dio Huy Bich eta hrr&ng d5,n cCing trinh nay. COng trlnh 
dm;rc hoin thinh v&i Sl!' t3.i trq ob De Uti nghi€n cU·u KT.04.2.2.4 

Dia chi: Nhgn ngay 17/9/1994 
Tndrng D~t' hqc TOng hqp Hd N(;i 
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SUMMARY 

STABILITY OF THIN PLATES WlTH COMPRESSIBLE MATERIAL 
IN THE THEORY OF ELASTO-PLASTIC PROCESSES 

In this paper is given a system of stability equations of elasto-plastic thin plates made of 

compressible material. These st.ability eq\lations are a generalization of ones in the theory of 

elasticity and the simple processe theory 
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